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FIXED POINT RESULTS FOR COMPARABLE KANNAN AND

CHATTERJEA MAPPINGS

QAMRUL H. KHAN, FARUK SK

Abstract. In this paper, we investigate the existence and uniqueness of fixed
points for Kannan and Chatterjea type mappings using comparability of the

mapping in ordered metric spaces where the contractivity condition needs to

be hold only for those elements which are related by the underlying partial
ordering. Moreover, need of conditions like completeness, continuity are weak-

ened by ≺�-completeness, ≺�-continuity respectively. Further, we illustrate
the importance of our results by giving an example.

1. Introduction

Throughout this paper, the pair (X,�) stands for a nonempty set X equipped
with a partial order � often called an ordered set. Two elements x and y in an or-
dered set (X,�) are said to be comparable if either x � y or y � x and denote it as
x ≺� y. Following O’Regan and Petrusel [1], the triple (X, d,�) is called ordered
metric space wherein X denotes a nonempty set endowed with a metric d and a
partial order �. If the metric space (X, d) is complete with respect to the metric
d, then we say that (X, d,�) is a complete ordered metric space. Basic topological
properties of ordered set are discussed in these papers: Milgram [11, 12], Eilenberg
[9], Wolk [17, 18] and Monjardet [13].
In metric fixed point theory the most important result, Banach contraction prin-
ciple was given by S. Banach [6] in 1922. Banach contraction principle has been
generalized further by many authors. In 2003, Ran-Reurings [2] generalized Banach
contraction principle in the setting of ordered metric spaces. In 2007, modifying
Ran-Reurings results on monotone continuous mappings, Nieto and Rodŕıguez-
López [14] gave the following result which relaxes the continuity requirement by
assuming an additional hypothesis on ordered metric spaces.

Theorem 1.1. [14] Let (X, d,�) be an ordered metric space and T be a self-
mapping on X. Suppose that the following conditions hold:
(a) (X, d) is complete,
(b) T is monotone,
(c) either T is continuous or (X, d,�) satisfies the following property :
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If {xn} is a sequence in X such that xn
d−→ x whose consecutive terms are com-

parable, then there exists a subsequence {xnk
} of {xn} such that every term is

comparable to the limit x,
(d) there exists x0 such that x0 ≺� T (x0),
(e) there exists α such that α∈ [0, 1) such that

d(Tx, Ty) ≤ αd(x, y) ∀ x, y ∈ X with x � y,

(f) every pair of elements of X has a lower bound or an upper bound. Then T has
a unique fixed point.

Many authors generalized and refined Theorem 1.1 and proved several fixed
point theorems in ordered metric spaces. In all such results, the contractivity
condition holds on the monotone map for only those elements which are related by
the underlying partial ordering. Thus, in connection with the fixed point theorems
for ordered metric spaces, the usual contraction condition is weakened but at the
expense of monotonicity of the underlying mapping. Further, Nieto and Rodŕıguez-
López replaced the monotonicity condition by preservation of comparable elements
and improved Theorem 1.1.

Definition 1.2. [3] Let (X,�) be an ordered set. Any subset {z1, z2, ...., zk} (for k
≥ 2) in X with z1 = x, zk = y and zi ≺� zi+1 for each i ∈ {1, 2, ......, k−1} is called
a ≺�-chain between x and y. The class of such chains is denoted by C(x, y,≺�).

Turinici [15] further proved the following result

Theorem 1.3. [15] Let (X, d,�) be an ordered metric space and T be a self-
mapping on X. Suppose that the following conditions hold:
(a) (X, d) is complete,
(b) for x,y ∈ X with x ≺� y =⇒ T (x) ≺� T (y),
(c) T is continuous,
(d) there exists x0 ∈ X such that x0 ≺� T (x0),
(e) there exists α ∈ [0, 1) such that

d(Tx, Ty) ≤ αd(x, y) ∀ x, y ∈ X with x � y,

(f) C(x,y,≺�) is nonempty for each x,y ∈ X.
Then T has a unique fixed point z. Moreover for each x ∈ X, the sequence {Tnx}
is convergent and lim

n→∞
Tn(x) = z.

As discussed in the above mentioned results, the respective authors used usual
contraction condition on the involved mappings. It is well known that every con-
traction is continuous. In 1968, Kannan [10] gave a new type of contraction and
proved fixed point results with this contraction. Interestingly Kannan type contrac-
tion is not necessarily continuous which is a very big difference between Kannan
type contraction and usual contraction.

