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A REMARK ON BLOW-UP SOLUTIONS FOR NONLINEAR
WAVE EQUATION WITH WEIGHTED NONLINEARITIES

THANAA ALARFAJ, NOHA ALJABER, MANAL ALSHAMMARI & MOHAMED MAJDOUB

ABSTRACT. We investigate the blow-up of solutions to the nonlinear wave
equation with weighted nonlinearities uy — Au = w(z)f(u)g(ut) where w :
RN — R is a given function and f,g : R — R having super-linear growth.
Sufficient conditions of blow-up in finite time of solutions are obtained.

1. INTRODUCTION
In this paper we study the Cauchy problem:

uy — Au = w(@) f(u)g(ue),
u(t =0,2) = up(x), (1.1)
ue(t =0,2) = up (z),

where u = u(t,z) : R x RN = R, w: RY — R is a given function and f,g: R — R
having super-linear growth. The given functions w, f, g and the initial data ug, uy
are so smooth that the Cauchy problem has a classical local (in time) solution.
This follows from Duhamel’s formula via the usual fixed point argument in the space
Hp, x Hi ', s > N/2 4 1. Such an s guarantee that u,u;, Vu are in L>®. Note
that v € H; means that the /® norm over a ball centered at x, and with radius
1 is uniformly bounded by a constant independent of xq [9].

The initial value problem has attracted considerable attention in the math-
ematical community and the well-posedness theory in the Sobolev spaces, especially
for w(xz) = 1 and for polynomial type nonlinearities, has been extensively studied.
The case of exponential nonlinearity was recently investigated (see [3] and references
therein). We refer the reader to [10] and references therein for more properties and
information on nonlinear wave equations.

Our main interest is the non-existence of global solutions for (|1.1)). We will show
that for some class of initial data the local classical solutions to (1.1) blow-up in
finite time.

There have been many works devoted to the questions of global non-existence
and blow-up of solutions to initial value problems for nonlinear wave equations (see,
e.g., [1 2, 4l [5 [6] and references therein.)
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We first investigate the case ¢ = 1 so that the equation reads u; — Au =
u

w(x)f(u). To state the main result in a clear way, we define F(u) = / f(s)ds
0

and we make the following assumptions:

3 A a>0 suchthat (2+A)F(u) <uf(u)+au®. (1.2)
0swe LN2RY) if N>3, 13)
0SweL®RY) if N<2. '
A>20CE lw|npe if N >3, 1.4
A> 20fw|e if N <2 )

where C, stands for the sharp constant in the Sobolev embedding (2.10).
The energy of a solution u to (1.1)) is given by

E(u(t)) :%/RN (Jue(t, 2)|? + [Vult, 2)|?) dm—/ w(@) Flult, ) dz.  (1.5)

RN
For smooth and sufficiently decaying at infinity solutions u, one can easily verify
that the energy is constant, that is,

dE(u(t))
ek e TV )
dt
Hence E(u(t)) = Ey for all ¢, where Ej is the initial energy defined by
1
By = 5/ (jus ()2 + Vo (2)?) da — / w@)Flup(z))dz.  (1.6)
RN RN

Our first main result can be formulated as follows.

Theorem 1.1. Suppose that assumptions (1.2)-(1.3)-(1.4) are fulfilled. Assume

that the initial data ug,u; are smooth and let u be the corresponding maximal so-
lution of (1.1). Then

(i) if N > 3 and Eg < 0, the solution u blows-up in finite time;

(il) f N <2, Ey <0 and

/RN uo(z)us (z)dz > \/W /RN W3 (z)dz, (1.7)

the solution u blows-up in finite time.

The main tool used in the proof of Theorem [I:1]is the concavity method and its
modification. See Proposition below. The concavity method introduced in [5] is
based on a construction of some positive function y(t) = y(u(t)), which is defined
in terms of the local solution u of the problem and obtaining some differential in-
equality satisfied by y leading to the blow-up in finite time.

Our next interest is the nonexistence of global solutions for (1.1) whenw = f = 1.
We will assume that f =1 and w = 1 so that the equation reads

utr — Au = g(uy) . (1.8)

We make the following assumption on the nonlinearity g.

