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HERMITE-HADAMARD TYPE INEQUALITIES FOR n—TIMES
DIFFERENTIABLE (s,,m) PREINVEX FUNCTIONS USING
FRACTIONAL INTEGRALS

SIKANDER MEHMOOD, FIZA ZAFAR AND NUSRAT YASMIN

ABSTRACT. In this paper, we generalize Hermite-Hadamard’s inequality for
higher order differentiable preinvex functions using Riemann-Liouville inte-
grals. First, we give a new generalized definition of preinvex function and then
extend the inequalities for n—times differentiable (s, m) —preinvex functions.
Some previous results as special cases and applications to special means are
also given.

1. INTRODUCTION

Fractional calculus has proved to be a powerful tool and has extensive applica-
tions in physical sciences, life sciences, engineering and economics. Keeping in view,
the wide applicability of the fractional domains, many researchers started paying
attention to integral inequalities involving fractional integrals.

Let f: I CR — R be a convex function and a,b € I with a < b, then

f(a—;b _b—a/f SGES{U) W

The inequality (1.1)) is known as Hermite-Hadamard inequality for convex func-
tions.

The concept of invex sets was given by T. Antczak [I] which generalizes the
concept of convex sets and thereby paves the way to extend convex functions.

Definition 1.1. A set H C R" is invex with respect to the map n: H x H — R"
if for every a,b € H and t € [0,1], b+ tn (a,b) € H. The invex set H is also called
an n-connected set.

Remark. Fvery convex set is an invex set but its converse is not true.

In 1998, Weir and Mond [12], defined preinvex functions as a generalization of
convex functions.
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Definition 1.2. Let H C R"™ be an invex set and a function g : H — R is said to
be preinver w.r.t. n if V¥ a,b € H,

f+itn(ab)) <tf(a)+ (1 —1)f(b).
Remark. Ifn(a,b) = a—b, the preinvex function becomes a convex function.
Recently, more and more Hermite-Hadamard inequalities involving fractional
integrals have been obtained for different classes of convex and preinvex functions.

In [9], Sarikaya et al. presented fractional Hermite-Hadamard type inequalities as
follows:

Theorem 1.3. Let f : [a,b] C R be a positive function with 0 < a < b and
f € Lla,b]. If f is a convex function on [a,b], then the following inequalities for
fractional integrals hold
r 1
(") = s s+ g sl < L0,
where a > 0. Here, the symbols J& and J{* denote the left-sided and right-sided
Riemann-Liouville fractional integrals of the order o € RT that are defined by

J f(x) = /w(x—t)"_lf(t)dt (0<a<ax<b),

T'(«@)

and
b
J f(z) = ﬁ/ (t—z)* L f(t)dt (0<a<z<b).

Sarikaya et al. [9] also established the error bound for the right hand side of the
Hermite-Hadamard inequality for fractional integrals as:

Theorem 1.4. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b.

If | f'] is convex on (a,b), then the following inequality for fractional integrals holds:
fla)+f(b) Tla+1) ., o

— v 1.2

ST S )+ ) (12)

b—a 1 , ,
s (1= 30 1@+ F0.

In 2014, Sarikaya and Ertugral [8] generalized Hermite-Hadamard type integral
inequalities for s—convex functions for fractional integrals. Wang et. al. [10, [11] ex-
tended the fractional Hermite-Hadamard’s inequalities to (s, m)—convex functions.

In [3], Iscan generalized the error bound for the right hand side of the Hermite-
Hadamard inequality for preinvex functions as:

Theorem 1.5. Let A C R be an open invex subset with respect ton: Ax A — R
and a,b € A with a < a+n(b,a). Suppose f: A — R is a differentiable function
such that f € La,a+n(bya). If ’f/’ is preinver on [a,a+n(b,a)], then the
following inequality for fractional integrals with a > 0 hold
‘ f(a) + fla+n(b,a))
2

I(a+1
_m [J;ﬂf(a + 10, ) + ot (p,0))- f(a)}

o (1) ol

(1.3)

o))
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Recently, Meftah and Souahi [5] gave bounds for the left hand side of the
Hermite-Hadamard inequality for s—preinvex functions for first differentiable func-
tions. Some Hermite-Hadamard type fractional integral inequalities are also devel-
oped for preinvex and generalized preinvex twice differentiable functions in [} [7].
Motivated by research going on in this direction, we, in this paper give the bounds
on the right hand side of the fractional Hermite-Hadamard inequality for n—times
differentiable which are (s, m)-preinvex functions in terms of absolute value. It is
noteworthy that fractional Hermite-Hadamard inequalities are rarely addressed for
higher order generalized preinvex functions except some inequalities can be found
for strongly preinvex function in [6]. The applications to special means are also
developed.

