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HERMITE INTERPOLATION WITH GREEN FUNCTIONS AND

POSITIVITY OF GENERAL LINEAR INEQUALITIES FOR

n−CONVEX FUNCTIONS

ASIF R. KHAN1 AND JOSIP E. PEČARIĆ2

Abstract. We state new general linear identities and inequalities involving

n−convex functions using Hermite interpolation polynomials and Green func-
tions. We also study positivity conditions of our stated inequalities. Moreover,

we state related inequalities for n-convex functions at a point. Bounds for the

reminders in new generalizations of general linear inequalities are given by
using Čebyšev functional, Ostrowski- and Grüss- types inequalities.

1. Introduction

Here we recall some basic definitions, facts and results from [6]. Let −∞ < a ≤
a1 < a2 < · · · < ar ≤ b < ∞, r ≥ 2. The Hermite interpolation of a function
H ∈ Cn[a, b] is of the form

H(ξ) = PH(ξ) + eH(ξ),

where PH is the unique polynomial of degree n−1, called the Hermite interpolating
polynomial of H, satisfying

P
(i)
H (aj) = H(i)(aj), 0 ≤ i ≤ kj , 1 ≤ j ≤ r,

r∑
j=1

kj + r = n.

The associated error eH(ξ) can be represented in terms of the Green function
GH,n(ξ, s) for the multipoint boundary value problem

z(n)(ξ) = 0, z(i)(aj) = 0, 0 ≤ i ≤ kj , 1 ≤ j ≤ r,

that is, the following result holds (see also [1]):
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Proposition 1. Let H ∈ Cn[a, b] and let PH be its Hermite interpolating polyno-
mial. Then

H(ξ) = PH(ξ) + eH(ξ)

=

r∑
j=1

kj∑
i=0

Hij(ξ)H
(i)(aj) +

b∫
a

GH,n(ξ, s)H(n)(s) ds, (1.1)

where Hij are the fundamental polynomials of the Hermite basis defined by

Hij(ξ) =
1

i!

w(ξ)

(ξ − aj)kj+1−i

kj−i∑
k=0

1

k!

dk

dξk

(
(ξ − aj)kj+1

w(ξ)

)∣∣∣
ξ=aj

(ξ − aj)k, (1.2)

where

w(ξ) =

r∏
j=1

(ξ − aj)kj+1 (1.3)

and GH,n is the Green function defined by

GH,n(ξ, s) =



j1∑
j=1

kj∑
i=0

(aj − s)n−i−1

(n− i− 1)!
Hij(ξ), s ≤ ξ,

−
r∑

j=j1+1

kj∑
i=0

(aj − s)n−i−1

(n− i− 1)!
Hij(ξ), s ≥ ξ

(1.4)

for all aj1 ≤ s ≤ aj1+1, j1 ∈ {0, 1, . . . , r} (ar+1 = b).

The following are some special cases of the Hermite interpolation of functions:
(i) (m,n−m) conditions: r = 2, a1 = a, a2 = b, 1 ≤ m ≤ n− 1, k1 = m− 1 and

k2 = n−m− 1. In this case

H(ξ) =

m−1∑
i=0

τi(ξ)H
(i)(a) +

n−m−1∑
i=0

ηi(ξ)H
(i)(b) +

∫ b

a

Gm,n(ξ, s)H(n)(s)ds,

where

τi(ξ) =
1

i!
(ξ − a)i

( ξ − b
a− b

)n−m m−1−i∑
k=0

(
n−m+ k − 1

k

)(ξ − a
b− a

)k
, (1.5)

ηi(ξ) =
1

i!
(ξ − b)i

(ξ − a
b− a

)m n−m−1−i∑
k=0

(
m+ k − 1

k

)( ξ − b
a− b

)k
, (1.6)

and the Green function Gm,n is of the form

Gm,n(ξ, s) =



m−1∑
j=0

[
m−1−j∑
p=0

(
n−m+ p− 1

p

)(ξ − a
b− a

)p]
× (ξ − a)j(a− s)n−j−1

j!(n− j − 1)!