° ds ds
g >0, / ﬁ<oo and /Oﬁ—oo. (1.9)
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As an example of function satisfying (1.9), we have

u2 u?In(1 + u?
o) =l (1 <p<oo), glu)=u?e, glu) = T,

We look at the following Cauchy problem
u — Au = g(uy),
u(t=0,z) =0, (1.10)
u(t = 0,7) = uy ().

Theorem 1.2. For any T > 0, there ezists u; € C°(RY) such that (1.10]) does
not admit a C?-solution past time T.

The proof of this theorem is based on an ODE approach together with Theorem
2.4

The rest of this paper is organized as follows. In the next section, we recall some
basic facts and useful tools. Section 3 is devoted to the proof of Theorem In
Section 4 we give the proof of Theorem [1.2

2. BACKGROUND MATERIAL

In this section we collect some mathematical tools needed for the proofs of the
main theorems. In many nonlinear evolution equations we can obtain the blow-up
of the solutions in a finite time as a consequence of the blow-up of some differential
inequalities.

Now, we state a differential inequality leading to non-existence of global solu-
tions.

Proposition 2.1. Let y : [0,T) — [0,00) be a C?-function satisfying for all 0 <
t <T the inequality
2
vy () — (1+7) (' (1) > —p (y()), (2.1)
where v > 0 and > 0. Then
(i) if p =0 and

y(tO) > Ov y/(tO) > Ov (22)
for some 0 <ty < T, we have
y(to)
T <ty:=tyg+ < 005 2.3
7y (to) (23)

(ii) if >0 and

y(to) > 0, o (o) - \/fyuo) >0, (2.4)

for some 0 <ty < T, we have

T <ty:=

y(to) + /Eyto)
) < 00. (2.5)

1
to + In (
VB Ny (to) — Fy(to)
We refer to [7] for some differential inequalities which yield the nonexistence of

global solutions to certain evolutionary partial differential equations. For reader
convenience we give the proof of Proposition here.
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Proof of Proposition[2.1}
(i) Assume that z = 0 and define z(t) = (y(¢t))” . We deduce from (2.1)) that

21(8) = = () 7 [y () — (r+ 1) (' (0)°] <.

It follows that

y'(to)
y(to)
This leads to the desired conclusion, that is

1 —~(t—to)

> 0.

T <t < oo.

(ii) Assume that g > 0 and let 2(t) = (y(¢))'. From (2.1)) it follows that z
solves the differential inequality

2" —ypz <0. (2.6)

Let ¢ solve the Cauchy problem

@' —uep =0,
e(to) = 2(to), (2.7)
¢'(to) = #'(to),
that is,
o(t) = aeVTH £ he VI, (2.8)
with

o = =gy /Zot) 7 [ = [Eute)] v <o,
b= gy Zo [y’<to>+ﬂy<to>} VT 0,

By a simple comparison principle, we have
0< 2(t) < (1)
It is easy to verify that

p(t2) = 0.
Hence ([2.5) follows immediately.

A useful consequence is the following.

Corollary 2.2. There is no C?*-function y : [0,00) — [0,00) satisfying [2.1)) (with
w=0) and
Yy >c>0, (2.9)

for some constant ¢ > 0.
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Proof.
Let us argue by contradiction. Suppose that there exists a C?-function y : [0, 00) —

[0, 00) satisfying and (2.9). Since y” > ¢, then
y'(t) > ct+y'(0) and y(t) > th +y'(0)t +y(0).
Clearly we can pick a time tg > 0 such that
cto+y/(0)>0 and §t02 +1/(0)to + y(0) > 0.

Hence the condition (2.2)) is fulfilled and the conclusion follows. O
We also recall the following sharp Sobolev embedding [I1].

Theorem 2.3. We have, for allu € H*(RY), N > 3,

Jull 2 < Ci|[Vull2, (2.10)

—2

where

B 1 N
¢ = wN(N—Z)(F(N/2)> '

Moreover, the constant Cy is sharp.

The following uniqueness result will be needed in the proof of Theorem For
any fixed (T, z¢) € (0,00) x RY, we introduce

Q:{(t,x); 0<t<T, |x—x0|§T—t} (2.11)

which is called the backward light cone trough (7', z¢). The base By of €2 is defined
as

By={z; |x—x¢| <T} = B(xo,T).
Theorem 2.4. If u € C%(2) solves (1.8)) in Q. Then u is uniquely determined by

its data u and uy on By. In other words, if u,v € C%() are two solutions of (1.8)
in ), with the same data in By, then u = v in €.