2. MAIN RESULTS

First, we define (s, m)—preinvex functions and give the following lemma:

Definition 2.1. Let K C R" be an invex set with respect ton: K x K — R". A
function f : K — R is said to be (s, m)—preinvex with respect to n for every a,
be K, te0,1] and s, m € (0,1].
a .
flattn(v,a) <m—1f () +#F(b).
1

Example 2.2. Let f(xz)=sinz, s=1andm = 5

sinb—%sina
pbay=4 " Fesa 020
0, b<a

Then we have generalized (1, %) —preinvex function with respect ton: R x R — R.
However sinx is not a convex function on R.

If we have a > b and b= %, we have
fla+tn(b,a)) =sina
and
m(l—1¢)°f (ﬁ) +¢°f(b) = 1sin20L—i— 1
m 4 2
Hence, there must exist a > b = 7 such that f (a) # f (b) and

i L 2 +1
sina = —sin2a + —
4 2

Hence f is not also an explicitly (s, m) — preinvex function on R with respect to n
1

for s=1and m = 3.
Lemma 2.3. Let K C [0,00) be an open invex subset with respect ton : Kx K — R
. Suppose f : K — R is a function such that f) exists on K and f™) is integrable

on [a,a+mn(bya)] for n € N, n > 1, then for every a,b € K with n(b,a) > 0, the
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following equality holds:

fla) + fla+n(b a))
2

N(a+1) o .
"I Ga)” |:Ja+ fla+n(ba)) + J(a+n(b7a)),f(a)}

< « a k
= Y Rt VOGO [yt 0o 4 yh,a)) - £9(0)]

(2.1)

po MNa+k+1)
_(m(ba)" T(a+1)
2T (a+n)

X /1 (1 =)=t 4 (=1)™e =1 fO(a + tn (b, a))dt,
0

where o > 0 and n > 1.

Proof. Let us consider,

fla)+ flatn(ba) Tla+l) [T Fa+0(b,0) + Ty, £(0)]

2 2(n (b, a)”
Ly (0% 0+ b, )t
_ o {(1—0:111“““ f/(am(b?a));_ ) | = 0 a4 (b, )
— G [F @ +n(h.a)) - (o)
GO [ 1 ety o0 1

Now, if we take the integral by parts for the right side of the above equation again,
we have

fla)+ fla+nba) Tla+1) |:Jg¢+f(a+n(b’a))+J&+n(b)a))_f(a)]

2 200 0.)"
= S ottt - ) - AP [ZOZDE a|
- Zfbf; /01 [—(1=t)*"* +t**?] f"(a + tn(b,a))}
= a0 - 0] - 5o ) + )
(it )

R [ ) e
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Finally, continuing the process and generalizing the result, we get

f@xlenta - O e fasnb.0) + Ty 1]

2(n(b,a))
_ n(ba) ., . (n(b, a))?
= e+ 1) [f(a+n(b,a))*f(a)]*m

(n(b7 a))g " "
Toar Dlat @iy @ Tba) =)

b’a ! ! a a v
_2(a+1()n((a+)2))(a+3)/0 [(1=8)72 4+22] £ (a + (b, a)) dt.

Consequently, we obtain

[f"(a+n(b,a)) + [ (a)]

fla) + fla+n(ba)  T(a+1) 7., o
2 - 2 (77 (b, a))oc |:Ja+f(a + n(b7 a)) + J(a+n(b,a))*f(a):|
_ n_lfaJrl (b,a))" 1
- g eyl (G A CERCR R A O)
. (b;% iﬂfﬁ 2 /0 e (LR O 0 i (b, a)
The proof is completed. O

Corollary 2.4. If we take n = 1, we obtain Lemma 2.3 of [3].