( b− ξ
b− a

)n−m
, s ≤ ξ,

−
n−m−1∑
i=0

[
n−m−1−i∑

q=0

(
m+ q − 1

q

)( b− ξ
b− a

)q]
× (ξ − b)i(b− s)n−i−1

i!(n− i− 1)!

(ξ − a
b− a

)m
, s ≥ ξ.
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(ii) Taylor’s two-point condition: m ∈ N, n = 2m, r = 2, a1 = a, a2 = b and
k1 = k2 = m− 1. In this case

H(ξ) =

m−1∑
i=0

m−i−1∑
k=0

(
m+ k − 1

k

)[ (ξ − a)i

i!

( ξ − b
a− b

)m(ξ − a
b− a

)k
H(i)(a)

+
(ξ − b)i

i!

(ξ − a
b− a

)m( ξ − b
a− b

)k
H(i)(b)

]
+

∫ b

a

G2T,m(ξ, s)H(2m)(s)ds,

where the Green function G2T,m is of the form

G2T,m(ξ, s)

=
(−1)m

(2m− 1)!


pm(ξ, s)

m−1∑
k=0

(
m+ k − 1

k

)
(ξ − s)m−1−k

qk(ξ, s), s ≤ ξ,

qm(ξ, s)
m−1∑
k=0

(
m+ k − 1

k

)
(s− x)

m−1−k
pk(ξ, s), ξ ≤ s,

where p(ξ, s) =
(s− a)(b− ξ)

(b− a)
and q(ξ, s) = p(s, ξ).

In the further text we use notation (ξ − s)k+, k ∈ N0, for the following

(ξ − s)k+ =

{
(ξ − s)k, if ξ ≥ s
0, if ξ < s.

The following result is due to Popoviciu [15, 16] (see [13, 14, 18] also). Before
we further proceed it is worth mentioning that x = (ξ1, ξ2, . . . , ξm) and p =
(p1, p2, . . . , pm)

Proposition 2. Let n ≥ 2. Inequality
m∑
i=1

piH(ξi) ≥ 0 (1.7)

holds for all n-convex functions H : [a, b] → R if and only if the m−tuples x ∈
[a, b]m, p ∈ Rm satisfy

m∑
i=1

piξi
k = 0, for all k ∈ {0, 1, . . . , n− 1} (1.8)

m∑
i=1

pi(ξi − t)n−1
+ ≥ 0, for every t ∈ [a, b]. (1.9)

Remark 1. Case n = 2 was of particular interest and in [11] (see also [14, p.262])
it is proved that if n = 2 conditions (1.8) and (1.9) can be replaced with

m∑
i=1

pi = 0 and

m∑
i=1

pi|ξi − ξk| ≥ 0 for k ∈ {1, . . . ,m}. (1.10)

The integral analogue of the previous result is stated here as (see [13, 14, 17]).

Proposition 3. Let n ≥ 2, p : [α, β1] → R and g : [α, β1] → [a, b]. Then, the
inequality ∫ β1

α

p(ξ)H(g(ξ)) dξ ≥ 0 (1.11)



4 ASIF R. KHAN1 AND JOSIP E. PEČARIĆ2

holds for all n-convex functions H : [a, b]→ R if and only if∫ β1

α

p(ξ)g(ξ)k dξ = 0, for all k ∈ {0, 1, . . . , n− 1}∫ β1

α

p(ξ) (g(ξ)− t)n−1
+ dξ ≥ 0, for every t ∈ [a, b].

(1.12)

In this paper we state and prove new results involving new Green functions and
inequalities of type (1.7) and (1.11) for n-convex functions by making use of the
Hermite interpolation. Similar results can be found in [12].

2. Linear Inequalities via Hermite Interpolating Polynomials and
Green Functions

We start our main section with a lemma which would help us in to prove some
of our results. The following lemma yields the sign of the Green function (1.4) on
certain intervals (see Lemma 2.3.3, page 75, in [1]).

Lemma 1. The Green function GH,n given by (1.4) and w given by (1.3) satisfy

GH,n(ξ, s)

w(ξ)
> 0, for a1 ≤ ξ ≤ ar, a1 < s < ar.