Theorem 1.4. [10] If T is a map of complete metric space(X, d) into itself and if
there exist k ∈ [0, 12 ) satisfying

d(Tx, Ty) ≤ β[d(x, Tx) + d(y, Ty)] ∀ x, y ∈ X,

then T has a unique fixed point p and Tn(x)→ p for each x ∈ X.



38 Q. H. KHAN, F. SK

2. Preliminaries

In this section we give some basic definitions which will be used in our main results.
We denote N ∪ {0} as N0 in the whole paper. Also in some places, we write T (x)
as Tx.

Definition 2.1. [10] Let (X, d) be a metric space and T be a self-mapping on X.
Then, T is said to be Kannan mapping if there exist β ∈ [0, 12 ) such that

d(Tx, Ty) ≤ β(d(x, Tx) + d(y, Ty)) ∀ x, y ∈ X.

Note that this type of mapping is not necessarily continuous. For example,
suppose X = [0, 1] with usual metric and consider the function defined by Tx = x

5

for x ∈ [0, 12 ) and Tx = x
7 for x ∈ [ 12 , 1]. Then T is Kannan type contraction but

discontinuous.

Definition 2.2. [7] Let (X, d) be a metric space and T be a self-mapping on X.
Then, T is said to be Chatterjea mapping if there exist β ∈ (0, 12 ) such that

d(Tx, Ty) ≤ β(d(x, Ty) + d(y, Tx)) ∀x, y ∈ X.

Definition 2.3. [14, 15, 16, 8] Let (X,�) be an ordered set and T be a self-mapping
on X. We say that T is comparable (or weakly monotone or ≺�-preserving) if T
maps comparable elements to comparable elements, i.e., for any x,y ∈ X

x ≺� y =⇒ T (x) ≺� T (y).

It is very obvious that every monotone mapping is comparable, but not con-
versely.

Definition 2.4. [4] Let (X,�) be an ordered set and {xn} ⊂ X. Then
(i) the sequence {xn} is said to be termwise bounded if there is an element z ∈ X
such that each term of {xn} is comparable with z, i.e.,

{xn} ≺� z ∀ n ∈ N0

so that z is a c-bound of {xn} and
(ii) the sequence {xn} is said to be termwise monotone if consecutive terms of {xn}
are comparable, i.e.,

xn ≺� xn+1 ∀ n ∈ N0.

From this it is evident that all bounded above as well as bounded below sequences
are termwise bounded and all monotone sequences are termwise monotone.
Let (X, d,�) be an ordered metric space and {xn} ⊂ X. If {xn} is termwise

monotone and xn
d−→ x, then we denote it symbolically by xn l x.

Definition 2.5. [4] Let (X, d,�) be an ordered metric space. We say that (X, d,�
) has TCC (termwise monotone-convergence-c-bound) property if every termwise
monotone convergent sequence {xn} in X has a subsequence, which is termwise
bounded by the limit of {xn} (as a c-bounded), i.e.,

xn l x =⇒ ∃ a subsequence {xnk
} of {xn} with xnk

≺� x ∀ k ∈ N0.

Definition 2.6. [4] An ordered metric space (X, d,�) is called ≺�-complete, if
every termwise monotone Cauchy sequence in X converges.

Note that if (X, d) is a complete metric space, then for each partial order �
defined onX, the ordered metric space (X, d,�) is≺�-complete, but not conversely.
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Definition 2.7. [4] Let (X, d,�) be an ordered metric space, T a self-mapping on
X and x ∈ X. We say that T is ≺�-continuous at x, if for any sequence {xn} ⊂
X,

xn l x =⇒ T (xn)
d−→ T (x).

Moreover, T is called ≺�-continuous, if it is ≺�-continuous at each point of X.

Note that every continuous mapping defined on an ordered metric space is ≺�-
continuous, but not conversely.
Recently, Alam et al. [4, 5] proved the following result:

Theorem 2.8. [4, 5] Let (X, d) be an ordered metric space and T be a self-mapping
on X. Suppose that the following conditions hold:
(a) either (T (X), d) or (X, d) is ≺�-complete,
(b) T is comparable,
(c) either T is ≺�-continuous or (X,d,�) has TCC property,
(d) there exists x0 ∈ X such that x0 ≺� T (x0),
(e) there exists α ∈ [0, 1) such that

d(Tx, Ty) ≤ αd(x, y) ∀x, y ∈ X with x ≺� y.

