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HERMITE INTERPOLATION WITH GREEN FUNCTIONS AND
POSITIVITY OF GENERAL LINEAR INEQUALITIES FOR
n—CONVEX FUNCTIONS

ASIF R. KHAN! AND JOSIP E. PECARIC?

ABSTRACT. We state new general linear identities and inequalities involving
n—convex functions using Hermite interpolation polynomials and Green func-
tions. We also study positivity conditions of our stated inequalities. Moreover,
we state related inequalities for n-convex functions at a point. Bounds for the
reminders in new generalizations of general linear inequalities are given by
using Cebysev functional, Ostrowski- and Griiss- types inequalities.

1. INTRODUCTION

Here we recall some basic definitions, facts and results from [6]. Let —oco < a <
ar < ap < - < ap < b< oo, r > 2. The Hermite interpolation of a function
H € C™[a,b] is of the form

H(§) = Pu(§) +en(é),

where Py is the unique polynomial of degree n—1, called the Hermite interpolating
polynomial of H, satisfying

P (aj) = HD(a;), 0<i<hk;, 1<j<r, > kj+r=n.
j=1

The associated error ep(§) can be represented in terms of the Green function
Grn(€,s) for the multipoint boundary value problem

2 =0, 2a;)=0, 0<i<k;, 1<j<r,
that is, the following result holds (see also [1]):
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Proposition 1. Let H € C"[a,b] and let Py be its Hermite interpolating polyno-
mial. Then

H(E)

Py (5) +en(§)

b

S () H ) + [Gunet™as )

7j=11i=0

a

where H;; are the fundamental polynomials of the Hermite basis defined by

el w®  RH1dh (et o
sz(g) ] (f* aj)kj+1_i kZ:O L dfk ( w(f) ) L:aj (5 a]) ) (1.2)
where .

w(©) = [T(¢ = a)™™! (1.3)

and Gy, s the Green function defined by

g ki . n i—1
ZZ n Hl](ﬁ)? S Sga
GH,n(gaS): =t j k; n ie1 (14)
— H;; >
+ZO TL*Z*l U(g)’ S—f
for all Aj <s< Ajr+1, J1 € {0 ,T‘} (aTJrl = b)~

The following are some special cases of the Hermite interpolation of functions:
(1) (m,n—m) conditions: r =2, a1 =a,as =b,1<m<n—1k =m—1and
ko =n —m — 1. In this case

m—1 n—m-—1 b
HO= Y nOH @+ > mOHO) + [ Grale ) H™(s)ds,
i=0 i=0 a

where

GEE I e mi(”""*k‘l)(g_a), (15

k=0

m(f)=;1!(£—b)i(%)mn nil <m+:_1> (i:g) , (1.6)

k=0

and the Green function Gy, is of the form

m—1 [m—1—j n—mtp—1 € ay?
j_ol;) ( p_p )(b—a)l
V(e — )il p_g\n-m
(6.5) = () s
nm=1 n-m-1-i ;. 1\ sbegrs
EE e
vl =) MENRET
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(#4) Taylor’s two-point condition: m € N, n = 2m, r = 2, a1 = a, az = b and
k1 = ko = m — 1. In this case
m—1m—i—1 ; é_ iy

(PP <””’“‘1)[“;“*<a_b>m<z:z>’“ﬂ<i><a>

I (0 ) [ o

1! —a a—>

where the Green function Gar y, is of the form

GQT,m(€7S)
. Sm—l m4+k—1 _Sm_l_kk ) .
S D Sl (i [ A ARES
(2m —1) . Sm‘l meAk =1\ meik e )
e X (M) e, e
(s~ )b

where p(€,s) = = and ¢(&,s) = p(s,§).
In the further text we use notation (€ — s)%, k € Ny, for the following

(5—5)’“-{ (575)]67 if§>s

0, if € < s.
The following result is due to Popoviciu [15] [16] (see [I3] 14, 18] also). Before
we further proceed it is worth mentioning that x = (&1,&s,...,&n) and p =
(p17p27 cee ,pm)

Proposition 2. Let n > 2. Inequality

ZPiH(&) >0 (1.7)

holds for all n-convex functions H : [a,b] — R if and only if the m—tuples x €
[a,b]™, p € R™ satisfy

Zpigik =0, fordalke{0,1,...,n—1} (1.8)

Zpl &—t)711 >0, foreveryt € [a,b]. (1.9)

Remark 1. Case n = 2 was of particular interest and in [11] (see also [14, p.262])
it is proved that if n = 2 conditions (1.8) and (1.9) can be replaced with

Zpl:o and Zpﬂfi—{k\ZOforkE{l,...,m}. (1.10)
i= i=1
The integral analogue of the previous result is stated here as (see [13} [14] [17]).

