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A SELF-ADAPTIVE POPOV'S EXTRAGRADIENT METHOD

FOR SOLVING EQUILIBRIUM PROBLEMS WITH

APPLICATIONS

NOPPARAT WAIROJJANA, HABIB UR REHMAN, NUTTAPOL PAKKARANANG, AZHAR
HUSSAIN AND TIWABHORN KHANPANUK*

Abstract. In this paper, we suggest a new method to solve the pseudomono-
tone equilibrium problem. This method can be seen as an extension and im-
provement of the Popov's extragradient method. We replace the fixed stepsize
with a self-adapting stepsize formula that is revised on each iteration depends
on previous iterations. A weak convergence theorem of the method is well es-
tablished based on typical bifunctional cost assumptions. We also provide the
application of our results to solve two kinds of variational inequality problems.
Various numerical examples are provided to support our well-established con-
vergence results, and we can see that the new approach provides a significant
improvement in the number of iterations and the execution time.

1. Introduction

Let K to be a nonempty convex, closed subset of a Hilbert space E and f :
E× E → R be a bifunction such that f(x, x) = 0, for each x ∈ K. The equilibrium
problem for f upon K is

Find x∗ ∈ K such that f(x∗, y) ≥ 0, ∀y ∈ K. (EP)

This is an interesting fact that the above-defined equilibrium problem (EP) con-
siders multiple mathematical problems as a particular case i.e., the fixed point prob-
lems, the complementarity problems, the variational inequality problems (VIP), the
minimization problems, Nash equilibrium of non-cooperative games, saddle point
problems and the problem of vector minimization (see [5, 15]). This unique inter-
pretation of an equilibrium problem was precisely described in 1992 by Muu and
Oettli [19] and further promoted by Blum and Oettli [5]. The equilibrium prob-
lem is also known as the Ky Fan inequality problem [8]. A substantial number of
methods have been developed over the last few years in order to study the numer-
ical solution of the different classes of an equilibrium problem in both finite and
infinite-dimensional spaces such as the proximal point-like methods [9,14,18,30], the
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extragradient methods [17,21,22,26,31,32], the subgradient extragradient methods
[3,11,23,27,28], the inertia methods [12,13,29,35,36] and others in [1,2,6,10,24,33].
More precisely, Tran et al. [22] introduced an iterative sequence {xn} generated as
follows:















x0 ∈ K,

yn = argmin{λf(xn, y) +
1
2‖xn − y‖2 : y ∈ K},

xn+1 = argmin{λf(yn, y) +
1
2‖xn − y‖2 : y ∈ K},

where 0 < λ < min
{

1
2c1

, 1
2c2

}

with c1, c2 are Lipschitz constants of a bifunction.

One drawback of the above method is computation the bifunction f value at two
different points and also solve two minimization problems on a feasible set K on
each iteration. In 2016, Lyashko et al. [17] proposed an extragradient method for
solving pseudomonotone equilibrium problems in a Hilbert space. The advantage of
the Lyashko et al. [17] method on Tran et al. [22] extragradient method that is the
value of the bifunction f is determined once for each iteration. More specifically,
Lyashko et al. [17] generated an iterative sequence {xn} in the following way:















x0, y0 ∈ K,

xn+1 = argmin{λf(yn, y) +
1
2‖xn − y‖2 : y ∈ K},

yn+1 = argmin{λf(yn, y) +
1
2‖xn+1 − y‖2 : y ∈ K},

where 0 < λ < 1
2c2+4c1

with c1, c2 are bifunction Lipschitz constants.

In this paper, we consider Lyashko et al. [17] extragradient method and present
its improvement by establishing the stepsize formula. We propose a self-adaptive
Popov's extragradient method to solve equilibrium problems involving pseudomono-
tone bifunction in real Hilbert space. A weak convergence theorem for the proposed
method is established by choosing a reasonable explicit stepsize formula. Some
application to the variational inequality problem is presented. Many numerical
examples are discussed to support the appropriateness of the proposed results.

