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DQF—- CONTRACTION AND RELATED FIXED POINT RESULTS
IN DQM SPACES WITH APPLICATIONS

ABDULLAH SHOAIB, TAHAIR RASHAM AND AHMED AL-RAWASHDEH

ABSTRACT. In this article, we establish fixed point results for a pair of mul-
tivalued mappings satisfying generalized D@ F-contraction on a sequence in
DQM space. An example and an application to the solution of system of in-
tegral equations have been given. Our theorems improve/extend the results of
Rasham et al. (J. Fixed Point Theory Appl., 20: Article 45, 2018).

1. INTRODUCTION AND PRELIMINARIES

A multivalued mapping B : C — P(C) has a fixed point y € C, if y € By. By
excluding one and a half condition out of three conditions of a metric space, we
obtain dislocated quasi metric space, in short DQM space. Fixed point results in
complete DQM space can be seen in [3, [5, 19, 21 22].

Wardowski [25] generalized many fixed point results in a beautiful way by intro-
ducing F'—contraction (see [1, 8, 1T}, 12, 13} [17]). Rasham et al. [I§] obtained fixed
point theorems for a pair of multivalued F'—contractive mappings, which are exten-
sions of some multivalued fixed point theorems including Wardowski theorem [25].
In this paper, we generalize the results given in [I8]. New results in quasi-partial
metric space and quasi metric space can be obtained as corollaries of our results.
We recall the following concepts which will be helpful to understand the paper.
Definition 1.1. [2I] Let Y be a nonempty set. A mapping dy : Y xY — [0,00)
is called a dislocated quasi metric (or simply dy-metric), if the following conditions
hold for any z,y,z €Y :

(a) If do(z,y) = dg(y,x) =0, then x = y;
(b) dll(xa y) S dq(l', Z) + dq(z,y)
The pair (Y,d,) is called a dislocated quasi metric space (in short DQM space).

It is observed that if d,(x,y) = dq(y, z) holds for all z,y € Y, then DQM space
becomes a dislocated metric space (metric-like space) (Y, d;).
Example 1.2. [2I] Let Y = RT U {0} and dy(x,y) = = + max{z,y} for any
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z,y €Y. Then (Y,d,) is a DQM space.
Definition 1.3. [2I] Let (Y,d,) be a DQM space.

(a) A sequence {y,} in (Y,d,) is called Cauchy if V ¢ > 0, 3 ng € N such that
V' n>m > ng (respectively V. m > n > ng), dg(Ym, yn) < €

(b) A sequence {y,} dislocated quasi-converges (for short d, -converges) to
y €Y, if nlLH;O dq(Yn,y) = nl;n;o dq(y,yn) = 0 or for any € > 0, there exists

ng € N, such that for all n > ng, dy(y,yn) < € and dy(yn,y) < e. In this
case y is called a dg-limit of {y,}.

(c) (Y,dy) is called complete if every Cauchy sequence in Y converges to a point
yeyY.

Definition 1.4. [21] Let (Y, d,) be a DQM space. Let K be a nonempty subset of
Y and let x € Y. An element yo € K is called a best approximation in K if

de(z, K) = dy(x,y0), where dy(z, K) = in}f(dq(z,y)
ye

and dy(K,z) = d4(yo,x), where dy(K,z) = iéllf(dq(y,x).
y

If each x € Y has at least one best approzimation in K, then K is called a prox-
iminal set.

It is clear that if dy(z, K) = dy(K,x) = 0, then z € K. But, if z € K, then
dy(z, K) or dy(K,z) may not equal to zero. We denote P(Y) by the set of all
proximinal subsets of Y.

Definition 1.5. [2I] The function Hg, : P(Y) x P(Y') — Ry, defined by

Hg,(A, B) = max{sup dy(a,B), sup dq(A,b)}
acA beB

is called dislocated quasi Hausdorff metric on P(Y'). Also (P(Y'), Hy,) is known as
dislocated quasi Hausdorff metric space.