Proposition 3. Letn > 2, p: [a, 1] = R and g : [o, 81] — [a,b]. Then, the
inequality

B
/ p(§)H(g(£))dE >0 (1.11)
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holds for all n-convex functions H : [a,b] — R if and only if

B1
/ p(&)g(&)kde =0, forallk e {0,1,...,n—1}
N (1.12)

B
[ 0O~ dez 0. for cvery t € fab)
(0%
In this paper we state and prove new results involving new Green functions and

inequalities of type (|1.7) and (1.11) for n-convex functions by making use of the
Hermite interpolation. Similar results can be found in [12].

2. LINEAR INEQUALITIES VIA HERMITE INTERPOLATING POLYNOMIALS AND
GREEN FUNCTIONS

We start our main section with a lemma which would help us in to prove some
of our results. The following lemma yields the sign of the Green function (1.4) on
certain intervals (see Lemma 2.3.3, page 75, in [I]).

Lemma 1. The Green function Gp p given by (L.4) and w given by (1.3) satisfy
GHJL(fa 3)
w()

Integration by parts easily yields that for any function f € C?|a, b] the following
holds

>0, forag<&<ap, ap <s<a.

b
H(§) = H(a) — aH'(b) + H'(b)S + /Gl(&t)H”(t)dt, (2.1)

where the function Gy : [a,b] X [a,b] — R is the Green’s function for ‘two-point
right focal problem’ of the boundary value problem

2"(€) =0, z(a) =2(b) =0

and is given by

a—t, a<lt<s,
Gl(s7t)={ a—s s<t<b. (2.2)

Motivated by Abel-Gontscharoff identity (2.1) and the related Green’s function
(2.2)), we would like to recall some new types of Green functions G : [a, b] X [a, b] —
R, (I =2,3,4,) defined as in [3]:

s—b, a<t<s,

Gg(s,t)z{ t—b s<t<b. (2.3)
s—a, a<t<s,

G3(57t)={ t—a, s<t<b (2.4)

b—t, a<t<s,
G4(s7t)={ b—s s<t<b (2.5)

The functions G; for | € {1,2,3,4} are continuous, symmetric and convex with
respect to both variables s and t.
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In similar manner as in equation (2.1) we can define other equations for Ga, G
and G4 as follows

H() = H(b) — bH'(a) — H'(a)é + / Gale, ) H" (t)dt, (2.6)

H(¢) = H(a) —aH'(a) — (H'(b) — H'(a))b+ H'(b)¢ + /G;;(&t)H”(t)dt. (2.8)

We start this section with our first main discrete identity.

Theorem 1. Let —co < a<a; <az < - <a, <b<oo, r>2 Z;Zlkj‘f"“:
n—2, He C"a,b], x € [a,b]™, p € R™ and let H;j and Gy n—2 be given by (L.2)

and . Then
> pkH(G) = (H(a)—aH'(b Zpk + H'( )Zpkfk
k=1 k=

S /zpkalgk, () ds

7j=11i=0 k=1
+ / / Zkal(gk,s)GH,n,Q(s,t)HW(t) dtds, (2.9)
@ k=1
> peH(&) = (H(b) —bH'(a)) Y pr— H'(a) Y i
k=1 k=1 k=1
r  kj
+ ZZH(i+2 / Zka2 (&, 5)Hij(s) ds
j=114i=0 ¢ k=1

_|_

/ / Zkaz 1,8)Grm_a(s, ) H™ (t) dtds, (2.10)

Y peH(E) = (H(b)—bH'(b) + (H'(b) — H'(a))a) Y pi+H'(a) ) pie
k=1 k=1 k=1

_|_

ZZH(HZ) / ZPkG3(§k78)Hij(s) ds

j=1 =0 k=1

//Zkag(gk,s)GH,n_Q(s,t)HW(t)dtds, (2.11)
a a k=1

+
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S peH(G) = (H(a)—aH'(a) -
k=1
L S,
j=1 =0
+

/ / Zkazx €, 8)Grm_o(s, t)H™ () dt ds.