Integration by parts easily yields that for any function f ∈ C2[a, b] the following
holds

H(ξ) = H(a)− aH ′(b) +H ′(b)ξ +

b∫
a

G1(ξ, t)H ′′(t)dt, (2.1)

where the function G1 : [a, b] × [a, b] → R is the Green’s function for ‘two-point
right focal problem’ of the boundary value problem

z′′(ξ) = 0, z(a) = z(b) = 0

and is given by

G1(s, t) =

{
a− t, a ≤ t ≤ s,
a− s, s ≤ t ≤ b. (2.2)

Motivated by Abel-Gontscharoff identity (2.1) and the related Green’s function
(2.2), we would like to recall some new types of Green functions Gl : [a, b]× [a, b]→
R, (l = 2, 3, 4, ) defined as in [3]:

G2(s, t) =

{
s− b, a ≤ t ≤ s,
t− b, s ≤ t ≤ b. (2.3)

G3(s, t) =

{
s− a, a ≤ t ≤ s,
t− a, s ≤ t ≤ b. (2.4)

G4(s, t) =

{
b− t, a ≤ t ≤ s,
b− s, s ≤ t ≤ b. (2.5)

The functions Gl for l ∈ {1, 2, 3, 4} are continuous, symmetric and convex with
respect to both variables s and t.
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In similar manner as in equation (2.1) we can define other equations for G2, G3

and G4 as follows

H(ξ) = H(b)− bH ′(a)−H ′(a)ξ +

b∫
a

G2(ξ, t)H ′′(t)dt, (2.6)

H(ξ) = H(b)− bH ′(b) + (H ′(b)−H ′(a))a+H ′(a)ξ +

b∫
a

G3(ξ, t)H ′′(t)dt, (2.7)

H(ξ) = H(a)− aH ′(a)− (H ′(b)−H ′(a))b+H ′(b)ξ +

b∫
a

G4(ξ, t)H ′′(t)dt. (2.8)

We start this section with our first main discrete identity.

Theorem 1. Let −∞ < a ≤ a1 < a2 < · · · < ar ≤ b < ∞, r ≥ 2,
∑r
j=1 kj + r =

n− 2, H ∈ Cn[a, b], x ∈ [a, b]m, p ∈ Rm and let Hij and GH,n−2 be given by (1.2)
and (1.4). Then

m∑
k=1

pkH(ξk) = (H(a)− aH ′(b))
m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG1(ξk, s)Hij(s) ds

+

∫ b

a

∫ b

a

m∑
k=1

pkG1(ξk, s)GH,n−2(s, t)H(n)(t) dt ds, (2.9)

m∑
k=1

pkH(ξk) = (H(b)− bH ′(a))

m∑
k=1

pk −H ′(a)

m∑
k=1

pkξk

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG2(ξk, s)Hij(s) ds

+

∫ b

a

∫ b

a

m∑
k=1

pkG2(ξk, s)GH,n−2(s, t)H(n)(t) dt ds, (2.10)

m∑
k=1

pkH(ξk) = (H(b)− bH ′(b) + (H ′(b)−H ′(a))a)

m∑
k=1

pk +H ′(a)

m∑
k=1

pkξk

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG3(ξk, s)Hij(s) ds

+

∫ b

a

∫ b

a

m∑
k=1

pkG3(ξk, s)GH,n−2(s, t)H(n)(t) dt ds, (2.11)
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m∑
k=1

pkH(ξk) = (H(a)− aH ′(a)− (H ′(b)−H ′(a))b)

m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG4(ξk, s)Hij(s) ds

+

∫ b

a

∫ b

a

m∑
k=1

pkG4(ξk, s)GH,n−2(s, t)H(n)(t) dt ds. (2.12)

Proof. Applying identities (2.1)− (2.8) at ξk, multiplying it by pk and summing up
we obtain respectively

m∑
k=1

pkH(ξk) = (H(a)− aH ′(b))
m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

∫ b

a

m∑
k=1

pkG1(ξk, s)H
′′(s) ds, (2.13)

m∑
k=1

pkH(ξk) = (H(b)− bH ′(a))

m∑
k=1

pk −H ′(a)

m∑
k=1

pkξk

+

∫ b

a

m∑
k=1

pkG2(ξk, s)H
′′(s) ds, (2.14)

m∑
k=1

pkH(ξk) = (H(b)− bH ′(b) + (H ′(b)−H ′(a))a)

m∑
k=1

pk +H ′(a)

m∑
k=1

pkξk

+

∫ b

a

m∑
k=1

pkG3(ξk, s)H
′′(s) ds, (2.15)

m∑
k=1

pkH(ξk) = (H(a)− aH ′(a)− (H ′(b)−H ′(a))b)

m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

∫ b

a

m∑
k=1

pkG4(ξk, s)H
′′(s) ds. (2.16)