The remainder of the paper arranged as follows: Section 2 provides some def-
initions and key results to be used in this paper. Section 3 includes the main
algorithm and the weak convergence theorem. Section 4 contains the applications
of our results in the variational inequality problems. Section 5 sets out the numer-
ical experimental work to show the algorithmic efficiency.

2. Preliminaries

In this section, include some essential lemmas, definitions and other terms that
will be used in the convergence analysis and the numerical portion. The notion
〈., .〉 and ‖.‖ denotes for the inner product and induced norm on the Hilbert space.
We write down xn ⇀ x∗ to point out that the sequence {xn} weakly converges to
x∗. The solution set EP (f,K) of an equilibrium problem over K and V I(G,K) is
the solution set of a variational inequality problem over set K. Moreover, x∗ is any
member of EP (f,K) or V I(G,K).

Let g : K → R is a convex function and subdifferential of g at x ∈ K is

∂g(x) = {z ∈ E : g(y)− g(x) ≥ 〈z, y − x〉, ∀y ∈ K}.
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The normal cone of K at x ∈ K is defined by

NK(x) = {z ∈ E : 〈z, y − x〉 ≤ 0, ∀y ∈ K}.

The metric projection PK(x) of x onto a convex and closed subset K of E is

PK(x) = argmin
y∈K

{‖y − x‖}.

Lemma 2.1. [16] Let PK : E → K is a metric projection from E onto K. Then

(i) For all x ∈ K and y ∈ E

‖x− PK(y)‖2 + ‖PK(y)− y‖2 ≤ ‖x− y‖2.

(ii) z = PK(x) then

〈x − z, y − z〉 ≤ 0, ∀y ∈ K.

Now consider the the bifunction monotonicity (see [4, 5] for more details).

Definition 2.2. Let f : E× E → R on K is said to be

(i) pseudomonotone if

f(x, y) ≥ 0 =⇒ f(y, x) ≤ 0, ∀x, y ∈ K;

(ii) satisfy the Lipschitz-type condition onK if there are real numbers c1, c2 > 0
such that

f(x, z) ≤ f(x, y) + f(y, z) + c1‖x− y‖2 + c2‖y − z‖2, ∀x, y, z ∈ K.

This section concludes with a few key lemmas that are useful in examining the
convergence of our proposed results.

Lemma 2.3. [25] Let K be a nonempty, closed and convex subset of a real Hilbert
space E and g : K → R be a convex, subdifferentiable and lower semicontinuous
function on K. Moreover, x ∈ K is a minimizer of a function g if and only if
0 ∈ ∂g(x) + NK(x) where ∂g(x) and NK(x) denotes the subdifferential of g at x

and the normal cone of K at x respectively.

Lemma 2.4. [20] Let {ηn} be a sequence in E and K ⊂ E such that

(i) For each η ∈ K the limn→∞ ‖ηn − η‖ exists;
(ii) All sequentially weak cluster point of {ηn} lies in K.

Then, {ηn} converges weakly to a point in K.

Lemma 2.5. [25] Let {xn} and {yn} are sequences of nonnegative real numbers
such that xn+1 ≤ xn + yn, for all n ∈ N. If

∑

yn < ∞, then limn→∞ xn exists.

Lemma 2.6. [7] Assume {an}, {bn} are two sequences in R in such a way that
an ≤ bn, for all n ∈ N. Let ̺, σ ∈ (0, 1) and µ ∈ (0, σ). Then there is a sequence
{λn} such that λnan ≤ µbn and λn ∈ (̺µ, σ).

Corollary 2.7. Assume that bifunction f satisfies a Lipschitz-type condition on K

through two positive constants c1 and c2. Let ̺ ∈ (0, 1), σ < min
{

1, 1
2c2+4c1

}

and

µ ∈ (0, σ). Then, there is a real number λ such that

λ
(

f(x, z)− f(x, y)− c1‖x− y‖2 − c2‖y − z‖2
)

≤ µf(y, z),

and ̺µ < λ < σ where x, y, z ∈ K.