(H'(b)

DY pct H 0 Y nie
= k=1

/a ZPsz; &y 8)Hij(s) ds

k=1

(2.12)

Proof. Applying identities (2.1]) — (2.8]) at &, multiplying it by px and summing up

we obtain respectively

> peH(&) = (H
k=1

ZpkH &) =

H(b) — bH'(b) +

Zpkﬂ &) =

/ ZkaS(fka)

& k=1

> peH(&) = (H
k=1

(a) — aH'(a) -

b m
+/ Zkaz;(Sk,s)H”(s)ds,
a k=1

—aH/

Zpk + H'(b) Zpkfk
=1

b m
/ > kGi(&r 5)H" (s) ds, (2.13)
@ k=1
b) — bH'(a Zpk—H’ a)y  prék
k=1
/ ZPkG2(€k»S)H"(S) ds, (2.14)
@ k=1
(H'(0) a)y pr+H'(a) ) pre
k=1 k=1

H'(s)ds, (2.15)

(H'(b) -

) pr+H' (1) prte
k=1 k=1

(2.16)

By Proposition |1, H"(s) can be expressed as

T k]

=22 Hyls)

j=1 =0

H//

Inserting one by one expression from (2.17) in (2.13) —

respectively.

H(H'Q)

/ Gt a(s, ) H (2) dt. (2.17)

[@.10) we get [29) — @12)
O
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Under the assumptions of Theorem [I] here we define some linear functionals as

follows:

Al(m,H,X,p, [CL b]) =

m

r kj
_ZZH(H-Q /Zkal(gk»S)

j=11i=0 k=1

> peH(&) — (H(a) —aH'(b Zpk-i-H b) > prén
k=1 k=1

/ / Zkal (&, 8)Grn—2(s, t)H™ (1) dt ds,

Ag(m H,x,p, [a,b]) =

Zpk-H &) — (H(b) — bH'(a Zpk—H/ a) " prén
k=1

—ZEJ:H(HQ / Zka2(£k»s)

j=11i=0 @ g=1

/ / ZPsz (k» 8)Grn—2(s,t) H™ (1) dt ds,

A3(ma Ha X, P, [CL, bD =

> peH(E) = (H() = bH'(0) + (H(0) -

7ZZH 2 (a / Zka3(§k75)Hij(S) ds

j=11i=0 @ k=1

/ / ZPst €1y 8) G n—a(s,t)H™ () dt ds,

A4(m7 Ha X, P, [Cl, bD =

ZmH(ék) — (H(a) — aH'(a) — (H'(b) —

_ZZH z+2) / Zkaél(fk,S)Hij(S) ds

Jj=114=0 k=1

[ [ S nei o s nn s

a) Zpk + H'(a) Zpkﬁk
k=1 k=1

(2.20)
D) i+ H (1) pra
k=1 k=1
(2.21)

Now we would use the identities stated above to prove our next results. Here we

also need a remark as well as follows:
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Remark 2. It is known that the Bernstein polynomials By, defined as in [14]

n

P =Y (1)t in) € - o) 0 €

i=0
(where h = b*Ta) converges uniformly to H on [a,b] as n — oo provided that H is
continuous. Further, if H is m— convez function these polynomials have nonnegative
m

derivatives of order m, i.e., @PH > 0 which can be prove by induction by using
the following formula:
am n\ = [n—m ; ;
— ' m N _ K3 _ n—m-—1
gt =m ()30 (") ar i € a6 -gr

where the finite difference of the function H defined on [a,b], of order m for m €
{0,1,...}, is defined by
ARH(E) = H(E), ARH(E) = AT H(E +h) = AFTHH(E),

where h is a non-zero real number. It is easy to see that

Ay = Y (-nm (")t +in
i=0
for & € [a,b] and h € R provided £ + ih € [a,b] fori € {0,...,m}.

Theorem 2. Let —co<a=a; <ay < - <a.=b<oo,r>2 Z;Zlkj‘FT:

n—2,x € [a,b", p € R™ and let H;; and Gpn—2 be given by (1.2]) and (1.4). Let
H :[a,b] — R be n-convezx and forl € {1,2,3,4}

Zkal(fk,s) >0 foralls€la,bl], (2.22)
k=1

and consider the inequality
Aj(m, H,x,p,[a,b]) >0 (2.23)

where functionals A; forl € {1,2,3,4} are defined in — respectively.
(¢) If kj for j € {2,...,7} are odd, then inequality holds for each | €
{1,2,3,4}.
(1) Ifk; forje{2,...,7—1} are odd and k, is even, then the reverse inequality
hold in for each 1l € {1,2,3,4}.