Let F denote the set of all functions F : Ry — R such that

(F1) F is strictly increasing, that is for all z,y € Ry such that x <y, F(x) <
F(y);

(F2) for each sequence {a,}52 1 of positive numbers, lim, oo o, = 0 if and only
if limy, 00 Fay,) = —00;

(F3) there exists k € (0,1) such that hm akF( )=0.

Lemma 1.6. [2I] Let (Y,d,) be a DQM space Let (P(Y),Hyg,) be the dislocated
quasi Hausdorff metric space on P(Y'). Then, for all A, B € P(Y') and for each a €
A, there exists by € B, such that Hq, (A, B) > d4(a,bs) and Hg, (B, A) > dy(ba,a),
where dq(a, B) = dq(a,bs) and dy(B,a) = dg(ba,a).

2. MAIN RESULT

Let (Y,d,) be a DQM space, yo € Y and S,T : Y — P(Y) be multifunctions
onY. Let y; € Syp be an element such that dg(yo, Syo) = dq(vo, y1), dg(Svo, yo) =
dg(y1,90). Let yo € Ty be such that dy(y1,Ty1) = dg(y1,92), dg(Ty1,y1) =
dq(y2,y1). Let y3 € Sys be such that dy(y2, Sy2) = dg(y2,y3) and so on. Thus,
we construct a sequence ¥y, of points in Y such that yo,4+1 € Sy2, and yo,42 €
Ty2n+17 with dq(anaSyZn) = dq(anay2n+1)a dq(SyQ’rqun) = dq(y2n+17y2n)7 and

dq(Yont1, TY2n+1) = dg(Y2n+1, Y2n+2)s dg(TY2n41, Y2n+1) = dg(Y2n+2, Y2n+1), where
n = 0,1,2,---. We denote this iterative sequence by {T'S(y,)}. We say that
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{TS(yn)} is a sequence in Y generated by yo. If T'= S, then we say that {S(y,)}
is a sequence in Y generated by yq.
Let us introduce the following definition:

Definition 2.1. Let (Y,d,) be a complete DQM space and S,T : Y — P(Y) be
two multivalued mappings. The pair (S,T) is called a DQF-contraction, if there
evists F' € F and 1,a > 0 such that for every two consecutive points x,y belonging
to the range of an iterative sequence {T'S(y,)} with max{D,(x,y), Dy(y,x)} > 0,
we have

7+ max{F(Hg,(Sx,Ty)), F(Ha, (T, Sy))} < min{F(Dy(z,y)), F(Dy(y,x))}
where,

dy (z, Sz) .dq (y, Ty)
a+ max{dy (z,y) ,dq (y, )}’

Dy(z,y) = max{dq(m,y), ,dg(z, Sz), dg(y, Ty) }
(

2.2)
We now prove the following main result:

Theorem 2.2. Let (Y,d,) be a complete DQM space and (S,T) be a DQF-

contraction. Then {T'S(yn)} — u € Y. Also, if inequality (2.1) holds for each x,y

€ {u}, then S and T have a common fized point w in 'Y and d4(u,u) = 0.

Proof. Let {T'S(y,)} be the iterative sequence in Y generated by a point yo € Y. If
max{Dg(Y2n, Y2n+1), Dq(Y2n+1,y2n)} = 0, for some n € N, then Dg(y2n, y2n+1) =0
and Dy (Y2n+1,Y2n) = 0. If Dy(Y2n, y2n+1) = 0, then

dq(Y2n,Y2nt1)-dg(Y2nt1,Y2nt2)
— O7
d (y2my2n+1) d (y2n+1,y2n+2)

max{ d (yQ"’y2”+1)’ a+max{d (yzmy2n+1) dq(Y2n+1,Y2n)}’

