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UNIFYING OLD AND NEW WAYS TO INCREASE ORDER OF

CONVERGENCE OF FIXED POINT AND NEWTON’S

METHODS

FRANÇOIS DUBEAU, CALVIN GNANG

Abstract. Halley, Euler, Chebyshev are examples of mathematicians that
have presented procedures for increasing the order of convergence of Newton’s

method. Through Taylor’s expansions and a thorough analysis of the necessary
and sufficient conditions that will entail for fixed point and Newton’s iterative

methods to be of higher order convergence, we are able to present a unified

way which include old and new processes to make these methods faster.

1. Introduction.

In 1669 [22], for finding α, a simple root of an analytic function f(z), i.e. f(α) = 0
and f ′(α) 6= 0, Sir Isaac Newton introduced the iteration function (IF)

Nf (z) = z − f(z)

f ′(z)
.

Some years later, in 1694 [8, 11, 22], Edmond Halley, introduced a “faster” IF

Hf (z) = z − 2f(z)f ′(z)

2f ′(z)2 − f(z)f ′′(z)
= z −

[
1− f ′′(z)f(z)

2 (f ′(z))
2

]−1
f(z)

f ′(z)
.

Interestingly enough, one can observe that if we apply Newton’s method to the
function F (z) = f(z)/

√
f ′(z), we get

NF (z) = z −
f(z)/

√
f ′(z)

[f(z)/
√
f ′(z)]′

= Hf (z).

So, in considering this new function F (z) and looking at its application to Newton’s
method, one could manage to make Newton’s method faster. We ask the following
question: What are all the possible functions F (z), like Halley’s, that we can find,
for which Newton’s method applied to the function F (z) will be faster?
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We also observe that Halley’s IF can be rewritten as

Hf (z) = z − f(z)

f ′(z)
G(z)

where

G(z) =

[
1− f ′′(z)f(z)

2 (f ′(z))
2

]−1

.

In noticing that, we also ask: What are all possible functions such as G(z) that will
entail an increase of order of Newton’s method? How do these functions related to
our previously mentioned F (z)?

Moreover, using the first two terms of the Taylor’s expansion of 1/(1 − z) for
G(z), i.e. 1 + z, we get

G̃(z) = 1 +
f ′′(z)f(z)

2 (f ′(z))
2 ,

and

H̃f (z) = z − f(z)

f ′(z)
G̃(z) = z − f(z)

f ′(z)
− f ′′(z)

2f ′(z)

(
f(z)

f ′(z)

)2

= Cf (z),

which is the so called Euler-Chebyshev’s IF of order 3 [1].
Even if iteration functions of high order of convergence require high order deriva-

tives and are more complex, these methods are not only of academic interest but
also of some practical interest [5, 6].

The plan of the paper is the following. Some preliminaries are given in Sections 2.
Section 3 presents a general result about the local convergence of fixed point meth-
ods. It also garanties convergence for iterative methods of higher order. Section 4
presents a thorough analysis of the necessary and sufficient conditions that will
entail for fixed point and Newton’s iterative methods to be of higher order conver-
gence. These results allow us to consider two different procedures for increasing the
order. The first approach, presented in Section 5, consists in modifying the fixed
point iteration function by adding an additional term that conveniently enough
increased the order of convergence of the iteration function. The second procedure,
explained in Section 6, consists in modifying our original function f(z) into a new
one F (z) which caused the order of convergence of Newton’s method to increase.
We also establish links between those two procedures in Section 7. Section 8 shows
a way of linking very famous iterative methods like Halley’s and Euler-Chebyshev’s
through our new results. In the last section, as an interesting example, we consider
the Super-Halley family of interation functions of order 3.

2. Preliminaries

2.1. Order of convergence. If our goal here is to make iterative methods faster,
so let us start by mathematically defining first what we may mean by faster. Let
us consider any sequence {zk+1 = I(zk)}∞k=0 generated from an initial condition z0

and an IF I(z). We say that the order of convergence of the IF I(z), is p, a positive
integer, if and only if there exists a non-zero constant Kp(α; I) such that

lim
k→+∞

zk+1 − α
(zk − α)

p = lim
k→+∞

I(zk)− I(α)

(zk − α)
p = Kp(α; I).
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For linear convergence, p = 1, it is required that |K1(α; I)| < 1 [21]. For values
of zk close to α, the term | zk − α |p becomes considerably smaller if p is large, so
looking at

|zk+1 − α| ≈ |Kp(α, I)| |zk − α|p

does indicate how fast the error of approximation decreases.
For instance, Newton’s iteration function is of order p = 2 with K2(α;Nf ) =

f ′′(α)
2f ′(α) , while Halley’s and Euler-Chebyshev’s iteration functions are of order p = 3

with asymptotic constant respectively given by

K3(α;Hf ) =
1

3!

[
3

2

(
f ′′(α)

f ′(α)

)2

− f ′′′(α)

f ′(α)

]
,

and

K3(α;Cf ) =
1

3!

[
3

(
f ′′(α)

f ′(α)

)2

− f ′′′(α)

f ′(α)

]
,

If two IFs have the same order, provided convergence occurs, the one with the
smallest asymptotic constant will typically be faster. But, as illustrated above, the
asymptotic constant depends on the function f(z), so a given IF may be faster for
a given function f(z) and slower for another function f(z) compared to another IF.
There already exit numerical examples to illustrate this fact in [2].

In trying to increase the order of convergence of Newton’s method, many mathe-
maticians have found infinite sequences of IFs with increasing order of convergence.
We will call such an infinite sequence, say {Ip(z)}+∞p=0 whose pth member Ip(z) is

an IF of order p, a basic sequence of IFs [21].

2.2. Analytic function and Taylor’s expansion. Higher order convergence re-
sults for fixed-point and Newton’s methods that we will introduce in the next
sections are extensively based on Taylor’s expansions. The notation g(j)(z) stands

for the jth derivative
dj

dzj
g(z).

Lemma 2.1. [18] For any analytic function g(z), for any p ≥ 1 there exists a
unique analytic function wg,p(z) such that

g(z) =

p−1∑
j=0

g(j)(α)

j!
(z − α)

j
+ wg,p(z) (z − α)

p
.

More precisely

wg,p(z) =

+∞∑
j=0

g(p+j)(α)

(p+ j)!
(z − α)

j
and wg,p(α) =

g(p)(α)

p!
.

For a function f(z) with a simple root α, i.e., f(α) = 0 and f ′(α) 6= 0, we can
write

f(z) = wf,1(z)(z − α) where wf,1(α) = f ′(α).