Theorem 2.5. Let K C [0,00) be an open invex subset with respect ton : K x K —
R . Suppose f : K — R is a function such that f) exists on K and f) is
integrable on [a,a +n(b,a)] forn € N, n > 1. If |f(”)| is (s, m)-preinvex on K,
then for every a,b € K with n(b,a) > 0, the following inequality holds:

‘f )+ f( a+n(b a))

(2.2)

INa+1
(77();0‘ {J’;Y*f(a + 1, ) + Jatn(v,a))- f(“)}

Z F(glj(ral—l- k —l|)— il))) [(_l)kilf(k)(a +n(b,a)) — f(k)(a)] ‘

k=1

D () 1)

<
[ ‘f(n ‘—F‘f(") ‘}7 n s odd
. 0Tt

2T (a+n) [m ‘f(n)(%)’ * ‘f(n)(b)u

1

X {+B(a+n,s+1)] , M 1S even
a+s+n
1

where B(z,y) = [t*"Y(1 —t)y"1dt for x >0,y > 0 is the Beta function.
0

Proof. Case (i): If n is odd.
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Applying modulus on both side of (2.1 and from (s,m) preinvexity of | f(™)| on
K, we have

L = 8 (b2(; (+n) / (@ =gt = (23)
x [m(1 =1 [r(2 )(+ts F™(a +n(b,a))H dt
_ (77 (béa%)(; JFF(:)'F 1) /02 ((1 _ t)oz-&-ﬂ—l _ toz-&-ﬂ—l)
% (m1 =07 [£ )| + 4|1 w)) at
+/11 (gt — (1 —g)etnh)
x (m(1 -ty f<”>(%)]+ts f<”>(b)‘)dt}
= n(b’za%)(a i(:)ﬂ) [A+ B]

After straightforward calculation, we obtain

A § ‘/ a+s+n 1 taJrernfl) dt (24)

+ ‘f(")(a+77(b, a))‘/ (1= gyatstn=t _ gackstn=1) gy
= oGl + o)) (o) (- o)

1
m ’f(n)(%)’ /l (tOtJrSJr’I’L*l _ (1 _ t)oc+s+n71) dt (25)

and

Sy
IN

’f (a+n(b,a) ‘/1 (t‘””” ' —t)a“*"‘l) dt

1
- () ( ‘ ’ (™) (p H 1——— ).
[ ‘f + f a+s+n 201+s+'n,—1
Upon combining (2.4]) and ( in , we get required result .

T e MR

a+s+n Qotetnt

Case (ii): If n is even
Applying modulus on both side of (2.1)) and from (s, m) preinvexity of | f (")‘ on
K, we have

Il _ ( (b (L Oé+1 / | aJrn 1 ta+n71‘dt
2F (a+mn)
x [m(1 -1 |12 )’ths £ )H dt.
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After a straightforward calculation, we have

(n (b,a))" T(Oé +1)
2T (a+n)

|: f(n ‘/ _ a+s+n71 T (1 _t)staJrnfl) dt

IN

I (2.7)

+ ‘f(")(a + (b, a))‘ /0 (t°(1 = t)>tnt gttty dt]

_ (bQ’“F)();i(ﬁ Y m[ (2| + 0|

1
X {+B(a+n,s+1)].
a+s+n

Thus, (2.6) and (2.7)) are required results. O

Remark. If we take m = n = 1 and n(b,a) = b — a, we obtain Theorem 3.1 of
[10].

Corollary 2.6. If we take m =1, n =2, a =1 and n(b,a) = b — a, we obtain

'f(a)-zF o [ r@ae s - re) ey
¢ Lot i H 1
- 2

B (3, 1
2 s+3+ (35 + )]

Remark. If we takem =s=a =1, n =2 and n(b,a) = b—a, we obtain Theorem

4.1 of [2].

‘f(a) +10) (bi@ /abf(”:) s 20 [f%a);f’(b)H

< S 1@+ 1o,

Theorem 2.7. Let K C [0,00) be an open invex subset with respect ton : K x K —
R . Suppose f : K — R is a function such that f) exists on K and f) is
integrable on [a,a +n (b,a)] forn € Ny n > 1. If ’f(")|q, q > 1 is (s,m)-preinver
on K, then for every a,b € K with n(b,a) > 0 the following inequality holds:
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when n is odd,

fla) + f(c; + (b, a)) (2.9)

MNa+1) N .
~2(n(b,a)” {J‘#f(a +1(b, @) + Iy v,0))- f(a)}

Ui i k=1 p(k K
M+ k+1) {(_1) (a4 (b, a) - f ’(a)]

