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DQF− CONTRACTION AND RELATED FIXED POINT RESULTS

IN DQM SPACES WITH APPLICATIONS

ABDULLAH SHOAIB, TAHAIR RASHAM AND AHMED AL-RAWASHDEH

Abstract. In this article, we establish fixed point results for a pair of mul-
tivalued mappings satisfying generalized DQF -contraction on a sequence in

DQM space. An example and an application to the solution of system of in-

tegral equations have been given. Our theorems improve/extend the results of
Rasham et al. (J. Fixed Point Theory Appl., 20: Article 45, 2018).

1. Introduction and Preliminaries

A multivalued mapping B : C −→ P (C) has a fixed point y ∈ C, if y ∈ By. By
excluding one and a half condition out of three conditions of a metric space, we
obtain dislocated quasi metric space, in short DQM space. Fixed point results in
complete DQM space can be seen in [3, 5, 19, 21, 22].

Wardowski [25] generalized many fixed point results in a beautiful way by intro-
ducing F−contraction (see [1, 8, 11, 12, 13, 17]). Rasham et al. [18] obtained fixed
point theorems for a pair of multivalued F−contractive mappings, which are exten-
sions of some multivalued fixed point theorems including Wardowski theorem [25].
In this paper, we generalize the results given in [18]. New results in quasi-partial
metric space and quasi metric space can be obtained as corollaries of our results.
We recall the following concepts which will be helpful to understand the paper.
Definition 1.1. [21] Let Y be a nonempty set. A mapping dq : Y × Y → [0,∞)
is called a dislocated quasi metric (or simply dq-metric), if the following conditions
hold for any x, y, z ∈ Y :

(a) If dq(x, y) = dq(y, x) = 0, then x = y;

(b) dq(x, y) ≤ dq(x, z) + dq(z, y).

The pair (Y, dq) is called a dislocated quasi metric space (in short DQM space).

It is observed that if dq(x, y) = dq(y, x) holds for all x, y ∈ Y, then DQM space
becomes a dislocated metric space (metric-like space) (Y, dl).
Example 1.2. [21] Let Y = R+ ∪ {0} and dq(x, y) = x + max{x, y} for any
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x, y ∈ Y. Then (Y, dq) is a DQM space.
Definition 1.3. [21] Let (Y, dq) be a DQM space.

(a) A sequence {yn} in (Y, dq) is called Cauchy if ∀ ε > 0, ∃ n0 ∈ N such that
∀ n > m ≥ n0 (respectively ∀ m > n ≥ n0), dq(ym, yn) < ε.

(b) A sequence {yn} dislocated quasi-converges (for short dq -converges) to
y ∈ Y, if lim

n→∞
dq(yn, y) = lim

n→∞
dq(y, yn) = 0 or for any ε > 0, there exists

n0 ∈ N, such that for all n > n0, dq(y, yn) < ε and dq(yn, y) < ε. In this
case y is called a dq-limit of {yn}.

(c) (Y, dq) is called complete if every Cauchy sequence in Y converges to a point
y ∈ Y .

Definition 1.4. [21] Let (Y, dq) be a DQM space. Let K be a nonempty subset of
Y and let x ∈ Y. An element y0 ∈ K is called a best approximation in K if

dq(x,K) = dq(x, y0), where dq(x,K) = inf
y∈K

dq(x, y)

and dq(K,x) = dq(y0, x), where dq(K,x) = inf
y∈K

dq(y, x).

If each x ∈ Y has at least one best approximation in K, then K is called a prox-
iminal set.

It is clear that if dq(x,K) = dq(K,x) = 0, then x ∈ K. But, if x ∈ K, then
dq(x,K) or dq(K,x) may not equal to zero. We denote P (Y ) by the set of all
proximinal subsets of Y.
Definition 1.5. [21] The function Hdq : P (Y )× P (Y )→ R+, defined by

Hdq (A,B) = max{sup
a∈A

dq(a,B), sup
b∈B

dq(A, b)}

is called dislocated quasi Hausdorff metric on P (Y ). Also (P (Y ), Hdq ) is known as
dislocated quasi Hausdorff metric space.