So dy(Yan, Yan+1) = dg(Y2n+1,Y2n+2) = 0. Also Dy(y2ni1, y2n) = 0 implies dg(Y2nt1, y2n) =
dq(Y2n+2,Y2n+1) = 0. Hence yo2, = Yont1 = Yon42 is & common fixed point of
(S,T), so the argument is satisfied. In order to find common fixed point of both
S and T, when max{D,(x,y), Dy(y,x)} > 0 for all z,y € {T'S(y,)} with = # y.
Then, we have yop+1 € Syzp and Yop12 € TY2pi1, Where p = 0,1,2,.... Also

dq(Y2p, SYy2p) = dq(Yop, Y2p+1)s dq(Y2pr1, TY2p41) = dq(Y2ps1,Y2pt2). By Lemma
1.6, we have

dg(Y2ps Yop+1) < Ha, (TY2p-1, Sy2p), dg(Y2p+1,y2p) < Ha, (Sy2p, Ty2p-1), (2.3)

and

dg(Yap+1,Y2pr2) < Ha, (Sy2p, Ty2pr1)s dg(Yopr2s y2pr1) < Ha, (Ty2p+1, Sy2p)-
(2.4)
Then from (2.4), we get

(Hd (Sy2p, Ty2p+1))
max{F(Ha,(Syop, Ty2p11)), F(Ha,(Ty2p, SY2p+1)) }
min{ F'(Dy(y2p, yop+1)), F(Dg(y2p+1,Y2p))} — 7
F(Dq(y2p7y2p+1)) - T

F(dq(y2p+1a y2p+2))

VAN VAN VAN VA
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for all p € NU {0}, where

dy(yap, y ) dq(y2p,SY2p)-dq (Y2p+1,TY2p+1)
Dq (ygp, y2p+1) = max a\J2p> J2p+1)> a+max{dq(y2p,Y2p+1):dq(Y2p+1,y2p) }’
dg (y2p7 S?ﬂp)a dq(y2p+17 Ty2p+1)

dq(Y2p,Y2p+1)-dq(Y2p+1.Y2p+2)
d q )i P q P P
= max { q(y2pa y2p+1)7 a+max{dq(y2p,Y2p+1),dq(Y2p+1,y2p)}’

dg (92;07 Y2p+1 ) dg (3/217-':-1 ) 92p+2)

IN

max{dy(yop, Y2p+1), dg(Y2p+1, Y2p+2) }-
If, max{dq(yQpa y2p+1)a dq(y2p+17 y2p+2)} = dq(y2p+17 y2p+2)7 then
F(dq(y2p+1>92p+2)) < F(dq(y2p+1>92p+2)) -7
which is a contradiction due to (F1). Therefore,
F(dq(y2p+1,Y2p+2)) < F(dg(y2p, Y2p41)) — 7, (2.5)
and this implies
F(dg(y2p+1, Y2p+2)) < maX{F(dq(y2p7y2p+1))vF(dq(y2p+1792p))} -7 (2.6)

Again using (2.3), we have

F(dy(y2p; yop+1)) < F(Ha,(Ty2p-1,5Y2p))
< max{F(Ha,(SYy2p—1,TY2p)), F(Ha,(TY2p-1, Sy2p)) }
< min{F(Dg(y2p-1,Y2p)), F(Dg(y2p, y2p-1))} — 7
< F(Dg(y2p y2p-1)) — 7.
Now,
Dy (y2p, Yop—1) = max{ dq(Y2ps Y2p—1); a+iq;)?(!{zs;i?ﬁ:’)y-gj571/2);7;;71(15;?:7/2_?1—7;2p)}7 }
dq(Y2p, SY2p): dg(Y2p—1, Ty2p—1)

dq(Y2p,Y2p+1)-dq(Y2p—1,Y2p)
= max { dq(yQpa y2p—l), a+max{dq(y2p792p—l)vdq (y2p—17y211)}’

dq (y2177 y2p+1)7 dQ(yQP—la yQP)
S max{dq (yva y2p7 1 ) ) dq (y2p71 ) y2p) ) dq (y2pa y2p+1 ) } .