Assumption 1. Let a bifunction f : E× E → R satisfy the following conditions:
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(f1) f(x, x) = 0, ∀x ∈ K and f is pseudomonotone on the set K;
(f2) f satisfies the Lipschitz-type condition on E with constants c1 and c2;
(f3) lim sup

n→∞
f(xn, y) ≤ f(p, y) for every y ∈ K and {xn} ⊂ K satisfying xn ⇀ p;

(f4) f(x, .) needs to be convex and subdifferentiable on K for each fixed x ∈ K.

3. An Algorithm and its convergence analysis

We discuss main method in this section and provide a weak convergence theorem
for our proposed method. The description of the method is given below.

Algorithm 1 (Explicit Popov's Extragradient Algorithm)

Initialization: Choose x0, y−1, y0 ∈ E, ̺ ∈ (0, 1), σ < min{1, 1
2c2+4c1

}, µ ∈

(0, σ) and λ0 > 0.
Iterative steps: Given xn, y−1, yn and λn are known for n ≥ 0.
Step 1: Compute

xn+1 = argmin
y∈K

{λnf(yn, y) +
1

2
‖xn − y‖2}.

Update the stepsize λn+1 as follows:

λn+1

= min
{

σ,
µf(yn, xn+1)

f(yn−1, xn+1)− f(yn−1, yn)− c1‖yn−1 − yn‖2 − c2‖xn+1 − yn‖2 + 1

}

.

(3.1)
Step 2: Compute

yn+1 = argmin
y∈K

{λn+1f(yn, y) +
1

2
‖xn+1 − y‖2}.

If xn+1 = xn = yn then stop. Else take n := n+ 1 and go to Iterative steps.

Lemma 3.1. Let a sequence {xn} generated from the Algorithm 1, gives the fol-
lowing inequality.

λnf(yn, y)− λnf(yn, xn+1) ≥ 〈xn − xn+1, y − xn+1〉, ∀y ∈ K.

Proof. From the definition of xn+1 and Lemma 2.3, we have

0 ∈ ∂2

{

λnf(yn, y) +
1

2
‖xn − y‖2

}

(xn+1) +NK(xn+1).

There is a ω ∈ ∂2f(yn, xn+1) and ω ∈ NK(xn+1) such that

λnω + xn+1 − xn + ω = 0.

Thus, it implies that

〈xn − xn+1, y − xn+1〉 = λn〈ω, y − xn+1〉+ 〈ω, y − xn+1〉, ∀y ∈ K.

Since ω ∈ NK(xn+1) then 〈ω, y − xn+1〉 ≤ 0, ∀y ∈ K. This implies that

λn〈ω, y − xn+1〉 ≥ 〈xn − xn+1, y − xn+1〉, ∀y ∈ K. (3.2)

Due to ω ∈ ∂2f(yn, xn+1), we obtain

f(yn, y)− f(yn, xn+1) ≥ 〈ω, y − xn+1〉, ∀y ∈ K. (3.3)
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Combining expressions (3.2) and (3.3), we have

λnf(yn, y)− λnf(yn, xn+1) ≥ 〈xn − xn+1, y − xn+1〉, ∀y ∈ K.

�

Lemma 3.2. Let a sequence {yn} generated from the Algorithm 1, then the follow-
ing inequality holds.

λn+1f(yn, y)− λn+1f(yn, yn+1) ≥ 〈xn+1 − yn+1, y − yn+1〉, ∀y ∈ K.

Proof. The proof is similar to that of Lemma 3.1. �

Lemma 3.3. Let f : E×E → R satisfying the conditions (f1)-(f4). Then, for each
x∗ ∈ EP (f,K) 6= ∅, we have

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − (1− λn+1)‖xn+1 − xn‖
2 + 4c1λn+1λn‖xn − yn−1‖

2

− λn+1(1 − 4c1λn)‖xn − yn‖
2 − λn+1(1− 2c2λn)‖xn+1 − yn‖

2.