Let F denote the set of all functions F : R+ → R such that
(F1) F is strictly increasing, that is for all x, y ∈ R+ such that x < y, F (x) <

F (y);
(F2) for each sequence {αn}∞n=1 of positive numbers, limn→∞ αn = 0 if and only

if limn→∞ F (αn) = −∞;
(F3) there exists k ∈ (0, 1) such that lim

α→0+
αkF (α) = 0.

Lemma 1.6. [21] Let (Y, dq) be a DQM space. Let (P (Y ), Hdq ) be the dislocated
quasi Hausdorff metric space on P (Y ). Then, for all A,B ∈ P (Y ) and for each a ∈
A, there exists ba ∈ B, such that Hdq (A,B) ≥ dq(a, ba) and Hdq (B,A) ≥ dq(ba, a),
where dq(a,B) = dq(a, ba) and dq(B, a) = dq(ba, a).

2. Main Result

Let (Y, dq) be a DQM space, y0 ∈ Y and S, T : Y → P (Y ) be multifunctions
on Y . Let y1 ∈ Sy0 be an element such that dq(y0, Sy0) = dq(y0, y1), dq(Sy0, y0) =
dq(y1, y0). Let y2 ∈ Ty1 be such that dq(y1, T y1) = dq(y1, y2), dq(Ty1, y1) =
dq(y2, y1). Let y3 ∈ Sy2 be such that dq(y2, Sy2) = dq(y2, y3) and so on. Thus,
we construct a sequence yn of points in Y such that y2n+1 ∈ Sy2n and y2n+2 ∈
Ty2n+1, with dq(y2n, Sy2n) = dq(y2n, y2n+1), dq(Sy2n, y2n) = dq(y2n+1, y2n), and
dq(y2n+1, T y2n+1) = dq(y2n+1, y2n+2), dq(Ty2n+1, y2n+1) = dq(y2n+2, y2n+1), where
n = 0, 1, 2, · · · . We denote this iterative sequence by {TS(yn)}. We say that
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{TS(yn)} is a sequence in Y generated by y0. If T = S, then we say that {S(yn)}
is a sequence in Y generated by y0.

Let us introduce the following definition:
Definition 2.1. Let (Y, dq) be a complete DQM space and S, T : Y → P (Y ) be
two multivalued mappings. The pair (S, T ) is called a DQF -contraction, if there
exists F ∈ F and τ, a > 0 such that for every two consecutive points x, y belonging
to the range of an iterative sequence {TS(yn)} with max{Dq(x, y), Dq(y, x)} > 0,
we have

τ + max{F (Hdq (Sx, Ty)), F (Hdq (Tx, Sy))} ≤ min{F (Dq(x, y)), F (Dq(y, x))}
(2.1)

where,

Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Ty)

a+ max{dq (x, y) , dq (y, x)}
, dq(x, Sx), dq(y, Ty)

}
,

(2.2)
We now prove the following main result:

Theorem 2.2. Let (Y, dq) be a complete DQM space and (S, T ) be a DQF -
contraction. Then {TS(yn)} → u ∈ Y. Also, if inequality (2.1) holds for each x, y
∈ {u}, then S and T have a common fixed point u in Y and dq(u, u) = 0.

Proof. Let {TS(yn)} be the iterative sequence in Y generated by a point y0 ∈ Y . If
max{Dq(y2n, y2n+1), Dq(y2n+1, y2n)} = 0, for some n ∈ N, then Dq(y2n, y2n+1) = 0
and Dq(y2n+1, y2n) = 0. If Dq(y2n, y2n+1) = 0, then

max

{
dq(y2n, y2n+1),

dq(y2n,y2n+1).dq(y2n+1,y2n+2)
a+max{dq(y2n,y2n+1),dq(y2n+1,y2n)} ,

dq(y2n, y2n+1), dq(y2n+1, y2n+2)