The proof of this theorem uses energy method and can be found in many ref-
erences. See for example [I0, [§]. For completeness, we give a detailed proof here.
Let us first prove the following result which yields easily Theorem [2.4] Consider
the linear wave equation

wy — Aw = a(t, z)wy, (2.12)

where a is a continuous function in (¢, x).

Proposition 2.5. Let w be a C? solution of [2.12) in Q. If w = w; = 0 in By,
then w = 0 in €.

Proof of Proposition[2.5. Consider for 0 <t < T the function

E(t)

[ (wta)P s+ wta)? + [Vl P) da
B(zo,T—t)

T—t
/ / (W[ + [wel? + [Vw]?) do dr.
0 aB(:EQ,T)
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‘We have
dE
—() = 2/ (wwy + wywy + Vw - Vwy) do
dt B(z0,T—1)

-/ (el + [+ [Vw) dor
OB (zo,T—t)

2/ Wi (W + wy — Aw) do + 2/ div (w;Vw) dz
B(wo,T—t) B(wo, T—t)

- / (IWP + [wel? + [Vw?) do,
aB(aio,T—t)

where we have used the fact that
div (w;Vw) = Vw, - Vw + w;Aw.

Using wy; = Aw + aw; and the divergence theorem, we get

dE
E(t) = 2/ (wwy + aw}) da
B(Io,T—t)

N 2/ thw~1/da—/ (IW[? + [wi[2 + |Yw[?) do,
dB(zo,T—t) dB(z0,T—t)

where v denotes the outward unit normal to 0B(xo,T —t). Since
21w, Vw - v| < |wi)? + |[Vw|?,

we deduce that
dE 9
E(t) <2 (th + awt) dx.
B(zo,T—t)

Recalling that a is continuous, there exists a constant M > 0 such that |a(¢, )| < M
for all (¢,x) € Q. Hence

2 (wwy +awy) < 2ww, + 2Mw; < w? + w; +2Mw; < (2M +1)(w? + wy).
It follows that

dE

E(t) < (2M + 1)E(t).
This implies that 4 [E(t)e” M+t < 0. Therefore E(t) < E(0)e?M+D! for
0 <t <T. Since F(0) =0, we conclude that w = 0 in Q. O

A straightforward consequence of Proposition [2.5|is Theorem

Proof of Theorem[2.7) Suppose that u,v € C*() both solve (L.§)), and with iden-
tical data in B(zo,T). Let w =« —v. Then

wi — Aw =g(us) — g(vy), w=w;=0 in B(zy,T).
Let us write

g(us) —g(vy) = /01 % {g((l —T)vg + Tut)} dr

(/01 g (1= 7)o + Tup) dT) (e — )

= a(t,z)wy,
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where )
a(t,z) = /0 g (1 —7)v(t, ) + Tue(t, z)) dr.

Using the fact that w,v € C? and g is smooth, we deduce that a is a continuous
function in (¢,z). Applying Proposition we conclude the proof of Theorem

3. PROOF OF THEOREM [I.1]
Define
o(t) = [ (ult,)) do. (3.1)
RN

The first and second derivatives are

) = 2 / ot ) ult, @) d,
" = - u(t, z)|? dz uy(t, z)|? de w(z)u(t,z) f(u(t,x)) dz.
0 = =2 Vutoldee2 [ jutaPdo [ et ) d

RN
By Cauchy-Schwarz inequality we have

WOr <ao ([ utoP). (2)

In order to use Proposition we have to find a relation between y”(¢) and
Jan |ue|? de. Write

y'(t) = (A+4) /RN |Ut|2 d:z:+)\/RN ‘Vu‘de+2/ w(z)u f(u)dx

RN
— (>\+2)/ (Jue)® + |Vul?) dz.
RN
By the energy conservation, we get
y'(t) = (>\+4)/ |ut|2dx+)\/ |Vu?dz — 2 (\+2) Ey
RN RN
+ 2/ w(z) (u f(u) — (2+ A F(u)) du.
RN
The assumption (1.2]) implies that
J1) > Ot 4)/ g2 dz + )\/ IVl dz — 2 (A +2) B
RN RN

- Qa/RN w(z) u® de. (3.3)

For the rest of the proof, we will treat separately the cases N > 3 and N < 2.
(i) Assume that N > 3. Holder’s inequality together with (2.10) yields

[, s ds < Julnaluls, < Gl [ 1VuPde. (39
]RN RN

N—-2

It follows that

y(1)> (A +4) /

lue|® dz + (A — 20 CZ|lwl| v /2) / |Vul?dz —2(\+2) Ep.
RN RN

(3.5)
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As Ey < 0, and thanks to (L.4), we get
y' () > (A + 4)/ || da .