We observe that
f(z)

f ′(z)
=
wf,1(z)

f ′(z)
(z − α)

or

(z − α) =
f(z)

wf,1(z)
=

f ′(z)

wf,1(z)

f(z)

f ′(z)
.
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We can rewrite the preceding lemma as follows.

Lemma 2.2. Let α be a simple root of an analytic function f(z), i.e., f(α) = 0
and f ′(α) 6= 0. Let g(z) be any analytic function, and any p ≥ 1.
(a) There exists a unique analytic function Wg,p(z) such that

g(z) =

p−1∑
j=0

g(j)(α)

j!
(z − α)

j
+Wg,p(z)

(
f(z)

f ′(z)

)p
where

Wg,p(z) = wg,p(z)

(
f ′(z)

wf,1(z)

)p
and Wg,p(α) =

f (p)(α)

p!
.

(b) There exists a unique analytic function W̃g,p(z) such that

g(z) =

p−1∑
j=0

g(j)(α)

j!
(z − α)

j
+ W̃g,p(z)f

p(z),

where

W̃g,p(z) =
wg,p(z)

(wf,1(z))
p and W̃g,p(α) =

f (p)(α)

p! (f ′(α))
p .

For simplicity, we will use the big O notation for two functions u(z) and v(z),
hence u(z) = O(v(z)) around z = α to mean that there exists a constant c 6= 0
such that

lim
z→α

u(z)

v(z)
= c.

Based on the assumption that α is a simple root of f(z), the following three expres-

sions, namely O
(
(z − α)l

)
, O

((
f(z)
f ′(z)

)l)
, and O

(
f l(z)

)
, are equivalent for any

positive integer l.

3. Linear convergence for fixed-point method.

A first result concerns the necessary and sufficient conditions for achieving lin-
ear convergence, which explains why |K1(α; I)| < 1 is needed. Moreover this re-
sult implies the convergence of any higher order methods since for these methods
K1(α; I) = 0.

Theorem 3.1. [6, 7] Let I(z) be an iteration function.
(i) If |I ′(α)| < 1, then there exists a neighbourhood of α such that for any z0 in

that neighborhood the sequence {zk+1 = I(zk)}+∞k=0 converges to α.
(ii) If there exists a neighborhood of α such that for any z0 in that neighborhood the

sequence {zk+1 = I(zk)}+∞k=0 converges to α, and zk 6= α for all k, then |I ′(α)| ≤ 1.

(iii) For any sequence {zk+1 = I(zk)}+∞k=0 which converges to α, the limit K1(α; I)
exists and K1(α; I) = I ′(α).

Using this result, a simple way to obtain a fixed-point method to find α could
be

I(z) = z + λf(z)

for which we have I(α) = α. The parameter λ is fixed in such a way that

|I ′(α)| = |1 + λf ′(α)| < 1
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Since obviously α is not known, let us replace λ by λ̃
f ′(z) to get

I(z) = z + λ̃
f(z)

f ′(z)
,

and

I ′(α) = 1 + λ̃.

As long as λ̃ is such that
∣∣∣1 + λ̃

∣∣∣ < 1, we get a linearly convergent IF. For λ̃ = −1,

we get the Newton’s IF and I ′(α) = N ′f (α) = 0 which, intuitively, indicates it is a
“more” than linear convergent IF.

4. High-order convergence for fixed point and Newton’s methods.

Since Newton’s method is of order p = 2, we will consider now general results
for method of order p ≥ 2.

4.1. Necessary and sufficient conditions for fixed point method. The next
result indicates that the order of an IF coincides with the order of its first non-zero
derivative at α.

Theorem 4.1. [6, 7] Let the integer p ≥ 2 and let I(z) be an iteration function such
that I(α) = α. The iteration function I(z) is of order p if and only if I(j)(α) = 0
for j = 1, . . . , p − 1, and I(p)(α) 6= 0. Moreover, the asymptotic constant is given
by

Kp(α; I) =
I(p)(α)

p!
.

This result says that the Taylor’s expansion of an IF I(z) of order p is

I(z) = α+ wI,p(z)(z − α)p = α+O (fp(z)) with wI,p(α) =
I(p)(α)

p!
,

and we also have

I ′(z) = wI′,p−1(z)(z − α)p−1 = O
(
fp−1(z)

)
with wI′,p−1(α) =

I(p)(α)

(p− 1)!
.

Remark 4.1. Two IFs I1(z) and I2(z) which are of the same order p, to compute
α, differ only at most by O (fp(z)) term, which means that I1(z)−I2(z) = O

(
f p̃(z)

)
where p̃ ≥ p. Moreover if I1(z) is an IF of order p and if I2(z) = I1(z) +O (fp(z)),
than I2(z) is an IF of order at least p.

Remark 4.2. To determine an IF of order 2 to find α we can proceed as fol-

lows. Firstly, let us modify f(z) by setting f̃(z) = h(z)f(z) where h(z) is a regular

function to be determined such that f̃ ′(α) = 1, that is to say h(α)f ′(α) = 1 or

h(α) = 1/f ′(α). Secondly, let us set I(z) = z−f̃(z). Since g(α) = α and g′(α) = 0,
we can conclude that the IF I(z) is at least of order 2. In fact we can take any
function h(z) such that h(α) = 1/f ′(α). In particular, for h(z) = 1/f ′(z) we get

the Newton’s IF for which K2(α;Nf ) = 1
2N
′′
f (α) = 1

2

[
f ′′(α)
f ′(α)

]
. There exist several

other choices for h(z). For example, let us consider

h(z) =
1

f ′(z)
[
1 + λ(z) f(z)

f ′(z)

] then I(z) = z −
[
1 + λ(z)

f(z)

f ′(z)

]−1
f(z)

f ′(z)
,
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or

h(z) =
1

f ′(z)

[
1− λ(z)

f(z)

f ′(z)

]
then I(z) = z −

[
1− λ(z)

f(z)

f ′(z)

]
f(z)

f ′(z)
,

where λ(z) is an arbitrary function. Those two IFs are in general of order 2, like

the Newton’s IF, because I ′′(α) = f ′′(α)
f ′(α) +2λ(α) = N ′′f (α)+2λ(α) which means that

K2(α; I) = K2(α;Nf )+λ(α). They will be of order higher that 2 only for functions

such that λ(α) = − f ′′(α)
2f ′(α) . Finally if we take λ(z) = − f ′′(z)

2f ′(z) we get respectively

Halley’s method and Euler-Chebyshev’s method.

4.2. Necessary and sufficient conditions for Newton’s method. Let us now
focus on Newton’s IF

Nf (z) = z − f(z)

f ′(z)
.