Then T has a fixed point. Moreover, if we add one more condition
(f) C(Tx, Ty,≺�) is nonempty for each x,y ∈X.
Then we obtain uniqueness of fixed point.

There are examples of mappings which are Kannan on some elements of the space
but not on the whole space. Kannan theorem can not be applied in such cases. So,
the aim of this paper is to investigate the existence and uniqueness of fixed points
for Kannan type mappings in ordered metric spaces where the contraction condition
needs to be hold only for those elements which are related by the underlying partial
ordering. Also, completeness condition is weakened by using ≺�-completeness of
the space. Further, analogous to these results we prove ≺�-variant of Chatterjea
fixed point theorems.

3. Kannan Fixed Point Theorems for Comparable Mappings

We present a variant of Kannan fixed point theorems in ordered metric space for
comparable mappings.

Theorem 3.1. Let (X, d,�) be an ordered metric space and T be a comparable
self-mapping on X. Suppose that the following conditions hold:
(a) (X, d,�) is ≺�-complete,
(b) either T is ≺�-continuous or (X, d,�) has TCC property,
(c) there exists x0 ∈ X such that x0 ≺� T (x0),

(d) there exists β ∈ [0,
1

2
) such that

d(Tx, Ty) ≤ β[d(x, Tx) + d(y, Ty)], ∀ x, y ∈ X with x ≺� y.
Then T has a fixed point.

Proof. By assumption (c) if x0=T (x0), then we are done. Otherwise x0 6= T (x0),
then there exists x1 ∈ X such that x1 = T (x0). Again we can choose x2 ∈ X such



40 Q. H. KHAN, F. SK

that T (x1) = x2. Continuing this process inductively, we can define a sequence
{xn} ⊂ X such that

xn+1 = T (xn) ∀n ∈ N0. (3.1)

Now, we assert that {xn} is a termwise monotone sequence, i.e.,

xn ≺� xn+1 ∀n ∈ N0. (3.2)

We prove this fact by mathematical induction. On using assumption (c) and equa-
tion (3.1), we have

x0 ≺� T (x0) = x1.

Thus (3.2) holds for n = 0.
Now, suppose (3.2) holds for n = r > 0 i.e.

xr ≺� xr+1. (3.3)

Then we have to show that (3.3) holds for n = r + 1.
To accomplish this, we use (3.1), (3.2), (3.3) and comparability of T , so that

xr+1 = T (xr) ≺� T (xr+1) = xr+2.

Thus, by induction (3.2) holds for all n ∈ N0.
If xn0 = xn0+1 for some n0 ∈ N, then using (3.1) T (xn0) = xn0 , i.e., xn0 is a fixed
point of T and hence we are done. On the other hand, if xn 6= xn+1 ∀ n ∈ N0 then
d(xn, xn+1) 6= 0. On using (3.1), (3.2) and assumption (d), we have

d(xn, xn+1) = d(Txn−1, Txn)

≤ β[d(xn−1, Txn−1) + d(xn, Txn)]

= β[d(xn−1, Txn−1) + d(xn, xn+1)]

and hence, we get

(1− β)d(xn, xn+1) ≤ βd(xn−1, Txn−1)

which gives

d(xn, xn+1) ≤ β

1− β
d(xn−1, Txn−1)

=
β

1− β
d(xn−1, xn).

By induction, we have

d(xn, xn+1) ≤ β

1− β
d(xn−1, xn)

≤
( β

1− β
)2
d(xn−2, xn−1)

...

≤
( β

1− β
)n
d(x0, x1)

so that

d(xn, xn+1) ≤
( β

1− β
)n
d(x0, x1). (3.4)
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For n < m and using (3.4), we obtain

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + ....+ d(xm−1, xm)

≤ (rn + rn+1 + ....+ rm−1)d(x0, x1) where r =
β

1− β

≤ rn

1− r
d(x0, x1)

→ 0 as n,m →∞.
Therefore, {xn} is a Cauchy sequence. As X is ≺�-complete, there exists z ∈ X
such that

lim
n→∞

xn = z. (3.5)

On using (3.1) and (3.5), we obtain

lim
n→∞

T (xn) = lim
n→∞

xn+1 = z.