}
= 0,

So dq(y2n, y2n+1) = dq(y2n+1, y2n+2) = 0.AlsoDq(y2n+1, y2n) = 0 implies dq(y2n+1, y2n) =
dq(y2n+2, y2n+1) = 0. Hence y2n = y2n+1 = y2n+2 is a common fixed point of
(S, T ) , so the argument is satisfied. In order to find common fixed point of both
S and T , when max{Dq(x, y), Dq(y, x)} > 0 for all x, y ∈ {TS(yn)} with x 6= y.
Then, we have y2p+1 ∈ Sy2p and y2p+2 ∈ Ty2p+1, where p = 0, 1, 2, .... Also
dq(y2p, Sy2p) = dq(y2p, y2p+1), dq(y2p+1, Ty2p+1) = dq(y2p+1, y2p+2). By Lemma
1.6, we have

dq(y2p, y2p+1) ≤ Hdq (Ty2p−1, Sy2p), dq(y2p+1, y2p) ≤ Hdq (Sy2p, Ty2p−1), (2.3)

and

dq(y2p+1, y2p+2) ≤ Hdq (Sy2p, Ty2p+1), dq(y2p+2, y2p+1) ≤ Hdq (Ty2p+1, Sy2p).
(2.4)

Then from (2.4), we get

F (dq(y2p+1, y2p+2)) ≤ F (Hdq (Sy2p, Ty2p+1))

≤ max{F (Hdq (Sy2p, T y2p+1)), F (Hdq (Ty2p, Sy2p+1))}
≤ min{F (Dq(y2p, y2p+1)), F (Dq(y2p+1, y2p))} − τ
≤ F (Dq(y2p, y2p+1))− τ,
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for all p ∈ N ∪ {0}, where

Dq(y2p, y2p+1) = max

{
dq(y2p, y2p+1),

dq(y2p,Sy2p).dq(y2p+1,Ty2p+1)
a+max{dq(y2p,y2p+1),dq(y2p+1,y2p)} ,

dq(y2p, Sy2p), dq(y2p+1, Ty2p+1)

}

= max

{
dq(y2p, y2p+1),

dq(y2p,y2p+1).dq(y2p+1,y2p+2)
a+max{dq(y2p,y2p+1),dq(y2p+1,y2p)} ,

dq(y2p, y2p+1), dq(y2p+1, y2p+2)

}
≤ max{dq(y2p, y2p+1), dq(y2p+1, y2p+2)}.

If, max{dq(y2p, y2p+1), dq(y2p+1, y2p+2)} = dq(y2p+1, y2p+2), then

F (dq(y2p+1, y2p+2)) ≤ F (dq(y2p+1, y2p+2))− τ,

which is a contradiction due to (F1). Therefore,

F (dq(y2p+1, y2p+2)) ≤ F (dq(y2p, y2p+1))− τ, (2.5)

and this implies

F (dq(y2p+1, y2p+2)) ≤ max{F (dq(y2p, y2p+1)), F (dq(y2p+1, y2p))} − τ (2.6)

Again using (2.3), we have

F (dq(y2p, y2p+1)) ≤ F (Hdq (Ty2p−1, Sy2p))

≤ max{F (Hdq (Sy2p−1, Ty2p)), F (Hdq (Ty2p−1, Sy2p))}
≤ min{F (Dq(y2p−1, y2p)), F (Dq(y2p, y2p−1))} − τ
≤ F (Dq(y2p, y2p−1))− τ.

Now,

Dq(y2p, y2p−1) = max

{
dq(y2p, y2p−1),

dq(y2p,Sy2p).dq(y2p−1,Ty2p−1)
a+max{dq(y2p,y2p−1),dq(y2p−1,y2p)} ,

dq(y2p, Sy2p), dq(y2p−1, T y2p−1)

}

= max

{
dq(y2p, y2p−1),

dq(y2p,y2p+1).dq(y2p−1,y2p)
a+max{dq(y2p,y2p−1),dq(y2p−1,y2p)} ,

dq(y2p, y2p+1), dq(y2p−1, y2p)

}
≤ max{dq(y2p, y2p−1), dq(y2p−1, y2p), dq(y2p, y2p+1)}.