Proof. By substituting y = x∗ into Lemma 3.1, we have

λnf(yn, x
∗)− λnf(yn, xn+1) ≥ 〈xn − xn+1, x

∗ − xn+1〉, ∀y ∈ K. (3.4)

Since x∗ ∈ EP (f,K) then f(x∗, yn) ≥ 0, and due to the pseudomonotonicity of
a bifunction f we obtain f(yn, x

∗) ≤ 0. Therefore, from (3.4) we have

〈xn − xn+1, xn+1 − x∗〉 ≥ λnf(yn, xn+1). (3.5)

From Corollary 2.7 and (3.1), we have

f(yn, xn+1)

≥ λn+1

(

f(yn−1, xn+1)− f(yn−1, yn)− c1‖yn−1 − yn‖
2 − c2‖yn − xn+1‖

2
)

.
(3.6)

Combining expressions (3.5) and (3.6), we obtain

〈xn − xn+1, xn+1 − x∗〉 ≥ λn+1

[

λn

{

f(yn−1, xn+1)− f(yn−1, yn)
}

− c1λn‖yn−1 − yn‖
2 − c2λn‖xn+1 − yn‖

2
]

.
(3.7)

By substituting y = xn+1 into Lemma 3.2, we get

λn

{

f(yn−1, xn+1)− f(yn−1, yn)
}

≥ 〈xn − yn, xn+1 − yn〉. (3.8)

Combining expressions (3.7) and (3.8), we obtain

〈xn − xn+1, xn+1 − x∗〉 ≥ λn+1

[

〈xn − yn, xn+1 − yn〉

− c1λn‖yn−1 − yn‖
2 − c2λn‖xn+1 − yn‖

2
]

.
(3.9)

We have the following facts:

2〈xn − xn+1, xn+1 − x∗〉 = ‖xn − x∗‖2 − ‖xn+1 − xn‖
2 − ‖xn+1 − x∗‖2.

2〈xn − yn, xn+1 − yn〉 = ‖xn − yn‖
2 + ‖xn+1 − yn‖

2 − ‖xn − xn+1‖
2.

From the above two inequalities and (3.9), we obtain

‖xn+1 − x∗‖2

≤ ‖xn − x∗‖2 − (1− λn+1)‖xn+1 − xn‖
2 − λn+1(1− 2c2λn)‖xn+1 − yn‖

2

− λn+1‖xn − yn‖
2 + λn+1(2c1λn)‖yn−1 − yn‖

2



50 N. WAIROJJANA, H. U. REHMAN, N. PAKKARANANG, A. HUSSAIN, T. KHANPANUK

We have the following inequality

‖yn−1 − yn‖
2 ≤

(

‖yn−1 − xn‖+ ‖xn − yn‖
)2

≤ 2‖yn−1 − xn‖
2 + 2‖xn − yn‖

2.

From the above two inequalities, we have

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − (1− λn+1)‖xn+1 − xn‖
2 + 4c1λnλn+1‖xn − yn−1‖

2

− λn+1(1− 4c1λn)‖xn − yn‖
2 − λn+1(1− 2c2λn)‖xn+1 − yn‖

2.

�

Theorem 3.4. Let f : E × E → R satisfying the conditions (f1)-(f4). Then, for
each x∗ ∈ EP (f,K) 6= ∅, the sequence {xn} and {yn} generated by Algorithm 1
converges weakly to x∗. Moreover, limn→∞ PEP (f,K)(xn) = x∗.

Proof. To show the boundedness of the sequence {xn} and {yn} we are going to fix
a number M ≥ 1 and consider the Lemma 3.3 for all 1, 2, · · · ,M, we have

‖xM+1 − x∗‖2

≤ ‖x1 − x∗‖2 −
M
∑

k=1

(1− λk+1)‖xk+1 − xk‖
2 −

M
∑

k=1

λk+1(1 − 4c1λk)‖xk − yk‖
2

−
M
∑

k=1

λk+1(1− 2c2λk)‖xk+1 − yk‖
2 +

M
∑

k=1

4c1λkλk+1‖xk − yk−1‖
2

+

M
∑

k=1

4c1λk+1λk+2‖xk+1 − yk‖
2 −

M
∑

k=1

4c1λk+1λk+2‖xk+1 − yk‖
2

= ‖x1 − x∗‖2 −
M
∑

k=1

(1− λk+1)‖xk+1 − xk‖
2 −

M
∑

k=1

λk+1(1 − 4c1λk)‖xk − yk‖
2

−
M
∑

k=1

λk+1(1− 2c2λk − 4c1λk+2)‖xk+1 − yk‖
2 + 4c1λ1λ2‖x1 − y0‖

2

≤ ‖x1 − x∗‖2 + 4c1λ1λ2‖x1 − y0‖
2 = M1 (3.10)

where M1 is a nonnegative fixed real number. The expression (3.10) implies that
the sequence {xn} is bounded. Since ̺µ < λn < σ for each n > 1 and letting
M → ∞ in the inequality (3.10) gives that