If ma’X{dq(y2p7y2p—l)adq(y2p—1ay2p)7dq(y2p7y2p+l)} = dl](y2p7y2p+1)7 then we ob-
tain

F(dq(yQp»y2p+1)) < F(dq(92p7y2p+1)) -7,
which is a contradiction due to (F1). Therefore,
F(dg(y2p, Y2p+1)) < F{max(dq(ygp,l,ygp), dq(?ﬂpv?ﬂpfl))} - T (2.7)

By using (2.7) in (2.5), we get

F(dg(y2pt1, yopr2)) < max{F(dg(y2p—1,y2p)), F(dg(y2p, yop—1))} —27.  (2.8)
Now, from (2.4) and (F1), we have
max{F(dg(Y2p—1, Y2p), F'dg(y2p, y2p-1))}
max{F(Haq,(Sy2p—2, Ty2p-1)), F(Ha,(Ty2p-1, Sy2p—2))}
min{F(Dq(y2p—2,Y2p—1)): F(Dq(y2p—1, Y2p-2))} — 7
F(Dq(y2p—2,Y2p-1)) — T

VAN VAN VANVAN
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Now,
dq(y2p—2,Sy2p—2)-dg(Y2p—1,Ty2p—1)
D, (y2p—2,Y2p—1) = max dq(y2p-2, Y2p-1), aFmax{dy(Yap2.92p 1)l (B2p_1,Y2m- )}’
q 4 ’ P
dq(y2p727 Sy2p72)7 dq (y2p717 Typrl)

dq(Y2p—2,Yy2p—1)-dg(Y2p—1,Y2p)

= max dq (y2p727 y2p71); a+max{dq(y2p—2,Y2p—1),dq(Y2p—1,Y2p—2)}’
dq (yQp—Qa y?p—l)a dq(yZp—la Z/zp)

< max{dq (92p—2 » Y2p—1 )s dg (y2;v—1 ) y2p)}-

Now, max{dq(y2p—2, Y2p—1); dg(Y2p—1, Y2p)} = dq(y2p—1,Y2p) gives a contradiction.

So, we have

max{F(dq(y2p—1,Y2p), F(dg(y2p; y2p-1))} < F(dg(y2p—2,y2p-1)) — T

Using the above inequality in (2.8), we get

F(dq(y2pt1, Y2p+2)) < max{F(dg(y2p—2, y2p—1)), F(dg(y2p—1,y2p—2))} — 37.
Observing (2.6), (2.8), the above inequality and continuing in this way, we have

F(dg(y2pr1, yapr2)) < max{F(dy(yo,y1)), F(dg(y1,90))} — (2p + 1)7,

for all p € NU {0}. Similarly, we have

F(dq(y2p, y2p+1)) < max{F(dq(yo, y1)), F(dq(y1,90))} — (20)7
Combining (2.9) and (2.10), we get

F(dy(Yps yp+1)) < max{F(dy(yo,y1)), F'(dg(y1,%0))} — pT-

Similarly, we get

F(dg(yp+1,9p)) < max{F(dy(yo, y1)), F(dq(y1,0))} = pT-

On taking limit p — oo, both sides of (2.11) and (2.12) , we have
p1i~>Holo F(dg(Yps Yp+1)) = pILH;oF(dq(yp+layp)) = —00.
Since F' € F, so inequality (2.13) implies
plggo dq(Yp, Yp+1) = pli_g)lo dq(Yp+1,Yp) = 0.
By (F3) there exists k € (0, 1), such that
ph_{lgo(dq(ypvprrl))k(F(dq(ypvprrl)) =0

By using inequality (2.11), for all p € N, we obtain

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(dq(yp7yp+1))k[F(dq(ypvyp+1) _maX{F(dq(ymyl))aF(dq(ylayO))}]

< *(dq(ypvyp+1))kp7' <0.

By using (2.14), (2.15) and letting p — oo in the above inequality, we get

lim (p(dq(ypaprrl))k) =0.
p—00

Same result can be obtain by using (2.12),

(2.16)

(dq(yp-i-l,yp))k[F(dq(yp-‘rlvyp) — max{F(dq(yo,y1)), F(dg(y1,v0))}]

< _(dq(yp+1vyp))kp7' <0.
By using (2.14), (2.15) and letting p — oo, we have

Jimn (p(dy (91, )") = 0.