One can observe that Nf (α) = α, and

N ′f (z) =
f ′′(z)f(z)

f ′(z)2
,

so that N ′f (α) = 0. Furthermore we also have

N ′′f (α) =
f ′′(α)

f ′(α)
.

If α is a simple root of f(z), then Newton’s IF is of order at least 2, and it could
be of order 3, if f ′′(α) = 0, according to the above theorem. The necessity and
the sufficiency of the condition for high-order convergence of Newton’s method are
presented in the next result.

Theorem 4.2. [6, 7] Let p ≥ 2 and let f(z) be an analytic function such that

f(α) = 0 and f ′(α) 6= 0. The Newton’s iteration function Nf (z) = z − f(z)
f ′(z) is of

order p if and only if f (j)(α) = 0 for j = 2, . . . , p− 1, and f (p)(α) 6= 0. Moreover,

N
(p)
f (α) = (p− 1)

f (p)(α)

f ′(α)
,

and the asymptotic constant is

Kp(α;Nf ) =
N

(p)
f (α)

p!
=

(p− 1)

p!

f (p)(α)

f ′(α)
.

This result says however that the Taylor’s expansion of Nf (z) of order p is

Nf (z) = α+ wNf ,p(z)(z − α)p = α+O (fp(z)) with wNf ,p(α) =
N

(p)
f (α)

p!
.

For the function f(z) we have

f(z) = f ′(α)(z − α) + wf,p(z)(z − α)p = f ′(α)(z − α) +O (fp(z))

with

wf,p(α) =
f (p)(α)

p!
,

and

f ′′(z) = wf ′′,p−2(z)(z − α)p−2 = O
(
fp−2(z)

)
with wf ′′,p−2(α) =

f (p)(α)

(p− 2)!
.
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Moreover, if Nf (z) is of order p, and f̃(z) = f(z) + O (fp(z)), then Nf̃ (z) is also

at least of order p.

Remark 4.3. Let us observe that if I(x) is an IF of order p, if we set F (z) =
z− I(z) we have F (α) = 0, F ′(α) = 1, F (j)(α) = −I(j)(α) = 0 for j = 2, . . . , p−1,
and F (p)(α) = −I(p)(α) 6= 0, so NF (z) is also of order p. But since we have
Kp(α;NF ) = −(p−1)Kp(α; I) NF (z) is slower that I(z) for any p > 2. Conservely,
suppose f(z) is such that

f(z) = f ′(α)(z − α) + wf,p(z)(z − α)p wf,pα) =
f (p)(α)

p!
,

then Nf (z) is of order p, and Kp(α;Nf ) = − (p−1)
p!

f(p)(α)
f ′(α) . Suppose we set f̃(z) =

f(z)/f ′(z), then f̃ ′(α) = 1. So the IF defined by I(z) = z − f̃(z) is nothing but
Nf (z), then is of order p with Kp(α; I) = Kp(α;Nf ).

5. Acceleration of fixed point method

In this section we consider different ways to encrease the order of convergence of
fixed point methods.

5.1. Acceleration based on Theorem 4.1. The first result is a direct application
of Theorem 4.1.

Theorem 5.1. [6, 7] Let p ≥ 2, let Sp(z) be defined by

Sp(z) =

p−1∑
j=0

cj(z)f
j(z),

where the cj(z)’s are defined by: c0(z) is analytic such that c0(α) = α (observe that
we can always take the case c0(z) = z), and

jf ′(z)cj(z) + c′j−1(z) = 0

for j = 1, 2, . . . , p. Then Sp(z) is at least of order p. Moreover

S(p)
p (α) = (p− 1)c′p−1(α) (f ′(α))

p−1
= −p!cp(α) (f ′(α))

p
,

and its asymtotic constant is

Kp(α, Sp) = −cp(α) [f ′(α)]
p
.

Proof. The cj(z)’s are defined in such a way that

S′p(z) = c′p−1(z)fp−1(z).

Then the result follows. �

Remark 5.1. We observe that

cj(z) =

(
− 1

jf ′(z)

d

dz

)
cj−1(z),

and recursively we get

cj(z) =
(−1)j

j!

(
1

f ′(z)

d

dz

)j
c0(z).
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So we have

Sp(z) =

p−1∑
j=0

(−1)j
f j(z)

j!

(
1

f ′(z)

d

dz

)j
c0(z).

It is also possible to get this result using the Taylor’s expansion if the inverse of
f(z) [21, 5].

Remark 5.2. If c0(z) = z in this result, we get the Schröder’s IF of the first kind
[19, 21].

Remark 5.3. If c0(z) = z, we have S2(z) = Nf (z), and for p ≥ 3 we can write

Sp(z) = z − f(z)

f ′(z)
Gp−1(z) with Gp−1(z) = 1−

p−1∑
j=2

cj(z)f
′(z)f j−1(z).

Remark 5.4. For c0(z) = z and p = 3, we have c2(z) = − f ′′(z)
2f ′(z)3 , and

S3(z) = z − f(z)

f ′(z)
G2(z) with G2(z) = 1 +

f ′′(z)f(z)

2 (f ′(z))
2 ,

which is the Euler-Chebyshev’s IF of order 3. Moreover, this result, combined to
Remark 4.1, suggests that for any function h(z) whose expansion around 0 is

h(z) = 1 + z +O
(
z2
)
,

we can use

Lf (z) =
f ′′(z)f(z)

2 (f ′(z))
2

to define

G̃2(z) = h(Lf (z)) = G2(z) +O
(
f2(z)

)
.

Then, for

S̃3(z) = z − f(z)

f ′(z)
G̃2(z) = z − f(z)

f ′(z)

[
G2(z) +O

(
f2(z)

)]
= S3(z) +O

(
f3(z)

)
,

which means that S̃3(z) is also of order 3. Some examples of such h(z) functions
again are 1 + arctan(z), 2− e−z, 1− ln(1− z), e−z + 2 sin(z), 1

1−z , cos(z) + sin(z).
For example

S3(z) = z − f(z)

f ′(z)

[
cos
(f ′′(z)f(z)

2f ′(z)2

)
+ sin

(f ′′(z)f(z)

2f ′(z)2

)]
will be of order 3. Other examples are mentioned in [8].

Remark 5.5. Suppose that Nf (z) is of order k, hence f ′′(z) = O
(
fk−2(z)

)
. We

have c0(z) = z, c1(z) = −1/f ′(z). Moreover

c2(z) = − 1

2f ′(z)
c′1(z) = − f ′′(z)

2 (f ′(z))
3 = O

(
fk−2(z)

)
.