1 . 1 g
pla+n—1)+1 2r(nta—1)
1 1 a 1 a
_ (”)b‘
St <s+1>2s+1)+f 2 <s+1)2s+l>>
1

q (841—1 a (8+11)25+1)>}1] ’

(2.10)

IN

q

7o (=) £ (b)

and when n is even,

fla )+f( +n(b,a))

+

(s+1)2st1

(é( +a])-;a [J§+f(a +n(b,a)) + J(a+n(b - f(a)}

Z (;P+a1+k+l))) (1B (a4 (b)) = P (@)

k=1

(n(b,a)"T(a+1) 2 ,
< T(a+n) (p(a+n1)+1>

[ oGl o)

Proof. Case (i): If nis odd.

Applying modulus on both side of (2.1)), by (s, m) preinvexity of ‘ f |q and the
Holder’s inequality, we have

I, = (n(béc;)gai(%—’—l) [(/0
[ (=0 () 50 0]
/ (Lot — (1 - "*"—1)pdt>é

/ (1—1) f<" )+tsf(”)(b)‘th>q}

FoE|

1
P

[N

((1 _ t)a-‘,—n—l _ ta+n—1)i’3 dt)

1
q
X

R

+

/—\/—\
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L, = (n (béa%)(; JI;(TO:)+ 1) [(/02 ((1 — t)p(a-i-n—l) _ tP(a+7L—1)) dt)

x </O (m(1 -1y £ (b)D dt) '
+ </1 (tp(a+nfl) —(1- t)p(aJrn*l)) dt) ’

x </1 (m(1 -1y £ (b)’q) dt)

After straightforward calculation, we have

(p(a + nlf 1)+1 <1 B 2P(n+1a1)>>11) (2.11)
(e G <si1 - ) 0] )
+ (m\ﬂ,} (=) VA (Sil ) (S+11) 28“)”

Case (i¢): If n is even.
Applying modulus on both side of (2.1)), by (s, m) preinvexity of ‘ iR |q and the
Holder’s inequality, we have

1) v
12 S ( (b2i—l‘ a+:+ (/ | a—‘,—n—l +t0¢+n—l’pdt> (212)

X (/0 (f(") a-l—tn(b,a))‘ dt)

b,a))" T'(« 1 . oo 11P b
_ (77(211)()@4_(”)"‘1) (/0 [(|1 =)ot 4 [eotn=1]] dt)

X /01 {m(l —t)* f(n)(b)’q} dt)é
_ (n(b,a))”r(aﬂ)( ( 2 )

2« + n) pla+n—1)+1

P

(@)

Nl

(@) e

Q=
1

n(b,a)" T(a+1)
2« + n)

I, =

q

(s+1) 25+1

a q
— ts
()] +

=

1
(L ’ ) ’
x [s +1 (m ’f 7 }
Thus (2.11) and (2.12) are required results. The proof is completed. d

Remark. If we take m = n = 1 and n(b,a) = b — a, we obtain Theorem 3.2 of
[10].
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Corollary 2.8. If we take m =1, n=2, a =1 and n(b,a) =b—a

|f(a); - / Fyde+ 220 {f/(a)Qf’(b)” 2.13)

< Lo <2p2+1)" LH (7 @r + 1o

Theorem 2.9. Let K C [0,00) be an open invex subset with respect ton : K x K —
R . Suppose f : K — R is a function such that f) exists on K and f) is
integrable on [a,a +n(b,a)] forn € N, n > 1. If ’f(")|q, q > 1 is (s,m)-preinver
on K, then for every a,b € K with n(b,a) > 0 the following equality holds:

when n is odd,

'f(a)+f(;+ n(b,a)) (2.14)

P(a+1) N .
a W |:Ja+f(a + 7]([)7 a)) =+ J(a+n(b7a))—f(a):|

_ Z ;‘F+a1+ 1 1))) [(_1)k—1f(k)(a +n(b,a)) — f(k)(a)}

e o e )
o (Gl

o)
and when n is even,

‘f(a) +f(f;+ n(b, a)) (2.15)

MNa+1) N .
~ 000" [Ja+f(a +1(b,@)) + I b)) - f(a)}

Dlact D G, s
kzl 2Fa+k+1) [(*1)’“ f(k)(a+n(b,a))f(k)(a)}|

1—

< QO LD () (o + o]
% <1+B(s+1,a+n))]q.