(2.17)

}
}
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As (2.16) holds, there exists p; € N, such that p(d,(yp, yp+1))* < 1, for all p > py
or,

|-

dg(Yp, Yp+1) < —, for all p > py. (2.18)

=
=

Similarly, by using (2.17), there exists ps € N, such that p(d,(yp+1,p))* < 1, for
all p > po, we get

dq(Yp+1,Yp) < , for all p > po. (2.19)

b
== =

Using (2.18), we get form m > p > p1,
dtJ(ypvyM) < dq(yp7yp+1) + dq<yp+17yp+2> + -+ dq(qu, ym)

m—1 o] 00 1
Z dq(Yrs yrt1) < qu(yr,errl) < Z -
r=p T=p T=p T

The convergence of the series Zfip - entails limy, ;00 dg(Yp, Y ) = 0. Similarly,
rk

by using the inequality (2.19) we get, limy, p—voo dg(Ym, Yp) = 0. Hence, {T'S(yn)}
is a Cauchy sequence in (Y,d,). Since (Y, d,) is a complete DQM space, so there
exists u € Y such that {T'S(y,)} — u that is

Jim dg(Yn,u) = Jim. dg(u,yn) = 0. (2.20)
Now, by Lemma 1.6, we have
T+ F(dg(y2ny1, Tu)) < 7+ max{F(Hg, (Syon, Tu)), F(Ha, (Ty2n, Su))}. (2.21)
Let max{Dg(yan,u), Dg(u,y2n)} > 0. If
max{Dq(yzn, ), Dg(u,y2n)} = Dq(y2n, u) >0,

where

dq(Y2n,SY2n).-dq(u,Tu)
dq (y2’ﬂ7 San)7 dq (U, TU)

Dq(any U) = maXx { dq (y2n’ U), at+max{dg(y2n,u),dq(u,y2n)}’

dq(Y2n,Y2n+1)-dq(u,Tu)
dg(Yon, Yan+1), dg(u, Tu)

= max{ dg(yzn, u), a+max{dg(y2n,u),dq (w,y2,)}
Taking limit n — oo, and by using (2.20), we get
lim Dg(yon, u) = dg(u, Tu) > 0. (2.22)
n—oo
Using inequality (2.1) in inequality (2.21)
T+ F(dg(y2n+1, Tw)) < min{F(Dq(yan, u)), F(Dg(u, y2n))}

T+ F(dg(y2nt1, Tu)) < F(Dg(yan, ). (2.23)
Since F' is strictly increasing, we have

dq(an—Ha Tu) < Dq(y2na u)-
Taking lim on both sides, we get
n— oo
nlirréodq(ygn+1,Tu) < nILI{.lqu(meU) (2.24)
Using inequalities (2.20) and (2.22) in (2.24), we get
dq(u, Tu) < dg(u, Tu),
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which is a contradiction, so Dy(y2n, %) = 0. So d4(u, Tw) = 0. Similarly, if
max{Dq(yzn, ), Dg(u,y2n)} = Dq(u, y2n) > 0,
then
nler;ODq(u, Yon) = dg(u, Tu) >0
Now, inequality (2.23) implies
7+ F(dq(y2n+1,Tu)) < F(Dg(u, y2n))-

Which again gives a contradiction, so Dg(u,y2y,). Therefore d,(u, Tu) = 0. Now,
inequality (2.23) implies

T+ dg(Tu, y2ni1)) < 7+ F(Ha, (Tu, Sy2n)),

by using the similar arguments as above, we obtain d,(T'u,u) = 0. Hence u € Tu.
Similarly by using (2.20), Lemma 1.6 and the inequality

T4 dg(Su, Yant2) < 7+ F(Hd (Su, Tyan+1)),

we can show that dy(Su,u) = 0. Similarly, dq(u, Su) = 0. Hence, the pair (S,T)
has a common fixed point v in (Y, d,). Now,

dg(u,u) < dg(u, Tu) + dg(Tu,u) <0.