∑

n

‖xn+1 − xn‖
2 < ∞, (3.11)

and
∑

n

‖xn − yn‖
2 < ∞ and

∑

n

‖xn+1 − yn‖
2 < ∞. (3.12)

From the above expression we also conclude that

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖xn − yn‖ = lim
n→∞

‖xn+1 − yn‖ = 0 (3.13)

and

lim
n→∞

‖yn+1 − yn‖ ≤ lim
n→∞

[

‖yn+1 − xn+1‖+ ‖xn+1 − yn‖
]

= 0. (3.14)
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The above facts also imply that the sequence {yn} is bounded. Consider Lemma
3.3 for n > 1, we have

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 + 4c1λnλn+1‖xn − yn−1‖
2 (3.15)

From Lemma 2.5 and expression (3.12) ensure that the limit of ‖xn−x∗‖ exists.
The above argument with relation (3.15) imply that the sequences ‖xn − x∗‖ and
‖yn−x∗‖ are convergent for every x∗ ∈ EP (f,K). Next, we require to establish that
every weak sequential limit point of the sequence {xn} lies in EP (f,K). Take z to
be any sequential weak cluster point of the sequence {xn} i.e., there is a subsequence
{xnk

} of {xn} converge to z ∈ K, It also implies that {ynk
} also weakly converges

to z. Now, our aim to show that z ∈ EP (f,K). From Lemma 3.1, expressions (3.6)
and (3.8), we have

λnk
f(ynk

, y)

≥ λnk
f(ynk

, xnk+1) + 〈xnk
− xnk+1, y − xnk+1〉

≥ λnk+1

[

λnk
f(ynk−1, xnk+1

)− λnk
f(ynk−1, ynk

)− c1λnk
‖ynk−1 − ynk

‖2

− c2λnk
‖ynk

− xnk+1‖
2
]

+ 〈xnk
− xnk+1, y − xnk+1〉

≥ λnk+1

[

〈xnk
− ynk

, xnk+1 − ynk
〉 − c1λnk

‖ynk−1 − ynk
‖2

− c2λnk
‖ynk

− xnk+1‖
2
]

+ 〈xnk
− xnk+1, y − xnk+1〉, (3.16)

for any member y in K. It follows the expressions (3.13), (3.14) as well as the
boundedness of the sequence {xn} means that the right side of the above-mentioned
inequality is goes zero. For given λnk

> 0, condition (f3) and ynk
⇀ z, we have

0 ≤ lim sup
k→∞

f(ynk
, y) ≤ f(z, y), ∀y ∈ K, (3.17)

above implies that f(z, y) ≥ 0, for all y ∈ K. This is implies that z ∈ EP (f,K).
Thus Lemma 2.4, guarantees that {xn} and {yn} converges weakly to x∗ as n → ∞.

Next, we prove that limn→∞ PEP (f,K)(xn) = x∗. Define zn := PEP (f, K)(xn) for
all n ∈ N. By make use of x∗ ∈ EP (f,K), we have

‖zn‖ ≤ ‖zn − xn‖+ ‖xn‖ ≤ ‖x∗ − xn‖+ ‖xn‖. (3.18)

Thus {zn} is bounded. By Lemma 3.3, for n ≥ 1 implies that

‖xn+1 − zn+1‖
2 ≤ ‖xn+1 − zn‖

2 ≤ ‖xn − zn‖
2 + 4c1λnλn+1‖xn − yn−1‖

2. (3.19)

The above expression with Lemma 2.5 imply that the limit of ‖xn − zn‖ exists.
By using the Lemma 3.3, for all m > n ≥ 1, we have

‖zn − xm‖2 ≤ ‖zn − xm−1‖
2 + 4c1λn+1λn‖xm−1 − ym−2‖

2

≤ · · · ≤ ‖zn − xn‖
2 + 4c1

m−1
∑

k=n

λk+1λk‖xk − yk−1‖
2.