Proof. Fix | € {1,2,3,4}. (i) First we consider the case if H € C™[a,b], then by
given assumptions we have w satisfies w(§) > 0 for all x where w is defined in
and hence, by Lemma GHn—2(s,t) > 0 for all s,t € [a,b]. Therefore, the
last terms on the right hand side of — are nonnegative, so inequality
holds. By Remarkthe inequality for general H follows since every n-convex
function can be obtained, by making use of the Bernstein polynomials, as a uniform
limit of n-convex functions with a continuous n-th derivative.

(#4) Under these assumptions w(§) <0, so Gy pn—2(s,t) < 0. The rest of the proof
is same as in (7). O

Remark 3. In the following corollaries we state results only for Green function
G1 as defined in (2.2)), analogous results for other Green functions can be stated in
stmilar manner.



HERMITE INTERPOLATION WITH GREEN FUNCTIONS 9

Corollary 1. Let 7; and n; be given by (1.5) and (L.6) and let x € [a,b]™ and
p € R™ be such that (2.22)) holds. Let H : [a,b] — R be n-convex and consider the
inequalities

> peH(&) > (H(a) — aH'( Zpk + H'( Zpkék
k:1b m n— 1:
+/ <Z PeG1(&k, s )(ZT H 2 (a) + nz(s)H(i“)(b)) ds, (2.24)

k=1 =0

(1) If n — j is even, then (2.24]) holds.
(i3) If n— j is odd, then the reverse of (2.24]) holds.

In the case of Taylor’s two point conditions we have the following corollary.

Corollary 2. Let x € [a,b]™ and p € R™ be such that (2.22) holds. Let H :
[a,b] = R be n-convex and consider the inequalities

iPkH(fk) > (H(a) — aH'(b Zpk + H'(b )ipkfk
k=1 _
b m 1] i—1
o (;pkals@k, )(z > (1)
[ e

+ (5 ;! b)i (Z : Z>j (2 : Z)kH(HQ)(b)]) ds, (2.25)

(1) If j is even, then (2.25)) holds.
(i¢) If j is odd, then the reverse of (2.25]) holds.

Theorem 3. Let —co<a=a1 <ax < ---<a,=b<oo,r>2, Z;Zlijrr:
n—2, let x € [a,b]™ and p € R™ satisfy

k=1

and let H;; and G n—2 be given by (1.2) and (1.4). Let H : [a,b] — R be n-convex
and consider the inequality for | € {1,2,3,4}

b m
ZpkH (€x) >ZZH(Z+2) / > " pkGi(&n, ) Hij(s) ds (2.26)

j=114=0 k=1
and the function
ro ok . b
=Y HO ) [ il Hi (o) ds (227)
j=11i=0 a

(1) Ifkj forj =2,...,r are odd, then (2.26)) holds. Furthermore, if the function
F is convez, then inequality Y -, prH (&) > 0 holds.
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(¢8) If kj for j = 2,...,r — 1 are odd and k, is even, then the reverse of
(12.26) holds. Furthermore, if the function F is concave, then inequality

S peH (&) <0 holds.

Proof. Fixl € {1,2,3,4}. The functions G;(¢, s) are convex in the first variable, so
assumption ([2.22)) is satisfied by Remark [I} Now, the claims of the theorem follow
from Theorem O

3. RELATED INEQUALITIES FOR n-CONVEX FUNCTIONS AT A POINT

In this section we will give related results for the class of n-convex functions at
a point introduced in [I3].

Definition 1. Let I be an interval in R, ¢ be a point in the interior of I and n € N.
A function H : I — R is said to be n-convex at point c if there exists a constant K
be such that the function

K
F)=H() - ———a" ! 1
(€)= HE) ~ gy (31)
is (n — 1)-concave on I N (—oo,c] and (n — 1)-convex on I N[c,00). A function H
1s said to be n-concave at point c if the function —f is n-convez at point c.

A property that explains the name of the class is the fact that a function is
n-convex on an interval if and only if it is n-convex at every point of the interval
(see [13]). For further details on the topic we refer to [13].

Throughout this section we let e; denotes the monomial e;(¢) = x?, for i € Ng =
NuU {0} and ¢ € {(a, b).