If max{dq(y2p, y2p−1), dq(y2p−1, y2p), dq(y2p, y2p+1)} = dq(y2p, y2p+1), then we ob-
tain

F (dq(y2p, y2p+1)) ≤ F (dq(y2p, y2p+1))− τ,
which is a contradiction due to (F1). Therefore,

F (dq(y2p, y2p+1)) ≤ F{max(dq(y2p−1, y2p), dq(y2p, y2p−1))} − τ. (2.7)

By using (2.7) in (2.5), we get

F (dq(y2p+1, y2p+2)) ≤ max{F (dq(y2p−1, y2p)), F (dq(y2p, y2p−1))} − 2τ. (2.8)

Now, from (2.4) and (F1), we have

≤ max{F (dq(y2p−1, y2p), Fdq(y2p, y2p−1))}
≤ max{F (Hdq (Sy2p−2, T y2p−1)), F (Hdq (Ty2p−1, Sy2p−2))}
≤ min{F (Dq(y2p−2, y2p−1)), F (Dq(y2p−1, y2p−2))} − τ
≤ F (Dq(y2p−2, y2p−1))− τ.
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Now,

Dq(y2p−2, y2p−1) = max

{
dq(y2p−2, y2p−1),

dq(y2p−2,Sy2p−2).dq(y2p−1,Ty2p−1)
a+max{dq(y2p−2,y2p−1),dq(y2p−1,y2p−2)} ,

dq(y2p−2, Sy2p−2), dq(y2p−1, T y2p−1)

}

= max

{
dq(y2p−2, y2p−1),

dq(y2p−2,y2p−1).dq(y2p−1,y2p)
a+max{dq(y2p−2,y2p−1),dq(y2p−1,y2p−2)} ,

dq(y2p−2, y2p−1), dq(y2p−1, y2p)

}
≤ max{dq(y2p−2, y2p−1), dq(y2p−1, y2p)}.

Now, max{dq(y2p−2, y2p−1), dq(y2p−1, y2p)} = dq(y2p−1, y2p) gives a contradiction.
So, we have

max{F (dq(y2p−1, y2p), F (dq(y2p, y2p−1))} ≤ F (dq(y2p−2, y2p−1))− τ.
Using the above inequality in (2.8), we get

F (dq(y2p+1, y2p+2)) ≤ max{F (dq(y2p−2, y2p−1)), F (dq(y2p−1, y2p−2))} − 3τ.

Observing (2.6), (2.8), the above inequality and continuing in this way, we have

F (dq(y2p+1, y2p+2)) ≤ max{F (dq(y0, y1)), F (dq(y1, y0))} − (2p+ 1)τ, (2.9)

for all p ∈ N ∪ {0}. Similarly, we have

F (dq(y2p, y2p+1)) ≤ max{F (dq(y0, y1)), F (dq(y1, y0))} − (2p)τ (2.10)

Combining (2.9) and (2.10), we get

F (dq(yp, yp+1)) ≤ max{F (dq(y0, y1)), F (dq(y1, y0))} − pτ. (2.11)

Similarly, we get

F (dq(yp+1, yp)) ≤ max{F (dq(y0, y1)), F (dq(y1, y0))} − pτ. (2.12)

On taking limit p→∞, both sides of (2.11) and (2.12) , we have

lim
p→∞

F (dq(yp, yp+1)) = lim
p→∞

F (dq(yp+1, yp)) = −∞. (2.13)

Since F ∈ F , so inequality (2.13) implies

lim
p→∞

dq(yp, yp+1) = lim
p→∞

dq(yp+1, yp) = 0. (2.14)

By (F3) there exists k ∈ (0, 1), such that

lim
p→∞

(dq(yp, yp+1))k(F (dq(yp, yp+1)) = 0 (2.15)

By using inequality (2.11), for all p ∈ N, we obtain

(dq(yp, yp+1))k[F (dq(yp, yp+1)−max{F (dq(y0, y1)), F (dq(y1, y0))}]
≤ −(dq(yp, yp+1))kpτ ≤ 0.

By using (2.14), (2.15) and letting p→∞ in the above inequality, we get

lim
p→∞

(p(dq(yp, yp+1))k) = 0. (2.16)

Same result can be obtain by using (2.12),

(dq(yp+1, yp))
k[F (dq(yp+1, yp)−max{F (dq(y0, y1)), F (dq(y1, y0))}]

≤ −(dq(yp+1, yp))
kpτ ≤ 0.