(3.20)
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Let take zm, zn ∈ EP (f,K) for m > n ≥ 1 and Lemma 2.1(i) and expression
(3.20) gives that

‖zn − zm‖2 ≤ ‖zn − xm‖2 − ‖zm − xm‖2

≤ ‖zn − xn‖
2 + 4c1

m−1
∑

k=n

λk+1λk‖xk − yk−1‖
2 − ‖zm − xm‖2.

(3.21)

From above inequality we achieve limm,n→∞ ‖zn − zm‖ = 0, for all m ≥ n

and due to the existence of limn→∞ ‖zn − xn‖ and the summability of the series
∑

n ‖xn−yn−1‖. This fact gives that {zn} is a Cauchy sequence and due to closeness
of a solution set EP (f,K) the sequence {zn} converges strongly to p∗ ∈ EP (f,K).
Next, our aim to show that p∗ = x∗. It derives from Lemma 2.1(ii) and x∗, p∗ ∈
EP (f,K) we get

〈xn − zn, x
∗ − zn〉 ≤ 0. (3.22)

Since zn → p∗ and xn ⇀ x∗ we have

〈x∗ − p∗, x∗ − p∗〉 ≤ 0,

that means that x∗ = p∗ = limn→∞ PEP (f,K)(xn). Further, ‖xn − yn‖ → 0 as
n → ∞ implies limn→∞ PEP (f,K)(yn) = x∗. �

4. Application to Variational inequality problems

The variational inequality problem is expressed in the following manner:

Find x∗ ∈ K such that
〈

G(x∗), y − x∗
〉

≥ 0, ∀y ∈ K.

An operator G : E → E is said to be

(i) L-Lipschitz continuous on K if ‖G(x)−G(y)‖ ≤ L‖x− y‖, ∀x, y ∈ K;
(ii) monotone on K if

〈

G(x) −G(y), x− y
〉

≥ 0, ∀x, y ∈ K;

(iii) pseudomonotone on K if
〈

G(x), y−x
〉

≥ 0 ⇒
〈

G(y), x−y
〉

≤ 0, ∀x, y ∈ K.

Note: If bifunction f(x, y) :=
〈

G(x), y−x
〉

for all x, y ∈ K, thus the equilibrium
problem transform into the above variational inequality problem with L = 2c1 =
2c2. From the definition of yn+1 in the Algorithm 1 such that

yn+1 = argmin
y∈K

{

λn+1f(yn, y) +
1

2
‖xn+1 − y‖2

}

= argmin
y∈K

{

λn+1〈G(yn), y − yn〉+
1

2
‖xn+1 − y‖2

}

= argmin
y∈K

{

λn+1〈G(yn), y − xn+1〉+
1

2
‖xn+1 − y‖2 + λn+1〈G(yn), xn+1 − yn〉

}

= argmin
y∈K

{1

2
‖y − (xn+1 − λn+1G(yn))‖

2
}

−
λ2
n+1

2
‖G(yn)‖

2

= PK(xn+1 − λn+1G(yn)). (4.1)

Assumption 2. Let G satisfying the following conditions:

G1. G is monotone on K and V I(G,K) is nonempty;
G2. G is pseudomonotone on K and V I(G,K) is nonempty;
G3. G is L-Lipschitz continuous on K through positive constant L > 0;
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G4. lim sup
n→∞

〈G(xn), y − xn〉 ≤ 〈G(p), y − p〉 for every y ∈ K and {xn} ⊂ K

satisfying xn ⇀ p.

We have reduced the following results from our main results that are applicable
to solve variational inequality problems.

Corollary 4.1. Assume that G : K → E is satisfying (G2, G3, G4). Let the se-
quence {xn} and {yn} are generating in the following way.

(i) Choose x0, y−1, y0 ∈ E, ̺ ∈ (0, 1), σ < min{1, 1
3L}, µ ∈ (0, σ) and λ0 > 0.