Therefore
lim

n→∞
T (xn) = z. (3.6)

Again, by the ≺�-continuity of T and (3.5)

lim
n→∞

T (xn) = T (z). (3.7)

Now, we show that z is a fixed point of T .
To accomplish this, we use (3.6) and (3.7)

d(z, Tz) = d( lim
n→∞

Txn, lim
n→∞

Txn)

= lim
n→∞

d(Txn, Txn)

= 0

so that z = T (z). Hence, z is a fixed point of T .
Alternately, suppose that (X, d,�) has TCC property. As xn l z, there exists a
subsequence {xnk

} of xn such that

xnk
≺� z ∀k ∈ N0. (3.8)

So equation (3.5) to (3.7) holds for also {xnk
} instead of xn.

Using (3.8) and assumption (d),

d(Txnk
, T z) ≤ β[d(xnk

, Txnk
) + d(z, Tz)]. (3.9)

Now, using triangle inequality, we get

d(z, Tz) ≤ d(z, Txnk
) + d(Txnk

, T z).

Using (3.9), we get

d(z, Tz) ≤ d(z, Txnk
) + β[d(xnk

, Txnk
) + d(z, Tz)]

which gives

(1− β)d(z, Tz) ≤ d(z, Txnk
) + βd(xnk

, Txnk
)

Hence,

d(z, Tz) ≤ 1

1− β
d(z, Txnk

) +
β

1− β
d(xnk

, Txnk
)

Taking k → ∞ in above inequality and using (3.5), (3.6) we have d(z, Tz) ≤ 0
which gives z = T (z). Hence z is a fixed point. �
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Now, we prove uniqueness result corresponding to Theorem 3.1.

Theorem 3.2. In addition to the hypothesis of Theorem 3.1, suppose that the
following condition holds:
(e) For each pair x, y ∈ X, there exists z ∈ X such that x ≺� z ≺� y.
Then T has a unique fixed point.

Proof. Suppose x and y are two fixed points of T . We prove that d(x, y) = 0.
By assumption (e), there exists z ∈ X such that x ≺� z ≺� y. Then by the
comparability of T ,

Tn(x) ≺� Tn(z) ≺� Tn(y) for all n ∈ N

which can be written as

x ≺� Tn(z) ≺� y for all n ∈ N. (3.10)

In view of (3.10), using assumption (d), we get

d(x, Tnz) = d(Tx, T (Tn−1z))

≤ β[d(x, Tx) + d(Tn−1z, T (Tn−1z))]

= β[d(x, x) + d(Tn−1z, Tnz)]

= βd(Tn−1z, Tnz)

≤ βd(Tn−1z, x) + βd(x, Tnz)

which gives

(1− β)d(x, Tnz) ≤ βd(Tn−1z, x)

=⇒ d(x, Tnz) ≤ β

1− β
d(x, Tn−1z)

...

≤
( β

1− β
)n
d(x, z).

Hence,

d(x, Tnz) ≤
( β

1− β
)n
d(x, z). (3.11)

Similarly, we get

d(Tnz, y) ≤
( β

1− β
)n
d(z, y). (3.12)

Now, using triangle inequality, (3.11) and (3.12), we get

d(x, y) ≤ d(x, Tnz) + d(Tnz, y)

≤
( β

1− β
)n

[d(x, z) + d(z, y)]

Taking limit n → ∞, we get d(x, y) ≤ 0. Hence, d(x, y) = 0. Therefore, T has a
unique fixed point. �

Now, we give an example to illustrate importance of our result.
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Example 3.3. Suppose X = [−1, 1] ∪ [2, 3]. Consider (X, d,�) as an ordered
metric space with usual metric d and partial order

x � y ⇐⇒ x = y or y > x ≥ 0.

Now define a mapping T : X → X by

T (x) =

 −x, if x ∈ [−1, 0),
0, if x ∈ [0, 1],
1
2 , if x ∈ [2, 3].

Now notice that

d(T (−1), T (0)) = | T (−1)− T (0) |
= | 1− 0 |

=
1

2
[d(−1, T (−1)) + d(0, T (0))]

Therefore, T is not Kannan and hence, we cannot apply Theorem 1.4 in the context
of present example. But let x, y ∈ X be such that x ≺� y, then x � y or y � x.
Suppose x � y. If x = y, then T is Kannan. If x 6= y, then y > x ≥ 0. Now if
x, y ∈ [0, 1] or x, y ∈ [2, 3] then | Tx−Ty |= 0 that means T is Kannan. If x ∈ [0, 1]
and y ∈ [2, 3] then

| Tx− Ty |≤ 1

2
=

1

3
.
3

2
≤ 1

3
[| x | + | 1

2
− y |].