RN
Multiplying both sides by y(t) gives

v () = (Do) [l do,
RN
Applying (3.2), we obtain that
A
w0 = (3+1) W02,

Since Ey < 0 and using (L.4), we find that y”(t) > —2(A+2)Ey > 0.
Hence we can apply Corollary [2.2] to conclude that y blows-up in finite
time. This finishes the proof of Theorem (Part (i)).

(ii) Assume now that N < 2. Clearly we cannot use Sobolev embedding to
obtain inequality like (3.4). From assumption and thanks to it
follows that

y' > (A+4) /
R
where we have used the fact that Fy < 0. Hence

Juel* dar — 20w 0y,
N

yy" = (L+7)y"” - py?,
where v = 2 and p = 2al|w||. This means that y satisfies the differential
inequality . Since the assumption implies that y(0) > 0 and
y'(0) — \/gy(O) > 0, we can apply Proposition to conclude that y
blows-up in finite time. This finishes the proof of Part (ii) of Theorem [1.1
([l

Note that one can construct initial data ug,u; such that Ey < 0. To this end,
we use the following result dealing with the behavior of the nonlinearity f.

Proposition 3.1. Suppose that (1.2)) is fulfilled and assume that f : R — R
having super linear growth i.e.

uh_}ngo @ = 00. (3.6)

Then, there exists A > 0 such that

F(u) > Au?t + %u2 (3.7)
for uw > 0 large enough.
Proof.
The assumption implies that
uwF'(u) — (2 + N)F(u) > —au?. (3.8)

By virtue of (3.8), we get

(u NV F(w)) > —au~ N = (%u"\)l.

Hence
«

(u7(2+)‘)F(u) - X'tf)‘)/ >0
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which implies that
B AN
A
[u ( 2 —/\)] > 0.

Therefore, the function u — u‘A(Fu(;J ) _ %) is increasing. The conclusion follows

easily. O

Corollary 3.2. Suppose that (1.2]) and (3.6 are fulfilled. Then, there exist smooth
initial data ug, uy such that Eg < 0.

Proof. Let ¢ € C°(RY) be a non trivial function and set ug = u; = k¢ where
k > 0 to be chosen suitability. Then,

B o= 3 / IVt 2 + Ju2) dz — / () P (uo(x))dz
= 5 [ (VR + i) do - [w@PF ko)
By virtue of E we get

[ 0w6 - 10) do — [ Awp @i~ [ Suope @i

K [;/(|v¢2+¢>| ) da - f/ Am/w(x)&“(x)dx].
Since,

i 125 [ (V6P +10P) o= [ w@)e@)tn-a0 [ (o) ahaa] = .

k—> 00

Ey

IN

IA

one can choose k large enough so that Ey < 0. (I

Remark. By taking ug = uy = k¢ and using (1.4)), we reach (1.7) in the lower
dimensions N < 2.

4. PROOF OF THEOREM

The proof is divided in two steps.
STEP1. Take uy in (1.10]) to be a constant a > 0. Then the equation uy — Au =
g(uy) reduces to an ODE in time,

where y = u;.
By the assumption (1.9) made on g, we can see that the solution of the initial
t
value problem ) blows up as t — T, = foo ds_ Thus u(t,z) = / y(r)dr
0

g(s)"
solves and u > oo ast — Ty.

STEP2. By applying Theorem to the solution obtained in STEP 1, we conclude
that if u € C?(Q) solves in Q, with initial data u = 0 and u; = 7 in By, then
u blows-up at time 7. To conclude the proof of Theorem [[.2] we make a cut-off
the constant % smoothly outside a sufficiently large ball to produce u; € C°(R™).
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