By induction, we show that

cl(z) = − 1

lf ′(z)
c′l−1(z) = O

(
fk−l(z)

)
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for l = 2, . . . , k. Then each term cl(z)f
l(z) = O

(
fk(z)

)
. It follows that for p =

3, . . . , k

Ip(z) = Nf (z) +

p−1∑
l=2

cl(z)f
l(z) = Nf (z) +O

(
fk(z)

)
.

Hence Ip(z) and Nf (z) are at least of the same order k. It follows that Ip(z) could
not be of lower order then k from this construction. We cannot loose order of
convergence by applying this process.

5.2. Acceleration based on Taylor’s expansion. Based on the expression of
the asymptotic constant given in Theorem 4.1, the main idea to increase the order
of convergence of a given IF of order p is by adding a term to cancel out the pth
term of its Taylor’s expansion.

Theorem 5.2. Let Ip(z) be an iteration function of order p ≥ 1. Then Ip+1(z) is
an iteration function of order p+ 1 if and only if there exists an analytic function
∆Ip,p+1(z) such that

Ip+1(z) = Ip(z) + ∆Ip,p+1(z)

with ∆I
(j)
p,p+1(α) = 0 for j = 0, . . . , p− 1, and ∆I

(p)
p,p+1(α) = −I(p)

p (α).

Proof. Since we must have

I
(j)
p+1(α) = I(j)

p (α) + ∆I
(j)
p,p+1(α)

for j = 0, . . . , p, the result follows. �

Remark 5.6. We could also try to modify Ip(z) by multiplying it by a function
Hp(z). It turns out that we must have Hp(α) = 1, so we can rewrite Hp(z) as

Hp(z) = 1 + H̃p(z)

to obtain

Ip+1(z) = Ip(z)Hp(z) = Ip(z) + Ip(z)H̃p(z) = Ip(z) + ∆Ip,p+1(z)

as we already did in the preceding theorem.

For ∆p,p+1(z) of the preceding result we can write

∆Ip,p+1(z) = w∆Ip,p+1,p(z)(z − α)p

with

w∆Ip,p+1,p(α) =
∆I

(p)
p,p+1(α)

p!
= −I

(p)
p (α)

p!
.

As suggested in Section 2.2, we can rewrite this expression under different forms to
get the next result.

Theorem 5.3. Let α a simple root of an analytic function f(z) and p ≥ 1.

∆Ip,p+1(z) is an analytic function such that ∆I
(j)
p,p+1(α) = 0 for j = 0, . . . , p− 1, if

and only if there exists an analytic function Hp(z) such that

∆Ip,p+1(z) = Hp(z)

(
f(z)

f ′(z)

)p
.

Moreover

Hp(α) =
∆I

(p)
p,p+1(α)

p!
.
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The first general result to increase the order of convergence of an IF can now be
stated as follows.

Theorem 5.4. Let Ip(z) be an iteration function of order p ≥ 1 for computing the
simple root of an analytic function f(z). Then Ip+1(z) is an iteration function of
order p+ 1 if and only if there exists an analytic function Hp(z) such that

Ip+1(z) = Ip(z) +Hp(z)

(
f(z)

f ′(z)

)p
with

Hp(α) = −I
(p)
p (α)

p!
.

Example 5.1. For the Newton’s IF Nf (z) = z − f(z)
f ′(z) of order 2, we observe that

N ′′f (α) = f ′′(α)
f ′(α) . This allows us to conclude that for any function H2(z) such that

H2(α) = − f
′′(α)

2f ′(α)

we get Nf (z) +H2(z)
(
f(z)
f ′(z)

)2

, which is an IF of order 3. Particularly for H2(z) =

− f ′′(z)
2f ′(z) , we have

z − f(z)

f ′(z)
− f ′′(z)f(z)2

2f ′(z)3
= Cf (z),

which is the Euler-Chebyshev’s IF [1] of order 3.

We now present some general ways to apply the idea presented above. They
consist of adding appropriate terms to cancel out the pth term of the Taylor’s
expansion of the IF. The next three theorems provided us with ways to recursively
create new IFs that increase the order of convergence from p to p+ 1.

Theorem 5.5. Let Ip(z) be an iteration function of order p ≥ 1. Then

Ip+1(z) = Ip(z)−
(p− q)!
p!

I(q)
p (z)

(
f(z)

f ′(z)

)q
is an iteration function at least of order p+ 1 for any q = 1, . . . , p.

Proof. We have

Hp(z) = − (p− q)!
p!

I(q)
p (z)

(
f ′(z)

f(z)

)p−q
= − (p− q)!

p!
w
I
(q)
p ,p−q(z)

(
f ′(z)

wf,1(z)

)p−q
,

so

Hp(α) = −I
(p)
p (α)

p!
,

and Ip+1(z) is of order p+ 1. �

Theorem 5.6. Let Ip(z) be an iteration function of order p ≥ 2. Then

Ip+1(z) = Ip(z)−
(p− q)!
p!

I(q)
p (z) [z − Ip(z)]q

is iteration function of at least order p+ 1 for any q = 1, . . . , p.
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Proof. We have

Hp(z) = − (p− q)!
p!

I(q)
p (z) [z − Ip(z)]q

(
f ′(z)

f(z)

)p
= − (p− q)!

p!
w
I
(q)
p ,p−q(z)

[
1− wIp,p(z) (z − α)

p−1
]q ( f(z)

wf,1(z)

)p
.

So

Hp(α) = −I
(p)
p (α)

p!
,

and Ip+1(z) is of order p+ 1. �

Theorem 5.7. [20] Let Ip(z) be an iteration function of order p ≥ 2. If H̃p(z) is

a regular function such that H̃p(α) = 0 and H̃ ′p(α) = 1, then the iteration function

Ip+1(z) = Ip(z)−
1

p
I ′p(z)H̃p(z),

is at least of order p+ 1.

Proof. We have

Hp(z) = −1

p
I ′p(z)H̃p(z)

(
f ′(z)

f(z)

)p
= − 1

p!
wI′p,p−1(z)wH̃p,1

(z)

(
f(z)

wf,1(z)

)p
.

where wH̃p,1
(α) = H̃ ′p(α) = 1. So

Hp(α) = −I
(p)
p (α)

p!
,

and Ip+1(z) is of order p+ 1. �

Remark 5.7. let λ(z) be any regular function, and let us consider

H̃p(z) =
[
1− λ(z)I ′p(z)

]−1
(z − Ip(z)) ,

which is such that H̃p(α) = 0 and H̃ ′p(α) = 1 because I ′p(α) = 0. Then the IF given
by

Ip+1(z) = Ip(z)−
1

p
I ′p(z)

[
1− λ(z)I ′p(z)

]−1
(z − Ip(z)) ,

is at least order p+ 1 for any λ(z). For λ(z) = 1/p we get

Ip+1(z) = z −
[
1− 1

p
I ′p(z)

]−1

(z − Ip(z)) ,

which was presented in [14]. For λ(z) = 0, we get

Ip+1(z) = Ip(z)−
1

p
I ′p(z) (z − Ip(z)) ,

which was presented in [15].
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5.3. Acceleration of Newton’s method as a fixed point method. Since
Nf (z) is an IF of order at least 2, we can rewrite the results of the preceding
section in terms of Nf (z). Let us apply Theorem 5.4 to the iteration function
Nf (z) of order p ≥ 2. In this case for Nf (z), we have

N
(p)
f (α) = (p− 1)

f (p)(α)

f ′(α)
,

and its Taylor’s expansion is

Nf (z) = α+ wNf ,p(z)(z − α)p with wNf ,p(α) =
N

(p)
f (α)

p!
=

(p− 1)

p!

f (p)(α)

f ′(α)
.