Compute
{

xn+1 = PK

(

xn − λnG(yn)
)

,

yn+1 = PK

(

xn+1 − λn+1G(yn)
)

,

where stepsize λn+1 updated as follows:

λn+1 = min
{

σ,
µ〈G(yn), xn+1 − yn〉

〈G(yn−1), xn+1 − yn〉 −
L
2 ‖yn−1 − yn‖2 −

L
2 ‖xn+1 − yn‖2 + 1

}

.

The sequences {xn} and {yn} are converges weakly to x∗ of V I(G,K).

We consider that if G is monotone thus condition (G4) can be removed. The
hypothesis (G4) is required to establish f(x, y) = 〈G(x), y − x〉 observes with the
condition (f3). In addition, condition (f3) is needed to prove z ∈ EP (f,K) after
inequality (3.17). This suggests that the condition (G4) is applied to show z ∈
V I(G,K). Now we will show that z ∈ V I(G,K) by applying the monotonicity of
operator G. Since G is monotone then

〈G(y), y − yn〉 ≥ 〈G(yn), y − yn〉, ∀y ∈ E. (4.2)

By f(x, y) = 〈G(x), y − x〉 and (3.16), we have

lim sup
k→∞

〈G(ynk
), y − ynk

〉 ≥ 0, ∀y ∈ K. (4.3)

Combining (4.2) with (4.3), we deduce that

lim sup
k→∞

〈G(y), y − ynk
〉 ≥ 0, ∀y ∈ K. (4.4)

Since ynk
⇀ z ∈ K and 〈G(y), y−z〉 ≥ 0, for all y ∈ K. Let yt = (1− t)z+ ty for

all t ∈ [0, 1]. Due to convexity of K the value yt ∈ K for each t ∈ (0, 1). We obtain

0 ≤ 〈G(yt), yt − z〉 = t〈G(yt), y − z〉 (4.5)

That is 〈G(yt), y−z〉 ≥ 0 for all t ∈ (0, 1). By yt → z as t → 0 and the continuity
of G gives 〈G(z), y − z〉 ≥ 0, for each y ∈ K, which implies that z ∈ V I(G,K).

Corollary 4.2. Assume that G : K → E is satisfying (G1, G3). Let the sequence
{xn} and {yn} are generating in the following way.

(i) Choose x0, y−1, y0 ∈ E, ̺ ∈ (0, 1), σ < min{1, 1
3L}, µ ∈ (0, σ) and λ0 > 0.

Compute
{

xn+1 = PK

(

xn − λnG(yn)
)

,

yn+1 = PK

(

xn+1 − λn+1G(yn)
)

,

where stepsize λn+1 updated as follows:

λn+1 = min
{

σ,
µ〈G(yn), xn+1 − yn〉

〈G(yn−1), xn+1 − yn〉 −
L
2 ‖yn−1 − yn‖2 −

L
2 ‖xn+1 − yn‖2 + 1

}

.

The sequences {xn} and {yn} are converges weakly to x∗ of V I(G,K).
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5. Computational experiment

The MATLAB codes run in MATLAB version 9.5 (R2018b) on a PC Intel(R)
Core(TM)i5-6200 CPU @ 2.30GHz 2.40GHz, RAM 8.00 GB. During all these exam-
ples y-axes represent for the value of Dn = ‖xn+1 − xn‖ while the x-axis indicates
to the number of iterations or the execution time (in seconds).

Example 5.1. Let a bifunction f : K ×K → E is

f(x, y) = 〈Ax +By + d, y − x〉

where d ∈ R
n and A, B are two matrices of order n such that B is symmetric

positive semidefinite and B − A is symmetric negative definite with Lipschitz con-
stants c1 = c2 = 1

2‖A − B‖ (for more details see [22, 34]). Two matrices A,B

are randomly generated 1 and entries of d randomly belongs to [−1, 1]. The feasible
set K ⊂ R

n is closed and convex and write as K := {x ∈ R
n : −10 ≤ xi ≤ 10}.