By Proposition 1, H ′′(s) can be expressed as

H ′′(s) =

r∑
j=1

kj∑
i=0

Hij(s)H
(i+2)(aj) +

b∫
a

GH,n−2(s, t)H(n)(t) dt. (2.17)

Inserting one by one expression from (2.17) in (2.13)− (2.16) we get (2.9)− (2.12)
respectively. �
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Under the assumptions of Theorem 1 here we define some linear functionals as
follows:

A1(m,H,x,p, [a, b]) =
m∑
k=1

pkH(ξk)− (H(a)− aH ′(b))
m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

−
r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG1(ξk, s)Hij(s) ds (2.18)

=

∫ b

a

∫ b

a

m∑
k=1

pkG1(ξk, s)GH,n−2(s, t)H(n)(t) dt ds,

A2(m,H,x,p, [a, b]) =
m∑
k=1

pkH(ξk)− (H(b)− bH ′(a))

m∑
k=1

pk −H ′(a)

m∑
k=1

pkξk

−
r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG2(ξk, s)Hij(s) ds (2.19)

=

∫ b

a

∫ b

a

m∑
k=1

pkG2(ξk, s)GH,n−2(s, t)H(n)(t) dt ds,

A3(m,H,x,p, [a, b]) =
m∑
k=1

pkH(ξk)− (H(b)− bH ′(b) + (H ′(b)−H ′(a))a)

m∑
k=1

pk +H ′(a)

m∑
k=1

pkξk

−
r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG3(ξk, s)Hij(s) ds (2.20)

=

∫ b

a

∫ b

a

m∑
k=1

pkG3(ξk, s)GH,n−2(s, t)H(n)(t) dt ds,

A4(m,H,x,p, [a, b]) =
m∑
k=1

pkH(ξk)− (H(a)− aH ′(a)− (H ′(b)−H ′(a))b)

m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

−
r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkG4(ξk, s)Hij(s) ds (2.21)

=

∫ b

a

∫ b

a

m∑
k=1

pkG4(ξk, s)GH,n−2(s, t)H(n)(t) dt ds.

Now we would use the identities stated above to prove our next results. Here we
also need a remark as well as follows:
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Remark 2. It is known that the Bernstein polynomials Bn defined as in [14]

Pn(H, ξ) =

n∑
i=0

(
n

i

)
H (a+ ih) (ξ − a)i(b− ξ)n−i

(where h = b−a
n ) converges uniformly to H on [a, b] as n → ∞ provided that H is

continuous. Further, if H is m−convex function these polynomials have nonnegative

derivatives of order m, i.e.,
dm

dξx
Pn ≥ 0 which can be prove by induction by using

the following formula:

dm

dmx
Pn(H, ξ) = m!

(
n

m

) n−m∑
i=0

(
n−m
i

)
∆m
h H (a+ ih) (ξ − a)i(b− ξ)n−m−i,

where the finite difference of the function H defined on [a, b], of order m for m ∈
{0, 1, . . . }, is defined by

∆0
hH(ξ) = H(ξ), ∆m

h H(ξ) = ∆m−1
h H(ξ + h)−∆m−1

h H(ξ),

where h is a non-zero real number. It is easy to see that

∆m
h H(ξ) =

m∑
i=0

(−1)m−i
(
m

i

)
H(ξ + ih)

for ξ ∈ [a, b] and h ∈ R provided ξ + ih ∈ [a, b] for i ∈ {0, . . . ,m}.