Again we add an appropriate O (fp(z)) term to cancel out the pth term of the
corresponding Taylor’s expansion. Theorems 5.4 and 5.5 are now restated as follows.

Theorem 5.8. Let Nf (z) be of order p ≥ 2 for computing the simple root of an

analytic function f(z). Then Ñf (z) is of order p+ 1 if and only if there exists an
analytic function Hp(z) such that

Ñf (z) = Nf (z) +Hp(z)

(
f(z)

f ′(z)

)p
with

Hp(α) = −
N

(p)
f (α)

p!
= −(p− 1)

f (p)(α)

p!f ′(α)
.

Theorem 5.9. If Nf (z) is of order p ≥ 2, then

Ñf (z) = Nf (z)− (p− q)!
p!

N
(q)
f (z)

(
f(z)

f ′(z)

)q
is of order p+ 1 for q = 1, . . . , p.

We also have the following result.

Theorem 5.10. If Nf (z) is of order p ≥ 2, then

Ñf (z) = Nf (z)− (p− 1)
(p− q)!
p!

f (q)(z)

f ′(z)

(
f(z)

f ′(z)

)q
is of order p+ 1 for q = 2, . . . , p.

Proof. We have

Hp(z) = −(p− 1)
(p− q)!
p!

f (q)(z)

f ′(z)

(
f ′(z)

f(z)

)p−q
= −(p− 1)

(p− q)!
p!

wf(q),p−q(z)

f ′(z)

(
f ′(z)

wf,1(z)

)p−q
.

So

Hp(α) = −(p− 1)
f (p)(α)

p!f ′(α)
,

and Ñf (z) is of order p+ 1. �
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Remark 5.8. Observe that for q = 2, if p = 2 we retrieve Euler-Chebyshev’s
iterative method, but if p ≥ 3 we have

Ñf (z) = Nf (z)− f ′′(z)

pf ′(z)

(
f(z)

f ′(z)

)2

.

One thing that this illustrates is that, if Newton’s method is of order higher than
2, Euler-Chebyshev would no longer be an acceleration process. Modifications will
need to be made according.

Finally, Theorems 5.6 and 5.7 can be rewritten also as follow.

Theorem 5.11. Let Nf (z) be of order p ≥ 2. Then

Ñf (z) = Nf (z)− (p− q)!
p!

N
(q)
f (z) [z −Nf (z)]

q

is iteration function of at least order p+ 1 for any q = 1, . . . , p.

Theorem 5.12. Let Nf (z) be of order p ≥ 2. If H̃p(z) is a regular function such

that H̃p(α) = 0 and H ′p(α) = 1, the iteration function

Ñf (z) = Ip(z)−
f(z)f ′′(z)

p (f ′(z))
2 H̃p(z),

is at least of order p+ 1.

6. Acceleration based on Theorem 4.2

In this section we consider different ways to increase the order of convergence of
Newton’s method by modifying the function f(z).

6.1. A direct approach. We will now apply Theorem 4.2 to study the modifica-
tions that can be made on the original function f(z) in order to improve convergence
of Newton’s method. In doing so, we are able to recover some famous acceleration
processes.

For Nf (z) of order p ≥ 2, let us look at a general modified function Fp+1(z) =
f(z)gp(z) for which Newton’s method will be of order p + 1 to compute α. We

need that Fp+1(α) = 0, F ′p+1(α) 6= 0, and the function F
(j)
p+1(z) = 0 not only for

j = 2, . . . , p− 1, but also for j = p, so F
(p)
p+1(α) = 0.

Theorem 6.1. Let Nf (z) be of order p ≥ 2, and let Fp+1(z) = f(z)gp(z). NFp+1
(z)

is of order p+ 1 if and only if gp(α) 6= 0, g
(j)
p (α) = 0 for j = 1, . . . , p− 2, and

g(p−1)
p (α) = −f

(p)(α)

pf ′(α)
gp(α).

Proof. NFp+1
(z) is of order p + 1 if and only if Fp+1(α) = 0, F ′p+1(α) 6= 0, and

F
(j)
p+1(α) = 0 for j = 2, . . . , p. For Fp+1(z) = f(z)gp(z) we have Fp+1(α) = 0. Also

F ′p+1(z) = f ′(z)gp(z) + f(z)g′p(z)

so F ′p+1(α) = f ′(α)gp(α) 6= 0 if and only if gp(α) 6= 0. For p = 2 we have

F ′′3 (z) = f ′′(z)g2(z) + 2f ′(z)g′2(z) + f(z)g′′2 (z)

so
F ′′3 (α) = f ′′(α)g2(α) + 2f ′(α)g′2(α),
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hence F ′′3 (α) = 0 if and only if g′2(α) = − f ′′(α)
2f ′(α)g2(α). For p ≥ 3, we have f ′′(α) = 0

so g′p(α) = 0. Suppose that g
(j)
p (α) = 0 for j = 1, . . . , l − 2 and l ≥ 3. Then

F
(l)
p+1(z) = f (l)(z)gp(z) +

l−2∑
j=1

(
l
j

)
f (l−j)(z)g(j)

p (z) + lf ′(z)g(l−1)
p (z) + f(z)g(l)

p (z)

and

F
(l)
p+1(α) = f (l)(α)gp(α) + lf ′(α)g(l−1)

p (α).

Hence F
(l)
p+1(α) = 0 if and only if g

(l−1)
p (α) = − f

(l)(α)
lf ′(α) gp(α). Since f (l)(α) = 0 for

l = 2, . . . , p− 1, we have g
(j)
p (α) = 0 for j = 1, . . . , p− 2. Also F

(p)
p+1(α) = 0 if and

only if g
(p−1)
p (α) = − f

(p)(α)
pf ′(α) gp(α). �

This first general result, which will be used to increase the order of convergence
of Newton’s method Nf (z) by modifying the function f(z), can thus be restated as
follows.