So, T is Kannan for all x, y ∈ X such that x � y. Similarly, we can show that T is
Kannan for all x, y ∈ X such that y � x. Therefore, T is Kannan for all x, y ∈ X
such that x ≺� y. Hence, all the conditions of Theorem 3.1 and Theorem 3.2 are
satisfied. Therefore, T has a unique fixed point, i.e., 0.

Remark. If we replace the set X = [−1, 1] ∪ [2, 3] considered in Example 3.3 by
X̄ = (−2, 2]∪ [3, 4], then (X̄, d,�) is an ordered metric space which is not complete.
Notice that X̄ is ≺�-complete and all the conditions of Theorem 3.1 and Theorem
3.2 are satisfied with the considered map T . Therefore, T has a unique fixed point
although X̄ is incomplete.

4. Chatterjea Fixed Point Theorems for Comparable Mappings

Now we present Chatterjea fixed point theorem in ordered metric space for com-
parable mappings which is dual to Theorem 3.1.

Theorem 4.1. Let (X, d,�) be an ordered metric space and T be a comparable
self-mapping on X. Suppose that the following conditions hold:
(a) (X, d,�) is ≺�-complete,
(b) either T is ≺�-continuous or (X, d,�) has TCC property,
(c) there exists x0 ∈ X such that x0 ≺� T (x0),

(d) there exists β ∈ (0,
1

2
) such that

d(Tx, Ty) ≤ β[d(x, Ty) + d(y, Tx)] ∀ x, y ∈ X with x ≺� y.
Then T has a fixed point.
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Proof. Following the proof of Theorem 3.1, we can construct the sequence {xn}
defined in (3.1) and we can say the sequence {xn} is termwise monotone, i.e., (3.2)
holds here too in view of assumption (c).
Now, if xn0

= xn0+1 for some n0 ∈ N, then using (3.1), T (xn0
) = xn0

, i.e., xn0
is a

fixed point of T and hence we are done. On the other hand, if xn 6= xn+1 ∀ n ∈ N0

then d(xn, xn+1) 6= 0. On using equation (3.1), equation (3.2) and assumption (d),
we have

d(xn, xn+1) = d(Txn−1, Txn)

≤ β[d(xn−1, Txn) + d(xn, Txn−1)]

= β[d(xn−1, xn+1) + d(xn, xn)]

and so

d(xn, xn+1) ≤ βd(xn−1, xn+1)

≤ β[d(xn−1, xn) + d(xn, xn+1)]

≤ βd(xn−1, xn) + βd(xn, xn+1)

which gives

(1− β)d(xn, xn+1) ≤ βd(xn−1, xn)

d(xn, xn+1) ≤ β

1− β
d(xn−1, xn).

By induction, we have

d(xn, xn+1) ≤ β

1− β
d(xn−1, xn)

≤
( β

1− β
)2
d(xn−2, xn−1)

...

≤
( β

1− β
)n
d(x0, x1)

so that

d(xn, xn+1) ≤
( β

1− β
)n
d(x0, x1). (4.1)

For n < m and using (4.1), we obtain

d(xn, xm) ≤ d(xn, xn+1) + d(xn+1, xn+2) + ....+ d(xm−1, xm)

≤ (rn + rn+1 + ....+ rm−1)d(x0, x1) where r =
β

1− β

≤ rn

1− r
d(x0, x1)

→ 0 as n,m →∞.

Therefore, xn is a Cauchy sequence. As X is ≺�-complete, there exist z ∈ X such
that

lim
n→∞

xn = z. (4.2)

On using (3.1) and (4.2), we obtain

lim
n→∞

T (xn) = lim
n→∞

xn+1 = z.
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Therefore
lim

n→∞
T (xn) = z. (4.3)

Again by the ≺�-continuity of T and (4.2)

lim
n→∞

T (xn) = T (z). (4.4)

Now, we show that z is a fixed point of T .
To accomplish this, we use (4.3) and (4.4)

d(z, Tz) = d( lim
n→∞

Txn, lim
n→∞

Txn)

= lim
n→∞

d(Txn, Txn)

= 0.