n+a+s

Q=

Proof. Case (i): If n is odd.
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Applying modulus on both side of (2.1)), by (s, m) preinvexity of | i fq and the
power mean inequality, we have

1—1

L < 0" T+l </| “*”‘1—t°“+"—1}dt> ! (2.16)

2T (a+n)
oo )ar)’
+< (totr=t— (1 —g)etn )
o) a)’]

B (n(b,a)") T(a+1) 1 -3 1 1 -3
B ( n) a+n 2otn—1

Jeeerioon) 1)3
2

OC+S+TL - a+s+n—1

m(l —t)°

o2 e

x(m (1-1)°

() 4o

Case (i1): If n is even.

Applying modulus on both side of (2.1)), by (s,m) preinvexity of | i |q and the
power mean inequality, we have

st (b;? a+:+1 (/ [C t””_lldt)l_; x (2.17)
(/01 (1 —)otn=t gt ‘f(m(b)‘q dt) :
- “’533; IE:; = (/01 (|1 ==t + [eern =] dt)l_l
/ (===t feen ) (=00 [0+ (10w C”)é

ot |

x (m‘f<">(3)q+‘f(”)(b) q) ¥—|—B(s+1 at+n))|".
m n+a+s ’
Thus (2.16) and (2.17) are required results. The proof is completed. O

Remark. If we take m = n = 1 and n(b,a) = b — a, we obtain Theorem 3.4 of
[10].

3. Applications to Special Means

Let us recall the following special means of positive numbers a, b with a < b.
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(1) The arithmetic mean: A (a,b) := 2
(2) The harmonic mean: H (a,b) := ;j_;-
a b
(3) The logarithmic mean: L (a,b) := lng%ilna’ a#b.
1
(4) The generalized logarithmic mean: L, (a,b) := (%) "

Proposition 3.1. Fora,be Ry, a <bandm € N, m > 1, the following inequality
holds:

A (am+17bm+l> o in% (am—i-l’bm-&-l) + (b_ a)2(m+ 1)A(am7—bm)

< m(m+1) (bfa)QA(amfl,bmfl) [5—13 +B(3,3+1)} .

Proof. For f(x) =a2™", 2z € Ry and m e N, m > 1, |[f" (z)] = m(m+1)a™ !
is a convex function on R..

Applying to (2.8)), we get

am+1_|_bm+1 1 bm+2_am+2
2 (b—a) ( m+ 2 )
b—a)(m+1) [a™ -1
+ 2 2
m (m + 1) (b — CL)2 m—1 m—1 1 ]
< 5 [@™ ! +b ]_S+3+B(3,s+1)_
— 1
’A (a+1 ) - D (gmeL ey (b a)2(m+ )A(am,—bm)
o -
< m(m+1)(b- a)QA(am_l,bm_l) T3 +B(3,s+1)
s

Proposition 3.2. Fora,be Ry, a <bandm € N, m > 1, the following inequality
holds:

1
m—i—q

1 1 1 1 1
‘A (am+6,bm+a) _"h (am+5,bm+5>

%A (a"”%*l, —bm+§*1>

< (R

|2 A (almDert pln-2as) "
s+3 ’

i~
/N
+
| =
~~
2
/?
+
Q=
\
—_
~_
=)

Proof. For f(x) = mm+%, x € Ry and m,qg € N, m,q > 1,

q q
lf" (z)|* = (m + %) (m +2- 1) x(m=2)4+1 ig a4 convex function on R
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Applying to (Z13) , we get
‘A (am+%,bm+%) " (amﬁ,bmﬁ)

1
m+q

(ba)ngr;)A (am+§—1,7bm+%_1>

() (oo o2

1
X 2 A (a(m72)q+1 b(m72)q+1) ! )
5+3 ’

+

4. CONCLUSION

We have obtained some new estimates for the error bounds of the right hand

side of the Hermite-Hadamard type inequalities for n—times differentiable (s, m)-
preinvex functions for Riemann-Liouville integrals. The estimates are elaborated
with special cases and some previous results are recaptured as a consequence. More-
over, new estimates can be obtained for higher differentiable functions. We have
also given some applications of the new inequalities for the special means.
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