This implies that dg(u,u) = 0. Hence the proof is completed.
(]

Now, let us introduce the following example:
Example 2.3. Let Y = {0} UQ" and d,(z,y) =+ 2y. Then (Y,d,) is a DQM
space. Define the mappings S, T :Y — P(Y) as follows:

S(y) = [59:3y]NQ*, forally € {0,7, 5, 75, 55, }
Y ly,y +5]NQT, otherwise.

T(y) = [ty,2y] NQ*, forally € {0,7, 2, &, &,--- 1},
4 [y+2,y+6NQT, otherwise.

Define the function F : RT — R by F(z) =1In(z) forallz € RT. Asx,y €Y, 7=

In(1.2) and by taking yo = 7, we define the sequence {T'S(yn)} = {7, ;, 175, 475, iy
in'Y generated by yo = 7. Also, {T'S(y»)} — 0. Now, if x,y € {TS(y,)} U{0}, we
have four cases to discuss.

Case 1: If, T+max{F(Hy, (Sz,Ty)), F(Hq,(Txz,Sy))} = 7+ F(Hg,(Sz,Ty)), then

Ha, (52,T9) €s beT
a€ESx y

y 2y T 2z
s (“’ {2’ 5]>’f§qpydqq8’ 3}1’)}

ax{ sup dq(a,Ty), sup dq(S:r,b)}

max

I
=
©
"
— N
_QQ.
7N
)
w|
(SRS
Wy
I8
=)
7N
w8
DN
SIS
~_
—
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Also

(e [5, 3] gl [£,2])
Daley) = {dq< T (g (e, ) dy )

o[22 [, 2])
= max {dq(l" g nilsgdj ()erz(ydq () z)}’

@ y
o, 5). day, £ }
Txy Sx Ty
— 2y, ——— LY = 2y.
max{x+ Y30tz r2y) 30 5} Tty

Now if max{%m—i—%y,%—i—%y} 3+4y then we have
10x 4+ 24y < 25z + 50y
Szt o) < r+2y
In(1.2) + 1n(§ +—=) < In(z+ 2y).
Which implies that,
T+ F(Hq,(S2,Ty) < F(Dy(,y)).
Similarly, if max{%x + %y, 3+ %y} = 27”'” + %y, then we have

20+ 12y < 25z + 50y

6 2x 2y

(=42 < 2

53 T5) S ot

2 2
In(1.2) + In (335 5y) < In(z+2y).
Hence,
T+F(qu(S.’L',Ty) S F(Dq(xay))

Case 2: Now,

o = maedd (.o, Q0[5 F]Dduly. [£3)
Dy(y,z) = {dq(yv )s 1—|—max{dq(x7y)’dq(y,x)}»

i s o 12))

dy(z, %2).dy(y, 2) x
= d AETA fLAN d,(z,=
max{ Q(y7x)7 1+max{dq(m,y),dq(y,l‘)}’ Q(I73
Try 5t Ty
e 2 5 0 = = 2 .
max{y+ x’3(1+y+2x)’3’5} y+e

Similar as in Case 1, we have

T+ F(Ha,(Sz,Ty) < F(Dq(y, z)).

39
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Case 3: If max{r + F(Hg, (Sxz,Ty)), 7+ F(Hy, (Tx,Sy))} =7+ F(Hq,(Tx,Sy)),
then

Hy, (Txz,Sy) = maxq sup dy(Sy,b), sup dq(a,Tx)}

beTx a€Sy

{
Lo ([55]0) s e (o [5:5])}
m“FK%x)’<??ﬂ

max {3+ 2,4+ )

max

3
—i— , then we have
10y +24x < 25y + 50z

6 .y 4dx
2Y LA < 2
sGt5) = yr
4
ln(1.2)+ln(%+%) < In(y + 22),

s0,
7+ F(Ha,(Tz,Sy) < F(Dy(y,2)).
Similarly, if max{%y + 2z 4+ %} = %y + %x, then we have

20y + 24z < 25z + 50y

6,2y 2z

22y < 2

5(3 5) S vt
In(1. 2)+ln(3 +g) < In(y + 22).