Theorem 4. Let x € [a,c]™, p € R™, y € [¢,b]™ and q € R™2 be such that for
each | € {1,2,3,4}

my
Zkal(ﬁk,s) >0 forallsé€la,c, (3.2)
ma
quGl(yk, s)>0 forallsé€leb, (3.3)
and
Ai(ma, en, X, p, [a, c]) = Ai(maz, en,y, q,[c, b]) (3.4)
where G are Green functions given by l-b G.j and (2.8) respectively, and
Ay be the linear functionals given by (2.18) — (2.21)). IfH : [a7b] - Ris(n+1)-
convex at point c, then
Al(m17 H7 X, P, [CL, C]) < Al(m27 H7 y.q, [67 b]) (35)

If the inequalities in (3.2) and (3.3) are reversed, then (3.5) holds with the reversed
sign of inequality.

Proof. Fix1 € {1,2,3,4}. Let f = H— e, be as in Deﬁnltlon i. e., the function
F' is n-concave on [a c] and n-convex on [c,b]. Applying Theorem [2 I to F on the
interval [a, ¢] we have

K
0> Al(ml,F,X,p, [a,c]) = Al(mlﬂHﬂ X, P, [a,c]) - EAl(mlaen,xapa [a,c]) (36)
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and again applying Theorem [2[to F on the interval [c, b] we have

K
0 S Al(mQa F7yaq7 [07 b]) = Al(mQaHayaqa [Ca bD - gAl(m27enay>q7 [C7 b]) (37)

So we do have
K
Al(mlvHvx»P» [CL,C]) - EAl(mlvenvxvpv [CL,C]) <

K
S Al(mQa HaY7qa [Ca b]) - gAl(mQa €n,Y,q, [Ca b]) (38)

Hence, we finally get our required result by using assumption (3.4)). O

4. BOUNDS FOR REMAINDERS AND FUNCTIONALS

Let F,h : [a,b] — R be two Lebesgue integrable functions. We consider the
Cebysev functional

b b b
T(rh) = F(é)h(f)d€—<b_1a / F<s>d5> <bf / h<s>d£>. (a.1)

A bound for Cebysev functional is given in following proposition in which pre-Griiss
inequality is given (see [10]).

Proposition 4. Let F,h: [a,b] = R be integrable such that Fh € L(a,b). If
M S h(n) <v2 for né€lab],
then

T, h)| < 52 =y)VT(F ).

DN | =

Consider the linear functionals A; — A4 as defined in (2.18)) — (2.21]) respectively
and By — By are defined as respectively for | € {1,2,3,4}

Bi(m,t,x,p,[a,b]) / Zkal &k, 8)GHpn—2(s,t)ds >0 for all ¢t € [a,b],

(4.
For the sake of brevity we consider A;(-, H,-,-,-) = A;(H) and B,(-,t,-,-,")
By(t). Now we are ready to state our next result.

[\
~—

Theorem 5. Letl € {1,2,3,4}. Let H € C™[a,b] be such that for real numbers 1
and 5 we have

N <H™(n) <vs  forn € la,b].
Then in representation
[Hn—l(b — g 1

A(f) = T

/ Bi(€)d¢ + (b — a) R, (4.3)
remainder Rl satisfies estimation

|R,,| < ;(’72 —1)VT(Bi, B). (4.4)
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Proof. Fix 1 € {1,2,3,4}. Starting with Cebysev functional

b b b
T(r.h) = [ FEh(E)de - (b_la / F(f)df) <bfa / h<§>d£>.

Now replacing f by B; and h by H™ | we obtain

b
15 1) = ;[ B s - (bla / Bl@)ds)

x (bia/ H<"><£>d§>.

1 ’ (n)
- H n .
which can be written as

(§)d¢
b
/Bz(f)H (€ d§—< /H") df) </ 1(€) £>+(b—a)T(Bz,H("))-

and finally we get

which in turn gives us

b b
(b—a)T(B;, H™) = / Bl@)H(")(s)da—( B

b n— 1 n— 1
Af) = / Bi(&)H™ (6)de = 2 H / Bu(€)de + (b— a)R.,

where we used definition of A; from previous sections and

b b b
R = o < | B - = [ e Bl@)ds).

satisfying the inequality using Proposition [4]

1
Ryl = [T(Bi, H™| < 5(v2 = 1)V T(Bi, By).
O

Now we give some Ostrowski-type inequalities related to the generalized linear
inequalities.