By using (2.14), (2.15) and letting p→∞, we have

lim
p→∞

(p(dq(yp+1, yp))
k) = 0. (2.17)
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As (2.16) holds, there exists p1 ∈ N, such that p(dq(yp, yp+1))k ≤ 1, for all p ≥ p1
or,

dq(yp, yp+1) ≤ 1

p
1
k

, for all p ≥ p1. (2.18)

Similarly, by using (2.17), there exists p2 ∈ N, such that p(dq(yp+1, yp))
k ≤ 1, for

all p ≥ p2, we get

dq(yp+1, yp) ≤
1

p
1
k

, for all p ≥ p2. (2.19)

Using (2.18), we get form m > p > p1,

dq(yp, ym) ≤ dq(yp, yp+1) + dq(yp+1, yp+2) + · · ·+ dq(ym−1, ym)

=

m−1∑
r=p

dq(yr, yr+1) ≤
∞∑
r=p

dq(yr, yr+1) ≤
∞∑
r=p

1

r
1
k

.

The convergence of the series
∑∞
r=p

1

r
1
k

entails limp,m→∞ dq(yp, ym) = 0. Similarly,

by using the inequality (2.19) we get, limm,p→∞ dq(ym, yp) = 0. Hence, {TS(yn)}
is a Cauchy sequence in (Y, dq). Since (Y, dq) is a complete DQM space, so there
exists u ∈ Y such that {TS(yn)} → u that is

lim
n→∞

dq(yn, u) = lim
n→∞

dq(u, yn) = 0. (2.20)

Now, by Lemma 1.6, we have

τ + F (dq(y2n+1, Tu)) ≤ τ + max{F (Hdq (Sy2n, Tu)), F (Hdq (Ty2n, Su))}. (2.21)

Let max{Dq(y2n, u), Dq(u, y2n)} > 0. If

max{Dq(y2n, u), Dq(u, y2n)} = Dq(y2n, u) > 0,

where

Dq(y2n, u) = max

{
dq(y2n, u),

dq(y2n,Sy2n).dq(u,Tu)
a+max{dq(y2n,u),dq(u,y2n)} ,

dq(y2n, Sy2n), dq(u, Tu)

}

= max

{
dq(y2n, u),

dq(y2n,y2n+1).dq(u,Tu)
a+max{dq(y2n,u),dq(u,y2n)} ,

dq(y2n, y2n+1), dq(u, Tu)

}
.

Taking limit n→∞, and by using (2.20), we get

lim
n→∞

Dq(y2n, u) = dq(u, Tu) > 0. (2.22)

Using inequality (2.1) in inequality (2.21)

τ + F (dq(y2n+1, Tu)) ≤ min{F (Dq(y2n, u)), F (Dq(u, y2n))}

τ + F (dq(y2n+1, Tu)) ≤ F (Dq(y2n, u)). (2.23)

Since F is strictly increasing, we have

dq(y2n+1, Tu) < Dq(y2n, u).

Taking lim
n→∞

on both sides, we get

lim
n→∞

dq(y2n+1, Tu) < lim
n→∞

Dq(y2n, u) (2.24)

Using inequalities (2.20) and (2.22) in (2.24), we get

dq(u, Tu) < dq(u, Tu),
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which is a contradiction, so Dq(y2n, u) = 0. So dq(u, Tu) = 0. Similarly, if

max{Dq(y2n, u), Dq(u, y2n)} = Dq(u, y2n) > 0,

then

lim
n→∞

Dq(u, y2n) = dq(u, Tu) > 0.

Now, inequality (2.23) implies

τ + F (dq(y2n+1, Tu)) ≤ F (Dq(u, y2n)).

Which again gives a contradiction, so Dq(u, y2n). Therefore dq(u, Tu) = 0. Now,
inequality (2.23) implies

τ + dq(Tu, y2n+1)) ≤ τ + F (Hdq (Tu, Sy2n)),

by using the similar arguments as above, we obtain dq(Tu, u) = 0. Hence u ∈ Tu.
Similarly by using (2.20), Lemma 1.6 and the inequality

τ + dq(Su, y2n+2) ≤ τ + F (Hdq (Su, Ty2n+1)),

we can show that dq(Su, u) = 0. Similarly, dq(u, Su) = 0. Hence, the pair (S, T )
has a common fixed point u in (Y, dq). Now,

dq(u, u) ≤ dq(u, Tu) + dq(Tu, u) ≤ 0.