Hence,
T+ F(Hg,(Tx, Sy) < F(Dqg(y, ).
Case 4: In a similar way we can prove
T+ F(qu (Tz,Sy) < F(Dy(z,y)).
Combining all four cases, we have
7+ max{F(Hq,(Sz,Ty)), F(Hq,(Tz,Sy))} < min{F(Dy(z,y)), F(Dy(y, )}

Now, if z,y & {T'S(yn)}, then the contraction does not hold. Hence all the hypoth-
esis of Theorem 2.2 are satisfied, so S and T have a common fixed point.

If we take S =T in Theorem 2.2, then we obtain the following theorem.
Theorem 2.4. Let (Y,d;) be a complete DQM space and S :' Y — P(Y) be a
multivalued mapping such that for every two consecutive points x,y belonging to
the range of an iterative sequence {S(y,)} with Dy(z,y) >0, F € F, 1,a >0

T+ F(Hq,(Sz,5y)) < F(Dq(x,y)), (2.25)
where

D,(z,y) = max {dq(x, Y), dq (2 iqu?;(g)’ 59) dg(z, Sx),dg(y, Sy)} )

Then {S(yn)} — u € Y. Moreover, if (2.25) also holds for u, then S has a fized
point w in Y and dg(u,u) =0.
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Remark. By setting the following different values of Dy(z,y) in equation (2.2),
we can obtain different results on multivalued F—contractions as corollaries of
Theorem 2.2:

(1) Dq(xvy) = dq(iL’,y)
_ dq (z, Sz) .dg (y, Ty)
B Pae9) = a{d, () (v 21}
(3) Dq(x,y) = dq(x,sx)
(4) Do(z,y) = dq(y, Ty)
_ dq (z,5) .dq (y,Ty)
O Do) = max o) e et
(6) Dy(z,y) = max{dy(z,y),dy(z,Sz)}
(7) Dy(z,y) = max{d,(z, 3/) de(y, Ty)}
_ dq (z, Sx) .dg (y,Ty)
(8) Dy(z,y) = max { T max{d @9), dy (0, 2]} dq(z, Sx)}
(9) Dy(z,y) = max { e m;i{dsqx) - q (i‘/gqu(Z? 7 dy(y, Ty)}
(10) Dy(z,y) = max{dq(z,Sz),de(y, Ty)}
(11) Dy(x,y) = max {dq(a@y), - —i—(rlr(ia(i{dsf()xfi;)(ﬁlzﬂ(z), x)},dq(x, Sx)}

(12) Dyfos) = max{dy(o), 52T gy}

(13) Dq(x,y) max{dq(x,y),dq(x,Sx),dq(y,Ty)}.

Remark. We can obtain the complete metric, partial metric and quasi partial
metric version of all theorems and corollaries, which are still not present in the
literature.

3. SINGLE VALUED RESULT WITH APPLICATION TO SYSTEM OF INTEGRAL
EQUATIONS

Let S,T :Y — Y be two self mappings and z¢g € Y. Let x1 = Szq, z2 = Txq,
x3 = Sxo and so on. In this way, we construct a sequence z,, in X such that

Topy1 = Swop and xopro = Txopt1, (where p=10,1,2,...).

We say that {T'S(x,)} is a sequence in Y generated by xo.