Theorem 2. Let −∞ < a = a1 < a2 < · · · < ar = b < ∞, r ≥ 2,
∑r
j=1 kj + r =

n− 2, x ∈ [a, b]m, p ∈ Rm and let Hij and GH,n−2 be given by (1.2) and (1.4). Let
H : [a, b]→ R be n-convex and for l ∈ {1, 2, 3, 4}

m∑
k=1

pkGl(ξk, s) ≥ 0 for all s ∈ [a, b], (2.22)

and consider the inequality

Al(m,H,x,p, [a, b]) ≥ 0 (2.23)

where functionals Al for l ∈ {1, 2, 3, 4} are defined in (2.18)− (2.21) respectively.

(i) If kj for j ∈ {2, . . . , r} are odd, then inequality (2.23) holds for each l ∈
{1, 2, 3, 4}.

(ii) If kj for j ∈ {2, . . . , r−1} are odd and kr is even, then the reverse inequality
hold in (2.23) for each l ∈ {1, 2, 3, 4}.

Proof. Fix l ∈ {1, 2, 3, 4}. (i) First we consider the case if H ∈ Cn[a, b], then by
given assumptions we have w satisfies w(ξ) ≥ 0 for all x where w is defined in
(1.3) and hence, by Lemma 1, GH,n−2(s, t) ≥ 0 for all s, t ∈ [a, b]. Therefore, the
last terms on the right hand side of (2.9) − (2.12) are nonnegative, so inequality
(2.23) holds. By Remark 2 the inequality for general H follows since every n-convex
function can be obtained, by making use of the Bernstein polynomials, as a uniform
limit of n-convex functions with a continuous n-th derivative.
(ii) Under these assumptions w(ξ) ≤ 0, so GH,n−2(s, t) ≤ 0. The rest of the proof
is same as in (i). �

Remark 3. In the following corollaries we state results only for Green function
G1 as defined in (2.2), analogous results for other Green functions can be stated in
similar manner.
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Corollary 1. Let τi and ηi be given by (1.5) and (1.6) and let x ∈ [a, b]m and
p ∈ Rm be such that (2.22) holds. Let H : [a, b]→ R be n-convex and consider the
inequalities

m∑
k=1

pkH(ξk) ≥ (H(a)− aH ′(b))
m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

∫ b

a

(
m∑
k=1

pkG1(ξk, s)

)(
j−1∑
i=0

τi(s)H
(i+2)(a) +

n−j−1∑
i=0

ηi(s)H
(i+2)(b)

)
ds, (2.24)

(i) If n− j is even, then (2.24) holds.
(ii) If n− j is odd, then the reverse of (2.24) holds.

In the case of Taylor’s two point conditions we have the following corollary.

Corollary 2. Let x ∈ [a, b]m and p ∈ Rm be such that (2.22) holds. Let H :
[a, b]→ R be n-convex and consider the inequalities

m∑
k=1

pkH(ξk) ≥ (H(a)− aH ′(b))
m∑
k=1

pk +H ′(b)

m∑
k=1

pkξk

+

∫ b

a

(
m∑
k=1

pkG1s(ξk, s)

)(
j−1∑
i=0

j−i−1∑
k=0

(
j + k − 1

k

)

×

[
(s− a)i

i!

( s− b
a− b

)j(s− a
b− a

)k
H(i+2)(a)

+
(s− b)i

i!

(s− a
b− a

)j( s− b
a− b

)k
H(i+2)(b)

])
ds, (2.25)

(i) If j is even, then (2.25) holds.
(ii) If j is odd, then the reverse of (2.25) holds.

Theorem 3. Let −∞ < a = a1 < a2 < · · · < ar = b < ∞, r ≥ 2,
∑r
j=1 kj + r =

n− 2, let x ∈ [a, b]m and p ∈ Rm satisfy

m∑
k=1

pk = 0,

m∑
k=1

pk|ξk − ξi| ≥ 0 for i ∈ {1, . . . ,m}

and let Hij and GH,n−2 be given by (1.2) and (1.4). Let H : [a, b]→ R be n-convex
and consider the inequality for l ∈ {1, 2, 3, 4}

m∑
k=1

pkH(ξk) ≥
r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

m∑
k=1

pkGl(ξk, s)Hij(s) ds (2.26)

and the function

F (ξ) =

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

Gl(x, s)Hij(s) ds. (2.27)

(i) If kj for j = 2, . . . , r are odd, then (2.26) holds. Furthermore, if the function
F is convex, then inequality

∑m
k=1 pkH(ξk) ≥ 0 holds.
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(ii) If kj for j = 2, . . . , r − 1 are odd and kr is even, then the reverse of
(2.26) holds. Furthermore, if the function F is concave, then inequality∑m
k=1 pkH(ξk) ≤ 0 holds.