Theorem 6.2. Let Nf (z) be of order p ≥ 2 for computing the simple root of an
analytic function f(z). Then for any function Fp+1(z) = f(z)gp(z), NFp+1

(z) is of
order p+ 1 if and only if one of the following equivalent expressions holds :
(1) there exists an analytic function wgp,p−1(z) such that

gp(z) = gp(α) + wgp,p−1(z)(z − α)p−1,

with

wgp,p−1(α) =
g

(p−1)
p (α)

(p− 1)!
= −f

(p)(α)

p!f ′(α)
gp(α);

(2) there exists an analytic function Wgp,p−1(z) such that

gp(z) = gp(α) +Wgp,p−1(z)

(
f(z)

f ′(z)

)p−1

,

with

Wgp,p−1(z) = wgp,p−1(z)

(
f ′(z)

wf,1(z)

)p−1

,

and

Wgp,p−1(α) =
g

(p−1)
p (α)

(p− 1)!
= −f

(p)(α)

p!f ′(α)
gp(α);

(3) there exists an analytic function W̃gp,p−1(z) such that

gp(z) = gp(α) + W̃gp,p−1(z)fp−1(z),

with

W̃gp,p−1(z) =
wgp,p−1(z)

wp−1
f,1 (z)

,

and

W̃gp,p−1(α) =
g

(p−1)
p (α)

(p− 1)! (f ′(α))
p−1 = − f (p)(α)

p! (f ′(α))
p gp(α).



60 F. DUBEAU, C. GNANG

Remark 6.1. We could also try to add a term δf(z) to f(z) in order to cancel the
pth derivative of f(z). So, let us consider

F (z) = f(z) + δf(z)

such that δf(z) is analytic and

δf(z) = wδf,p(z)(z − α)p

with

wδf,p(α) = −f
(p)(α)

p!
.

Hence we would cancel out the pth derivative of f(z), and we would have F (α) =
0, F ′(α) = f(α), and F (j)(α) = 0 for j = 2, . . . , p. We can always write this
expression as a product because

F (z) = f(z) + δf(z) = f(z)

[
1 +

δf(z)

f(z)

]
= f(z) [1 + g̃(z)] = f(z)g(z),

where g(z) = 1 + g̃(z), and

g̃(z) =
δf(z)

f(z)
=
wδf,p(z)

wf,1(z)
(z − α)p−1,

with

g̃(p−1)(α) = (p− 1)!
wδf,p(α)

wf,1(α)
= −f

(p)(α)

pf ′(α)
.

The first example we present will provide us with a recursive way to progres-
sively increase the order of convergence of Newton’s method to arbitrary values. It
coincides with Halley’s method at the order 3. It was first presented by Gerlach [9]
in 1994, although it turned out, in [16, 17, 10], to be a rediscovery of the Schröder’s
method of the second kind dating from 1870 [19]. We present a new proof of this
result.

Theorem 6.3. Let Nf (z) be of order p ≥ 2. Then for

Fp+1(z) = f(z)gp(z) with gp(z) =
1

p
√
f ′(z)

,

NFp+1
(z) is of order p+ 1.

Proof. For gp(z) = 1
p
√
f ′(z)

and l ≥ 1 we have

g(l)
p (z) =

Γ
(
f ′, f ′′, . . . , f (l); z

)
(f ′(z))

1
p +l

− f (l+1)(z)

p (f ′(z))
1
p +1

.

Since f (l)(α) = 0 for l = 2, . . . , p− 1, it follows that

Γ
(
f ′, f ′′, . . . , f (l);α

)
= 0 for l = 1, . . . , p− 1,

and

g(l)
p (α) = 0 for l = 1, . . . , p− 2.

Finally

g(p−1)
p (α) = − f (p)(α)

p (f ′(α))
1
p +1

,
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so

g(p−1)
p (α) = −f

(p)(α)

pf ′(α)
gp(α),

and NFp+1
(z) is of order p+ 1 for Fp+1(z) = f(z)gp(z). �

Remark 6.2. Let us point out that gp(z) = 1
p
√
f ′(z)

satisfies the differential equation

g
(p−1)
p (z)

gp(z)
= −f

(p)(z)

pf ′(z)

only for z = α, while it is a solution of the differential equation

g′p(z)

gp(z)
= − f

′′(z)

pf ′(z)

around α [9, 10].

The next result shows that the order of convergence can also be increased using
higher order derivatives of f(z).

Theorem 6.4. Let Nf (z) be of order p ≥ 2. Set

Fp+1(z) = f(z)− (p− q)!
p!

f (q)(z)

(
f(z)

f ′(z)

)q
= f(z)

[
1− (p− q)!

p!

f (q)(z)

f ′(z)

(
f(z)

f ′(z)

)q−1
]
,

then NFp+1
(z) is of order p+ 1 for q = 2, . . . , p.

Proof. The added term is an appropriate expression because we have

gp(z) = 1− (p− q)!
p!

f (q)(z)

f ′(z)

(
f(z)

f ′(z)

)q−1

= 1− (p− q)!
p!

wf(q),p−q(z) (wf,1(z))
q−1

(f ′(z))
q (z − α)p−1.

Then, gp(α) = 1, g
(j)
p (α) = 0 for j = 1, . . . , p− 2, and

g(p−1)
p (α) = − (p− q)!

p

wf(q),p−q(α) (wf,1(α))
q−1

(f ′(α))
q = −f

(p)(α)

pf ′(α)
.

�

6.2. An indirect approach. In the preceding section, we produced a process of
increasing the order of convergence recursively from p to p+1. In the next theorem
we present a way of finding an iteration function Fp(z), or equivalently gp−1(z)
such that Fp(z) = f(z)gp−1(z), that directly has order of convergence equal to p.

Theorem 6.5. [6, 7] Let p ≥ 2, and Fp(z) be defined by

Fp(z) =

p−1∑
j=0

bj(z)f
j(z),
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where the bj(z)’s are such that: b0(z) and b1(z) are two analytic functions such that b0(α) = 0,

b′0(α) + b1(α)f ′(α) 6= 0,

If we set

bj(z) = −
b′′j−2(z) + 2(j − 1)b′j−1(z)f ′(z) + (j − 1)bj−1(z)f ′′(z)

j(j − 1)f ′(z)2

for j ≥ 2, then NFp
(z) will be of order p. Moreover

F (p)
p (α) = −p!bp(α) (f ′(α))

p
,

and

Kp(α;NFp
) = − (p− 1)bp(α) (f ′(α))

p

b′0(α) + b1(α)f ′(α)
.