Definition 3.1. Let (Y,d,) be a complete DQM space and S, T :Y —Y be two
self mappings. The pair (S,T) is called a F DQ—contraction, if there exists F € F
and 1,a > 0 such that for every two consecutive points x,y belonging to the range
of an iterative sequence {T'S(y,)} with max{Dgy(x,y), Dy(y,z)} > 0, we have

7+ max{F(dy(Sz, Ty)), F(dg(Tz, Sy))} < min{F(Dq(z,y)), F(Dy(y,x))} (3.1)

where
dy (z,S8z) .d, (y, T
Dq(x,y) :HlaX{dq(x,y)7 ‘1( ) q(y Y)

14+ max{dy (z,y),dq (y,2)}

(. Sa:),dq(y,Ty)} .
(3.2)
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Then we deduce the following main result.
Theorem 3.2. Let (Y, d,) be a complete DQM space and (S,T') be a F'DQ— contraction.
Then {T'S(z,)} — u € X. Also, if u satisfies (3.1), then S and T have a common
fized point w in X and dy(u,u) = 0.

Now, as an application, we discuss the application of Theorem 3.2 to find solution
of the system of Volterra type integral equations. Consider the following integral
equations:

u(t) = | Ki(t,s,u(s))ds, (3.3)
/

t

v(t) = /Kg(t7 s,v(s))ds (3.4)

0
for all t € [0, 1]. We find the solution of (3.3) and (3.4). Let X = C([0, 1], R;) be the
set of all continuous functions on [0, 1], endowed with the complete dislocated quasi
metric. For u € C([0,1],R;), define supremum norm as: |jul, = st:)pl]{u(t)e’”},

where 7 > 0 is taken arbitrary. Then define

dr(u,v) = sup {(u(t) +20(6)e ™} = lu+ 20,
te0,1]
for all u,v € C([0,1],R4), with these settings, (C([0,1],R,),d,) becomes a DQM
space.

Now we prove the following theorem to ensure the existence of solution of integral
equations.
Theorem 3.3. Assume the following conditions are satisfied:

(i) K1, K5 :[0,1] x [0,1] x Ry — Ry;

(ii) Define
Su(t) = K (t,s,u(s))ds,
/
To(t) = /Kg(t,s,v(s))ds.
0

Suppose there exist 7 > 1, such that

max{ Ky (t,s,u)+2Ks(t, s,v), Ka(t, s,v)+2K1(t,s,u)} < 7e”" min{M (u,v), M (v,u)}
(3.5)
for all t,s € [0,1] and u,v € C([0,1],R), where

w(t)+2Su(t))(v(t)+2Tv(t
u(t) + 2v(t), a-}(-nsa)x{u(t)5—)2)1;((26(),2)(26)—}-22()25))}’

M (u,v) = max
u(t) + 2Su(t), v(t) + 2Tv(t)

Then integral equations (3.3) and (3.4) have a solution.
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Proof. By assumption (ii)

t
max{Su + 2Tv, Tu + 2Sv} = max{/(Kl(t, s,u) + 2K5(t, s,v))ds,
0

/ (Ka(t, 5,v) + 2K1 (¢, 5, u))ds}
0

IN

e~ " min{M (u,v), M (v, u)}ds

(=)

/ Te~ " [min{M (u, v), M (v,u)}e~"°le"ds

IN

(=)

t
max{Su + 2Tv, Tu + 25v} < /Te_TH min{M (u,v), M (v,u)}||-e"*ds
0

¢
< Te_THmin{M(u,v),M(v,u)}HT/e”ds
0
1
S Te—TH min{M(uav)a M(U7 u)}”TieTt
-
< e T||min{M (u,v), M (v,u)}| e

This implies
max{Su + 2Tv, Tu + 2Sv}e™ ™ < e 7| min{M (u,v), M (v, u)}|
That is
[l max{Su + 2Tv, Tu + 25v}|; < e 7| min{M (u,v), M(v,uw)}|,
which further implies
7+ In || max{Su + 2Tv, Tu + 2Sv}||; < In | min{M (u,v), M (v,u)}|-.

So all the conditions of Theorem 3.2 are satisfied. Hence, S and T" have a common
fixed point and integral equations given in (3.3)and (3.4) have a common solution.
O

Remark. By setting different values of M (u,v) in equation (3.5), we can ob-
tain different weak contractive inequalities and results as corollaries of Theorem 3.3.
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