Proof. Fix l ∈ {1, 2, 3, 4}. The functions Gl(ξ, s) are convex in the first variable, so
assumption (2.22) is satisfied by Remark 1. Now, the claims of the theorem follow
from Theorem 2. �

3. Related inequalities for n-convex functions at a point

In this section we will give related results for the class of n-convex functions at
a point introduced in [13].

Definition 1. Let I be an interval in R, c be a point in the interior of I and n ∈ N.
A function H : I → R is said to be n-convex at point c if there exists a constant K
be such that the function

F (ξ) = H(ξ)− K

(n− 1)!
xn−1 (3.1)

is (n− 1)-concave on I ∩ (−∞, c] and (n− 1)-convex on I ∩ [c,∞). A function H
is said to be n-concave at point c if the function −f is n-convex at point c.

A property that explains the name of the class is the fact that a function is
n-convex on an interval if and only if it is n-convex at every point of the interval
(see [13]). For further details on the topic we refer to [13].

Throughout this section we let ei denotes the monomial ei(ξ) = xi, for i ∈ N0 =
N ∪ {0} and c ∈ 〈a, b〉.

Theorem 4. Let x ∈ [a, c]m1 , p ∈ Rm1 , y ∈ [c, b]m2 and q ∈ Rm2 be such that for
each l ∈ {1, 2, 3, 4}

m1∑
k=1

pkGl(ξk, s) ≥ 0 for all s ∈ [a, c], (3.2)

m2∑
k=1

qkGl(yk, s) ≥ 0 for all s ∈ [c, b], (3.3)

and

Al(m1, en,x,p, [a, c]) = Al(m2, en,y,q, [c, b]), (3.4)

where Gl are Green functions given by (2.1), (2.6), (2.7) and (2.8) respectively, and
Al be the linear functionals given by (2.18) − (2.21). If H : [a, b] → R is (n + 1)-
convex at point c, then

Al(m1, H,x,p, [a, c]) ≤ Al(m2, H,y,q, [c, b]). (3.5)

If the inequalities in (3.2) and (3.3) are reversed, then (3.5) holds with the reversed
sign of inequality.

Proof. Fix l ∈ {1, 2, 3, 4}. Let z = H− K
n!en be as in Definition 1, i. e., the function

F is n-concave on [a, c] and n-convex on [c, b]. Applying Theorem 2 to F on the
interval [a, c] we have

0 ≥ Al(m1,z,x,p, [a, c]) = Al(m1, H,x,p, [a, c])−
K

n!
Al(m1, en,x,p, [a, c]) (3.6)
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and again applying Theorem 2 to F on the interval [c, b] we have

0 ≤ Al(m2,z,y,q, [c, b]) = Al(m2, H,y,q, [c, b])−
K

n!
Al(m2, en,y,q, [c, b]). (3.7)

So we do have

Al(m1, H,x,p, [a, c])−
K

n!
Al(m1, en,x,p, [a, c]) ≤

≤ Al(m2, H,y,q, [c, b])−
K

n!
Al(m2, en,y,q, [c, b]). (3.8)

Hence, we finally get our required result by using assumption (3.4). �

4. Bounds for Remainders and Functionals

Let z, h : [a, b] → R be two Lebesgue integrable functions. We consider the
Čebyšev functional

T (z, h) =
1

b− a

∫ b

a

z(ξ)h(ξ)dξ −

(
1

b− a

∫ b

a

z(ξ)dξ

)(
1

b− a

∫ b

a

h(ξ)dξ

)
. (4.1)

A bound for Čebyšev functional is given in following proposition in which pre-Grüss
inequality is given (see [10]).

Proposition 4. Let z, h : [a, b]→ R be integrable such that zh ∈ L(a, b). If

γ1 ≤ h(η) ≤ γ2 for η ∈ [a, b],

then

|T (z, h)| ≤ 1

2
(γ2 − γ1)

√
T (z,z).