This implies that dq(u, u) = 0. Hence the proof is completed.
�

Now, let us introduce the following example:
Example 2.3. Let Y = {0} ∪Q+ and dq(x, y) = x+ 2y. Then (Y, dq) is a DQM
space. Define the mappings S, T : Y → P (Y ) as follows:

S(y) =

{ [
1
3y,

2
3y
]
∩Q+, for all y ∈ {0, 7, 73 ,

7
15 ,

7
45 , · · · },

[y, y + 5] ∩Q+, otherwise.

}

T (y) =

{ [
1
5y,

2
5y
]
∩Q+, for all y ∈ {0, 7, 73 ,

7
15 ,

7
45 , · · · },

[y + 2, y + 6] ∩Q+, otherwise.

}
Define the function F : R+ → R by F (x) = ln(x) for all x ∈ R+. As x, y ∈ Y, τ =

ln(1.2) and by taking y0 = 7, we define the sequence {TS(yn)} = {7, 73 ,
7
15 ,

7
45 , · · · }

in Y generated by y0 = 7. Also, {TS(yn)} → 0. Now, if x, y ∈ {TS(yn)} ∪ {0}, we
have four cases to discuss.
Case 1: If, τ+max{F (Hdq (Sx, Ty)), F (Hdq (Tx, Sy))} = τ+F (Hdq (Sx, Ty)), then

Hdq (Sx, Ty) = max

{
sup
a∈Sx

dq(a, Ty), sup
b∈Ty

dq(Sx, b)

}

= max

{
sup
a∈Sx

dq

(
a,

[
y

2
,

2y

5

])
, sup
b∈Ty

dq

([
x

3
,

2x

3

]
, b

)}

= max

{
dq

(
2x

3
,
y

5

)
, dq

(
x

3
,

2y

5

)}
= max

{
2x

3
+

2y

5
,
x

3
+

4y

5

}
.
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Also

Dq(x, y) = max

{
dq(x, y),

dq(x,
[
x
3 ,

2x
3

]
).dq(y,

[
y
5 ,

2y
5

]
)

1 + max{dq(x, y), dq(y, x)}
,

dq(x,

[
x

3
,

2x

3

]
), dq(y,

[
y

5
,

2y

5

]
)

}
= max

{
dq(x, y),

dq(x,
x
3 ).dq(y,

y
5 )

1 + max{dq(x, y), dq(y, x)}
,

dq(x,
x

3
), dq(y,

y

5
)
}

= max

{
x+ 2y,

7xy

3(1 + x+ 2y)
,

5x

3
,

7y

5

}
= x+ 2y.

Now if max
{

2x
3 + 2y

5 ,
x
3 + 4y

5

}
= x

3 + 4y
5 , then we have

10x+ 24y ≤ 25x+ 50y
6

5
(
x

3
+

4y

5
) ≤ x+ 2y

ln(1.2) + ln(
x

3
+

4y

5
) ≤ ln(x+ 2y).

Which implies that,

τ + F (Hdq (Sx, Ty) ≤ F (Dq(x, y)).

Similarly, if max
{

2x
3 + 2y

5 ,
x
3 + 4y

5

}
= 2x

3 + 2y
5 , then we have

20x+ 12y ≤ 25x+ 50y
6

5
(
2x

3
+

2y

5
) ≤ x+ 2y

ln(1.2) + ln(
2x

3
+

2y

5
) ≤ ln(x+ 2y).

Hence,

τ + F (Hdq (Sx, Ty) ≤ F (Dq(x, y)).

Case 2: Now,

Dq(y, x) = max

{
dq(y, x),

dq(x,
[
x
3 ,

2x
3

]
).dq(y,

[
y
5 ,

2y
5

]
)

1 + max{dq(x, y), dq(y, x)}
,

dq(x,

[
x

3
,

2x

3

]
), dq(y,

[
y

5
,

2y

5

]
)

}
= max

{
dq(y, x),

dq(x,
x
3 ).dq(y,

y
5 )

1 + max{dq(x, y), dq(y, x)}
, dq(x,

x

3
), dq(y,

y

5
)

}
= max

{
y + 2x,

7xy

3(1 + y + 2x)
,

5x

3
,

7y

5

}
= y + 2x.