Note that b0(z) = 0 and any function b1(z) such that b1(α) 6= 0 are a trivial choices.

Example 6.1. For b0(z) = 0 and b1(z) = 1, we get NF2
(z) = Nf (z), and we have

b2(z) = − f ′′(z)
2f ′(z)2 , so F3(z) = f(z) + b2(z)f(z)2 = f(z)g2(z), where

g2(z) = 1− f ′′(z)f(z)

2 (f ′(z))
2 ,

and NF3
(z) is of order 3. First observe that the above function g2(z) is a particular

case of Theorem 6.4 for p = q = 2. Also since we can add to F3(z) any function
O(f3(z)) and the order of convergence will be conserved, Newton’s method applied

to any function F̃3(z) defined by

F̃3(z) = F3(z) +O(f3(z)) = f(z)
[
1− f ′′(z)f(z)

2f ′(z)2
+O(f2(z))

]
,

will be of order 3. So, as we observed in Example 5.4, for any functions h(z) such
that

h(z) = 1− z +O(z2),

if we use

L(z) =
f ′′(z)f(z)

2f ′(z)2

to define

g̃2(z) = h(L(z)) = g2(z) +O(f2(z)),

this leads to

F̃3(z) = f(z)g̃2(z) = f(z)g2(z) +O(f3(z)) = F3(z) +O(f3(z)),

for which Newton’s is of order 3. There are several such functions h(z) like :
1 − arctan(z), 2 − ez, 1 − ln(1 + z), ez − 2 sin(z), 1

1+z , cos(z) − sin(z). This
illustrates the fact that we have quite a variety of functions that will increase the
order of convergence from 2 to 3. If one wanted to be exotic, one could note that
Newton’s method applied to a function such as

F̃3(z) = f(z)
[

cos
(f ′′(z)f(z)

2f ′(z)2

)
− sin

(f ′′(z)f(z)

2f ′(z)2

)]
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would thus be an iterative method of order 3. This provides us also with several

functions that satisfy the pointwise condition g′′2 (α) = − f
′′(α)
f ′(α) g2(α), but not the

differential equation g′′2 (z) = − f
′′(z)
f ′(z) g2(z) as done in [9].

7. Linking Section 5 and Section 6

We had presented two ways of increasing the order of Newton’s method. Firstly,
we observed that by looking at

z − f(z)

f ′(z)
G(z)

we can find a convenient choice of function G(z). Secondly we have considered a
new F (z) and looking at NF (z) instead of Nf (z). In this section we answer the
following questions: How are the functions F (z) and G(z) related? How do we go
from one to the other?

Suppose Nf (z) is an iteration function of order p ≥ 2. Then

Ñf (z) = Nf (z) +Hp(z)

(
f(z)

f ′(z)

)p
is of order p+ 1, where

Hp(α) = −
N

(p)
f (α)

p!
= −(p− 1)

f (p)(α)

p!f ′(α)
.

Looking at

Ñf (z) = z − f(z)

f ′(z)

[
1−Hp(z)

(
f(z)

f ′(z)

)p−1
]
,

let us define

Gp(z) = 1−Hp(z)

(
f(z)

f ′(z)

)p−1

then Gp(α) = 1, G
(j)
p (α) = 0 for j = 1, . . . , p− 2, and

G(p−1)
p (α) = −(p− 1)!Hp(α) = (p− 1)

f (p)(α)

pf ′(α)
.

So if we set

gp(z) =
p−Gp(z)
p− 1

,

then gp(α) = 1, g
(j)
p (α) = 0 for j = 1, . . . , p− 2, and

g(p−1)
p (α) = −G

(p−1)
p (α)

p− 1
= −f

(p)(α)

pf ′(α)
.

It follows from Theorem 6.1 that for Fp+1(z) = f(z)gp(z), NFp+1
(z) will be of order

p+ 1. We can thus conclude the following result.

Theorem 7.1. Suppose Nf (z) is of order p ≥ 2. For any function Gp(z) such that

Ñf (z) = z − f(z)

f ′(z)
Gp(z)
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is an iteration function of order p+ 1, if we set

gp(z) =
p−Gp(z)
p− 1

,

and Fp+1(z) = f(z)gp(z), then NFp+1
(z) is also of order p+ 1.

Remark 7.1. Let us observe that this result does not say that Ñf (z) = NFp+1(z).

Example 7.1. In particular, for the case p = 2, we had obtained that in Example
5.1

G2(z) = 1 +
f ′′(z)

2f ′(z)

(
f(z)

f ′(z)

)
.

This means we can set

g2(z) = 2−G2(z) = 1− f ′′(z)

2f ′(z)

(
f(z)

f ′(z)

)
.

Hence, once we have determined such a function Gp(z) as in Section 6 we can
deduce a corresponding function gp(z) such as in Section 5.

Conversely, suppose that Nf (z) is of order p ≥ 2. Let Fp+1(z) = f(z)gp(z) with
gp(z) such that

gp(α) 6= 0

gp(z) = gp(α) + wgp,p−1(z)(z − α)p−1 with wgp,p−1(α) =
g((p−1)
p (α)

(p−1)! ,

and for which NFp+1(z) is of order p+ 1. We have

NFp+1
(z) = z − Fp+1(z)

F ′p+1(z)

= z − f(z)

f ′(z)

 1

1 +
g′p(z)

gp(z)
f(z)
f ′(z)


= z − f(z)

f ′(z)

[
1−

g′p(z)

gp(z)

f(z)

f ′(z)
+O

((
g′p(z)

gp(z)

f(z)

f ′(z)

)2
)]

= z − f(z)

f ′(z)

[
1−

g′p(z)

gp(z)

f(z)

f ′(z)

]
+O

((
g′p(z)

gp(z)

)2(
f(z)

f ′(z)

)3
)
.

But
g′p(z)

gp(z)
=
wg′p,p−2(z)

gp(z)
(z − α)p−2

and
f(z)

f ′(z)
=
wf,1(z)

f ′(z)
(z − α),

so

O

((
g′p(z)

gp(z)

)2(
f(z)

f ′(z)

)3
)

= O
(

(z − α)2(p−2)+3
)

= O
(
(z − α)2p−1

)
.

Observing that 2p− 1 ≥ p+ 1 for p ≥ 2, if we set

Gp(z) = 1−
g′p(z)

gp(z)

f(z)

f ′(z)
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then

ÑFp+1(z) = z − f(z)

f ′(z)
Gp(z)

is also of order p+ 1. This gives us the converse of the previous result.