The numerical results are shown in Figures 1-3 and Table 1 with y−1 = (2, · · · , 2),
x0 = y0 = (1, · · · , 1), λ = 1

6.1c1
, σ = 1

6.2c1
, µ = 1

6.3c1
, λ0 = 1

6c1
and TOL = 10−4.
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Number of iterations
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10-2

10-1

100

101

Figure 1. Example 5.1: Algorithm 1 compared to Algorithm 1
in [17] for n = 5.
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100

Figure 2. Example 5.1: Algorithm 1 compared to Algorithm 1
in [17] for n = 10.

1Two matrices are randomly generated E and F with entries from [−1, 1]. The matrix B =
ETE, S = FTF and A = S +B.
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Figure 3. Example 5.1: Algorithm 1 compared to Algorithm 1
in [17] for n = 20.

Table 1. Numerical results for Example 5.1.

Lyashko Algorithm [17] Algorithm 1

n No. of Iter. CPU(s) time No. of Iter. CPU(s) time

5 44 0.4000 7 0.0921
10 55 0.6435 8 0.0762
20 67 0.6114 9 0.0720

Example 5.2. Let G : R2 → R
2

G(x) =

(

0.5x1x2 − 2x2 − 107

−4x1 − 0.1x2
2 − 107

)

and K = {x ∈ R
2 : (x1 − 2)2 + (x2 − 2)2 ≤ 1}. It is not hard to check that G

is Lipschitz continuous with L = 5 and pseudomonotone. For this case we use
Corollary 4.1 and y−1 = (1, 1)T with stepsize λ = 10−8, λ0 = 0.1, σ = 1

3.1L and

µ = 1
3.2L . The experimental results are shown in Table 2 and Figures 4-7.

0 10 20 30 40 50 60 70 80 90
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0 0.5 1 1.5 2 2.5 3

Elapsed time [sec]
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10-4

10-2

100

Figure 4. Example 5.2: Algorithm 1 compared to Algorithm 1
in [17] for x0 = y0 = (1.5, 1.7).
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Figure 5. Example 5.2: Algorithm 1 compared to Algorithm 1
in [17] for x0 = y0 = (2.0, 3.0).
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Figure 6. Example 5.2: Algorithm 1 compared to Algorithm 1
in [17] for x0 = y0 = (1.0, 2.0).
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Figure 7. Example 5.2: Algorithm 1 compared to Algorithm 1
in [17] for x0 = y0 = (1.0, 2.0).
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Table 2. Numerical results for Example 5.2.

Lyashko Algorithm [17] Algorithm 1

x0 = y0 No. of Iter. CPU(s) time No. of Iter. CPU(s) time

(1.5, 1.7) 86 2.9657 23 1.4593
(2.0, 3.0) 89 3.1582 29 1.4768
(1.0, 2.0) 99 3.4740 58 2.9721
(2.7, 2.6) 71 2.5483 14 0.5829

Example 5.3. Let E = l2 be the real Hilbert space whose elements are square-
summable infinite sequence of real numbers and K = {x ∈ E : ‖x‖ ≤ 5}. An opera-

tor F is define as follows: F (x) = (7− ‖x‖)x, ∀x ∈ E, where ‖x‖ =
√
∑

i |xi|2. It
is easy see that V IP (F,K) 6= ∅. We can easily see that the operator is pseudomono-
tone but not monotone with Lipschitz constant L = 11. The projection onto K is
explicitly computed as

PK(x) =

{

x if ‖x‖ ≤ 5,
5x
‖x‖ , otherwise.

0 10 20 30 40 50 60

Number of iterations

10-6

10-4

10-2

100

102

Figure 8. Example 5.3: Algorithm 1 in [17] when x0 = y0 =
x−1 = (1, 1, · · · , 11000, · · · ).
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Figure 9. Example 5.3: Algorithm 1 when x0 = y0 = x−1 =
(1, 1, · · · , 11000, · · · ).

6. Conclusion

A new method is proposed in this paper to solve pseudomonotone equilibrium
problems and different classes of variational inequality problems. These methods
are a two-step proximal method that provides weak converging iterative sequence.
Numerical results have been reported to show the computational performance of
methods connected to other methods.
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