Consider the linear functionals A1−A4 as defined in (2.18)− (2.21) respectively
and B1 −B4 are defined as respectively for l ∈ {1, 2, 3, 4}

Bl(m, t,x,p, [a, b]) =

∫ b

a

m∑
k=1

pkGl(ξk, s)GH,n−2(s, t)ds ≥ 0 for all t ∈ [a, b],

(4.2)
For the sake of brevity we consider Al(·, H, ·, ·, ·) = Al(H) and Bl(·, t, ·, ·, ·) =

Bl(t). Now we are ready to state our next result.

Theorem 5. Let l ∈ {1, 2, 3, 4}. Let H ∈ Cn[a, b] be such that for real numbers γ1

and γ2 we have

γ1 ≤ H(n)(η) ≤ γ2 for η ∈ [a, b].

Then in representation

Al(f) =

[
Hn−1(b)−Hn−1(a)

]
b− a

∫ b

a

Bl(ξ)dξ + (b− a)Rln, (4.3)

remainder Rln satisfies estimation

|Rln| ≤
1

2
(γ2 − γ1)

√
T (Bl, Bl). (4.4)
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Proof. Fix l ∈ {1, 2, 3, 4}. Starting with Čebyšev functional

T (z, h) =
1

b− a

∫ b

a

z(ξ)h(ξ)dξ −

(
1

b− a

∫ b

a

z(ξ)dξ

)(
1

b− a

∫ b

a

h(ξ)dξ

)
.

Now replacing z by Bl and h by H(n), we obtain

T (Bl, H
(n)) =

1

b− a

∫ b

a

Bl(ξ)H
(n)(ξ)dξ −

(
1

b− a

∫ b

a

Bl(ξ)dξ

)

×

(
1

b− a

∫ b

a

H(n)(ξ)dξ

)
.

which in turn gives us

(b− a)T (Bl, H
(n)) =

∫ b

a

Bl(ξ)H
(n)(ξ)dξ −

(∫ b

a

Bl(ξ)dξ

)(
1

b− a

∫ b

a

H(n)(ξ)dξ

)
.

which can be written as∫ b

a

Bl(ξ)H
(n)(ξ)dξ =

(
1

b− a

∫ b

a

H(n)(ξ)dξ

)(∫ b

a

Bl(ξ)dξ

)
+ (b− a)T (Bl, H

(n)).

and finally we get

Al(f) =

∫ b

a

Bl(ξ)H
(n)(ξ)dξ =

Hn−1(b)−Hn−1(a)

(b− a)

∫ b

a

Bl(ξ)dξ + (b− a)Rln,

where we used definition of Al from previous sections and

Rln =
1

(b− a)

(∫ b

a

Bl(ξ)H
(n)(ξ)dξ − 1

b− a

∫ b

a

H(n)(ξ)dξ

∫ b

a

Bl(ξ)dξ

)
.

satisfying the inequality using Proposition 4

|Rln| = |T (Bl, H
(n)| ≤ 1

2
(γ2 − γ1)

√
T (Bl, Bl).

�

Now we give some Ostrowski-type inequalities related to the generalized linear
inequalities.

Theorem 6. Let Al(z) = Al(·, ·, ·,z, ·) for (l ∈ {1, 2, 3, 4}) as defined in (2.18)−
(2.21) and Bl(t) = Bl(·, t, ·, ·, ·) for l ∈ {1, 2, 3, 4} be as defined in (4.2). Further-
more, let (q, r) be a pair of conjugate exponents, i.e., 1 ≤ q, r ≤ ∞, 1

q + 1
r = 1. Let

H(n) ∈ Lq[a, b] for n ≥ 1. Then we have for l ∈ {1, 2, 3, 4}

|Al(H)| ≤ ‖H(n)‖q ‖Bl‖r . (4.5)

The constant on right hand side of (4.5) is sharp for 1 < q ≤ ∞ and the best
possible for q = 1.

Remark 4. For idea of the proof we refer to [7].
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5. Some Remarks

Finally, we give some important remarks.

Remark 5. Now we state mean value results for Al(z) = Al(·, ·, ·,z, [·, ·]), l ∈
{1, 2, 3, 4} as defined in (2.18)− (2.21). Here z0(ξ) = ξn

n! . For the idea of the proof
see [8].