Theorem 7.2. Let Nf (z) be of order p ≥ 2, and suppose Fp+1(z) = f(z)gp(z) is
such that NFp+1(z) is of order p+ 1. Set

Gp(z) = 1−
g′p(z)

gp(z)

f(z)

f ′(z)
,

then

ÑFp+1
(z) = z − f(z)

f ′(z)
Gp(z)

is also of order p+ 1.

Remark 7.2. Let us observe that this result does not say that ÑFp+1
(z) = NFp+1

(z).

8. Linking Euler-Chebyshev’s and Halley’s works.

We will now link the work of Euler and Chebyshev with that of Halley. In
Theorem 5.10 and Remark 5.8, we have increased the order of the iteration function
Nf (z) of order p by considering, for q = 2,

Ñf (z) = z − f(z)

f ′(z)
− 1

p

f ′′(z)

f ′(z)

(
f(z)

f ′(z)

)2

= z − f(z)

f ′(z)

[
1 +

1

p

f ′′(z)f(z)

(f ′(z)2)

]
,

to come up with an new iteration function Ñf (z) which has one degree of higher
order of convergence than our original Nf (z). For the particular value p = 2 we had
Euler-Chebyshev’s third order method. One could ask the following question: is it

possible to rewrite Ñf (z) as NF (z), Newton’s method for an appropriate function
F (z) = f(z)g(z)?

One thing we can certainly do, is apply Theorem 7.1 directly on the function

Gp(z) = 1 +
1

p

f ′′(z)f(z)

f ′(z)2
.

This will give us a possible solution. More interestingly however, we could ask
ourself the following question instead: what is the function gp(z) to which we could
apply Theorem 7.2 to have this above defined Gp(z). That is, we want gp(z) such
that

Gp(z) = 1−
g′p(z)

gp(z)

f(z)

f ′(z)
.

In other words

1 +
1

p

f ′′(z)

f ′(z)

f(z)

f ′(z)
= 1−

g′p(z)

gp(z)

f(z)

f ′(z)
.

That is
g′(z)

g(z)
= −1

p

f ′′(z)

f ′(z)
.
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Solving this differential equation, we get solution gp(z) = 1/ p
√
f ′(z). Therefore

Fp+1(z) = f(z)/ p
√
f ′(z), which corresponds to Schröder’s process of the second

kind presented in Theorem 6.3, and we have

NF (z) = z − f(z)/f ′(z)

1− f(z)f ′′(z)

p(f ′(z))2

.

For the case p = 2 we recover Halley’s work from Euler-Chebyshev.

Remark 8.1. Other links between the Schröder’s process of the first kind, for which
the Euler-Chebyshev’s method is the term of order three of the basic sequence, and
the Schröder’s process of the second king, for which the Halley’s method is the term
of order three of the basic sequence, are presented in [3].

9. On the Chebyshev-Halley family of order 3.

The Super-Halley family of IFs can be obtained from the preceding results. For
example, if we apply Theorem 5.7 and Remark 5.7 for p = 2, with Nf (z) and

H̃2(z) =
f(z)/f ′(z)

1− λ(z) f(z)f ′′(z)

(f ′(z))2

we obtain

Iλ(z) = Nf (z)− 1

2
N ′f (z)

 f(z)/f ′(z)

1− λ(z) f(z)f ′′(z)

(f ′(z))2


= z − f(z)

f ′(z)
− 1

2

 f(z)/f ′(z)

1− λ(z) f(z)f ′′(z)

(f ′(z))2

 f(z)f ′′(z)

(f ′(z))
2

= z −

1−
(
λ(z)− 1

2

) f(z)f ′′(z)

(f ′(z))2

1− λ(z) f(z)f ′′(z)

(f ′(z))2

 f(z)

f ′(z)
,

since N ′f (z) = f ′′(z)f(z)

(f ′(z))2
, and H̃2(α) = 0 and H̃ ′2(α) = 1.

This family can also be obtained using Theorem 5.8. Indeed, use

H2(z) = −1

2

 f ′′(z)/f ′(z)

1− λ(z) f(z)f ′′(z)

[f ′(z)]2

 ,
which is such that

H2(α) = −1

2

f ′′(α)

f ′(α)
,

then

Iλ(z) = Nf (z) +H2(z)

(
f(z)

f ′(z)

)2

= z − f(z)

f ′(z)
− 1

2

 f ′′(z)/f ′(z)

1− λ(z) f(z)f ′′(z)

[f ′(z)]2

( f(z)

f ′(z)

)2

= z −

1−
(
λ(z)− 1

2

) f(z)f ′′(z)

(f ′(z))2

1− λ(z) f(z)f ′′(z)

(f ′(z))2

 f(z)

f ′(z)
.
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Hence all the IFs of this family are at least of order 3. For λ(z) = 0 it is the
Euler-Chebyshev’s method, for λ(z) = 1/2 it is the Halley’s method, and λ(z) = 1
it is known as the Super-Halley method.

It is straightforward to compute the asymptotic constant and get

K3(α; Iλ) =
1

3!

[
3(1− λ(α))

(
f ′′(α)

f ′(α)

)2

− f ′′′(α)

f ′(α)

]
.

From this expression, the Super-Halley IF is of order at least 4 for the f(z) which
are quadratic polynomials because K3(α; I1) = 0, a result obtained in [12, 13].
Any member of the family can be superior to the others for a specific function
f(z) since the asymptotic constant depends on f(z). So comparisons based on
numerical experiments between members of this family are useless considering the
expressions for their asymptotic constants which depends on the original function
f(z). Examples are given for Chebyshev, Halley, and Super-Halley IFs to illustrate
this fact in [2, 4].

10. Conclusion.

In this paper we presented of thorough analysis of the necessary and sufficient
conditions that will entail for fixed point and Newton’s iterative methods to be
of higher order convergence. We did so by considering two different procedures.
The first one consisted in modifying the fixed point iteration function by adding an
additional term that conveniently enough increased the order of convergence of the
iteration function. The second procedure consisted in modifying our original func-
tion f(z) into a new one F (z) which caused the order of convergence of Newton’s
method to increase. We have also established a link between those two procedures.
Interestingly enough the results presented are obtained using simple Taylor’s ex-
pansions. Finally, as a particular example, we have considered the Super-Halley
family of iteration functions of order 3 for which order of convergence of at least 3
is easy to established from the established preceding results.

One aspect that is not considered here is the basin of attraction of the method.
But these basins of attraction depends also on the function under consideration.
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methods, J. Comput. Appl. Math., (8) (1999) (1755–1762).
[18] E.B. Saff, A.D. Snider, Fundamentals of Complex Analysis, with Applications to Engineering

and Science, 3rd ed., Prentice Hall, New Jersey, (2003)
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