So that z = T (z). Hence, z is a fixed point of T . Alternately, suppose that (X, d,�)
has TCC property. As xn l z, there exists a subsequence {xnk

} of {xn} such that

xnk
≺� z ∀ k ∈ N0. (4.5)

So equation (4.2) to (4.4) holds for also {xnk
} instead of {xn}.

Using (4.5) and from assumption (d),

d(Txnk
, T z) ≤ β[d(xnk

, T z) + d(z, Txnk
)]. (4.6)

Now, using triangle inequality, we get

d(z, Tz) ≤ d(z, Txnk
) + d(Txnk

, T z).

Using (4.6), we get

d(z, Tz) ≤ d(z, Txnk
) + β[d(xnk

, T z) + d(z, Txnk
)]

= d(z, Txnk
) + βd(xnk

, T z) + βd(z, Txnk
)

= (1 + β)d(z, Txnk
) + βd(xnk

, T z).

Now, as we tend k →∞, in view of(4.2) and (4.3), we get

d(z, Tz) ≤ (1 + β)d(z, z) + βd(z, Tz)

which gives

(1− β)d(z, Tz) ≤ 0.

Hence,

d(z, Tz) ≤ 0.

Therefore, z = T (z). Hence, z is a fixed point. �

Theorem 4.2. In addition to the hypothesis of Theorem 4.1, suppose that the
following condition holds:
(e) For each pair x, y ∈ X, there exists z ∈ X such that x ≺� z ≺� y.
Then T has a unique fixed point.

Proof. Suppose x and y are two fixed points of T . We prove that d(x, y) = 0.
By assumption (e), there exists z ∈ X such that x ≺� z ≺� y. Then by the
comparability of T ,

Tn(x) ≺� Tn(z) ≺� Tn(y) for all n ∈ N
which can be written as

x ≺� Tn(z) ≺� y for all n ∈ N. (4.7)
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In view of (4.7), using assumption (d), we have

d(x, Tnz) = d(Tx, T (Tn−1z))

≤ β[d(x, T (Tn−1z)) + d(Tn−1z, Tx))]

= β[d(x, Tnz) + d(Tn−1z, x)]

which gives

(1− β)d(x, Tnz) ≤ βd(Tn−1z, x)

=⇒ d(x, Tnz) ≤ β

1− β
d(x, Tn−1z)

...

≤
( β

1− β
)n
d(x, z).

Hence,

d(x, Tnz) ≤
( β

1− β
)n
d(x, z). (4.8)

Similarly, we get

d(Tnz, y) ≤
( β

1− β
)n
d(z, y). (4.9)

Now, using triangle inequality, (4.8) and (4.9), we get

d(x, y) ≤ d(x, Tnz) + d(Tnz, y) (4.10)

d(x, y) ≤
( β

1− β
)n

[d(x, z) + d(z, y)]

Taking limit n → ∞, we get d(x, y) ≤ 0. Hence, d(x, y) = 0. Therefore, T has a
unique fixed point. �

Corollary 4.3. Theorem 3.2 (resp. Theorem 4.2) holds if the condition (e) is
replaced by
(e′) (X,�) is totally ordered set.

Proof. Taking z = x or y in Theorem 3.2 (resp. Theorem 4.2) we get the conclusion.
�

On combining Theorems 2.8, 3.1, 3.2, 4.1 and 4.2, we get the following result
which is ≺�-variant of Zamfirescu [19] Theorem

Theorem 4.4. Let (X, d,�) be an ordered metric space and T be a comparable
self-mapping on X. Suppose the following conditions hold:
(a) (X, d,≺�) is ≺�-complete,
(b) T is ≺�-continuous,
(c) there exists x0 ∈ X such that x0 ≺� T (x0),
(d) for each pair x, y ∈ X, there exists z ∈ X such that x ≺� z ≺� y,
(e) there exist real numbers α, β, γ with α < 1, β < 1

2 , γ < 1
2 such that T satisfies

at least one of the following conditions:

(1) d(Tx, Ty) ≤ αd(x, y),
(2) d(Tx, Ty) ≤ β(d(x, Tx) + d(y, Ty)),
(3) d(Tx, Ty) ≤ γ(d(x, Ty) + d(y, Tx)).
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Then T has a unique fixed point.
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