If we let z ∈ Cn[a, b] and Al : Cn[a, b]→ R for l ∈ {1, 2, 3, 4} be linear function-
als as defined above, then ∃ ξl ∈ [a, b] for l ∈ {1, 2, 3, 4} such that

Al(z) = z(n)(ξl)Al(z0). (5.1)

Further if we let z, h ∈ Cn[a, b] and Al : Cn[a, b]→ R for l ∈ {1, 2, 3, 4} be linear
functionals as defined above, then ∃ ξl ∈ [a, b] for l ∈ {1, 2, 3, 4} such that

Ak(z)

Ak(h)
=

z(n)(ξk)

h(n)(ξk)

assuming that denominators are non-zero.

Remark 6. If inverse of z(n)

h(n) exists, then from previous mean value results we
could get following generalized means

ξl =

(
z(n)

h(n)

)−1(
Al(z)

Al(h)

)
, l ∈ {1, 2, 3, 4}. (5.2)

Remark 7. We can construct linear functionals by taking differences of the left
and right hand sides of the inequalities from Theorems 2. By using similar methods
as in [7, 9] we can construct new families of exponentially convex functions and
Cauchy-type means. Then, by using some known properties of exponentially convex
functions, we can derive new inequalities and prove monotonicity of the obtained
Cauchy-type means analogously as in [7, 9].

Last but not least, we conclude our article with the following final remark.

Remark 8. Integral version of all the results stated in Sections 2, 3 and 4 can be
stated analogously. For example we state here integral analogous of Theorem 1 as
under.

Theorem 7. Let −∞ < a ≤ a1 < a2 < · · · < ar ≤ b < ∞, r ≥ 2,
∑r
j=1 kj + r =

n − 2, H ∈ Cn[a, b], g : [α, β] → [a, b], p : [α, β] → R and let Hij and GH,n−2 be
given by (1.2) and (1.4). Then we have∫ β

α

p(ξ)H(g(ξ)) dξ =

(H(a)− aH ′(b))
∫ β

α

p(ξ) dξ +H ′(b)

∫ β

α

p(ξ)g(ξ) dξ

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

(∫ β

α

p(ξ)G1(g(ξ), s) dξ

)
Hij(s) ds

+

∫ b

a

∫ b

a

(∫ β

α

p(ξ)G1(g(ξ), s) dξ

)
GH,n−2(s, t)H(n)(t) dt ds,
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∫ β

α

p(ξ)H(g(ξ)) dξ =

(H(b)− bH ′(a))

∫ β

α

p(ξ) dξ −H ′(a)

∫ β

α

p(ξ)g(ξ) dξ

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

(∫ β

α

p(ξ)G2(g(ξ), s) dξ

)
Hij(s) ds

+

∫ b

a

∫ b

a

(∫ β

α

p(ξ)G2(g(ξ), s) dξ

)
GH,n−2(s, t)H(n)(t) dt ds,

∫ β

α

p(ξ)H(g(ξ)) dξ =

(H(b)− bH ′(b) + (H ′(b)−H ′(a))a)

∫ β

α

p(ξ) dξ +H ′(a)

∫ β

α

p(ξ)g(ξ) dξ

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

(∫ β

α

p(ξ)G3(g(ξ), s) dξ

)
Hij(s) ds

+

∫ b

a

∫ b

a

(∫ β

α

p(ξ)G3(g(ξ), s) dξ

)
GH,n−2(s, t)H(n)(t) dt ds,

∫ β

α

p(ξ)H(g(ξ)) dξ =

(H(a)− aH ′(a)− (H ′(b)−H ′(a))b) +

∫ β

α

p(ξ) dξ +H ′(b)

∫ β

α

p(ξ)g(ξ) dξ

+

r∑
j=1

kj∑
i=0

H(i+2)(aj)

∫ b

a

(∫ β

α

p(ξ)G4g(ξ), s) dξ

)
Hij(s) ds

+

∫ b

a

∫ b

a

(∫ β

α

p(ξ)G4(g(ξ), s) dξ

)
GH,n−2(s, t)H(n)(t) dt ds.
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