Theorem 6. Let Aj(F) = Ai(-,-,~, F,-) for (1 € {1,2,3,4}) as defined in (2.18) —
(2.21) and B,(t) = Bi(-,t,-,-,-) forl € {1,2,3,4} be as defined in (4.2). Further-

more, let (q,r) be a pair of conjugate exponents, i.e., 1 < g,r < 0o, i % =1. Let
H™ € L,[a,b] for n > 1. Then we have forl € {1,2,3,4}

A < [H™ g 1B, - (4.5)

The constant on right hand side of (4.5) is sharp for 1 < q < oo and the best
possible for g = 1.

Remark 4. For idea of the proof we refer to [T].
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5. SOME REMARKS

Finally, we give some important remarks.

Remark 5. Now we state mean value results for Aj(F) = Ai(-,-+, F,[,]), | €
{1,2, 3,4} as defined in 1] — |D Here Fo(§) = % For the idea of the proof
see [8].
If we let F € C"[a,b] and A; : C™[a,b] = R forl € {1,2,3,4} be linear function-
als as defined above, then 3 & € [a,b] forl € {1,2,3,4} such that
A1) = " (&) Au(F o). (5.1)
Further if we let F,h € C™[a,b] and A; : C"[a,b] — R forl € {1,2,3,4} be linear
functionals as defined above, then 3 & € [a,b] forl € {1,2,3,4} such that
Ae(F) _ F(&)
Ap(h)  h™(&)

assuming that denominators are non-zero.

) (n) . .
Remark 6. If inverse of % exists, then from previous mean value results we

could get following generalized means

¢ = <2((:)))_1 <ill((2))) L 1e{1,2,3,4). (5.2)

Remark 7. We can construct linear functionals by taking differences of the left
and right hand sides of the inequalities from Theorems[2l By using similar methods
as in [0, Q) we can construct new families of exponentially convex functions and
Cauchy-type means. Then, by using some known properties of exponentially convex
functions, we can derive new inequalities and prove monotonicity of the obtained
Cauchy-type means analogously as in [7,[9].

Last but not least, we conclude our article with the following final remark.

Remark 8. Integral version of all the results stated in Sections 2, 3 and 4 can be
stated analogously. For ezample we state here integral analogous of Theorem[]] as
under.

Theorem 7. Let —co <a<a; <ay <---<a, <b<oo, r>2, Z;Zlk‘j—i—r:
n—2, HeCab|, g:lo,f] = [a,b], p:[a,B] = R and let Hij and Gy pn—2 be
giwen by (1.2) and (1.4). Then we have

B
/ p(€)H (g(€)) dé =

B B

(H(a) — (1) / p(€) de + H'(b) / p(€)g(€) de

[e3 [e3

r kj ' b B
+ZZH(’+Q)(%)/ (/ p(ﬁ)Gl(g(€)78)d€> Hij(s)ds

j=1 =0

b b/ B
+/a /a <~/o¢ p(f)G1(g(§)7s) df) GH,n—Q(S,t)H(n) (t) dt ds7
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B
/ p(€)H (g(£)) de =

B B

(H(b) — bH'(a)) / p(€) de — H'(a) / p(€)g(€) de

[} (e

r kj ' b B
*ZZH(M)(“J')/ (/ p(é)Gz(g(é),S)d€> Hij(s)ds

j=1i=0

b b/ B
+L/a (/a p(ﬁ)GQ(g(OJ) d§> Gan_2(57t)H(n)(t)dtdS7

B
/ p(€)H (g(€)) dé =

B B

(H(b) — bH'(b) + (H'(b) — H'(a))a) / p(€) de + H'(a) / p(€)g(€) de

[e3% [e%

r kj _ b B
*ZZH(HZ)(%)/ (/ p(é)Gg(g(é)vs)d§> Hj(s)ds

j=1i=0

b b/ B
+/a/a </a p(€§)Gs(g(€),s) df) Gan_Q(&t)H(n)(t) dt ds,

B
/ p(€)H (g(€)) dé =

B B

(H(a)—aH'(a)—(H'(b)—H'(a))b)+/ p(&)d€+H'(b)/ p(§)g(§) d¢

[e% [e%

r kj _ b B
+ZZH(”2)(%)/ (/ P(ﬁ)G4g(§)75)d§> H;j(s)ds

j=11i=0
b b/ B
o (/a PG (9(6). 5) df) Grtna(s, ) H™ (1) dt ds.
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