Similar as in Case 1, we have

τ + F (Hdq (Sx, Ty) ≤ F (Dq(y, x)).
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Case 3: If max{τ +F (Hdq (Sx, Ty)), τ +F (Hdq (Tx, Sy))} = τ +F (Hdq (Tx, Sy)),
then

Hdq (Tx, Sy) = max

{
sup
b∈Tx

dq(Sy, b), sup
a∈Sy

dq(a, Tx)

}
= max

{
sup
b∈Tx

dq

([
y

3
,

2y

3

]
, b

)
, sup
a∈Sy

dq

(
a,

[
x

5
,

2x

5

])}
= max

{
dq

(
2y

3
,
x

5

)
, dq

(
y

3
,

2x

5

)}
= max

{
2y

3
+

2x

5
,
y

3
+

4x

5

}
.

If, max
{

2y
3 + 2x

5 ,
y
3 + 4x

5

}
= y

3 + 4x
5 , then we have

10y + 24x ≤ 25y + 50x
6

5
(
y

3
+

4x

5
) ≤ y + 2x

ln(1.2) + ln(
y

3
+

4x

5
) ≤ ln(y + 2x),

so,
τ + F (Hdq (Tx, Sy) ≤ F (Dq(y, x)).

Similarly, if max
{

2y
3 + 2x

5 ,
y
3 + 4x

5

}
= 2y

3 + 2x
5 , then we have

20y + 24x ≤ 25x+ 50y
6

5
(
2y

3
+

2x

5
) ≤ y + 2x

ln(1.2) + ln(
2y

3
+

2x

5
) ≤ ln(y + 2x).

Hence,
τ + F (Hdq (Tx, Sy) ≤ F (Dq(y, x)).

Case 4: In a similar way we can prove

τ + F (Hdq (Tx, Sy) ≤ F (Dq(x, y)).

Combining all four cases, we have

τ + max{F (Hdq (Sx, Ty)), F (Hdq (Tx, Sy))} ≤ min{F (Dq(x, y)), F (Dq(y, x))}
Now, if x, y /∈ {TS(yn)}, then the contraction does not hold. Hence all the hypoth-
esis of Theorem 2.2 are satisfied, so S and T have a common fixed point.

If we take S = T in Theorem 2.2, then we obtain the following theorem.
Theorem 2.4. Let (Y, dq) be a complete DQM space and S : Y → P (Y ) be a
multivalued mapping such that for every two consecutive points x, y belonging to
the range of an iterative sequence {S(yn)} with Dq(x, y) > 0, F ∈ F , τ, a > 0

τ + F (Hdq (Sx, Sy)) ≤ F (Dq(x, y)), (2.25)

where

Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Sy)

a+ dq (x, y)
, dq(x, Sx), dq(y, Sy)

}
.

Then {S(yn)} → u ∈ Y. Moreover, if (2.25) also holds for u, then S has a fixed
point u in Y and dq(u, u) = 0.
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Remark. By setting the following different values of Dq(x, y) in equation (2.2),
we can obtain different results on multivalued F−contractions as corollaries of
Theorem 2.2:

(1) Dq(x, y) = dq(x, y)

(2) Dq(x, y) =
dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq(y, x)}
(3) Dq(x, y) = dq(x, Sx)

(4) Dq(x, y) = dq(y, Ty)

(5) Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq(y, x)}

}
(6) Dq(x, y) = max {dq(x, y), dq(x, Sx)}
(7) Dq(x, y) = max {dq(x, y), dq(y, Ty)}

(8) Dq(x, y) = max

{
dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq(y, x)}
, dq(x, Sx)

}
(9) Dq(x, y) = max

{
dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq(y, x)}
, dq(y, Ty)

}
(10) Dq(x, y) = max {dq(x, Sx), dq(y, Ty)}

(11) Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq(y, x)}
, dq(x, Sx)

}
(12) Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Ty)

1 + dq (x, y)
, dq(y, Ty)

}
(13) Dq(x, y) = max {dq(x, y), dq(x, Sx), dq(y, Ty)} .

Remark. We can obtain the complete metric, partial metric and quasi partial
metric version of all theorems and corollaries, which are still not present in the
literature.

3. Single valued Result with Application to system of integral
equations

Let S, T : Y → Y be two self mappings and x0 ∈ Y . Let x1 = Sx0, x2 = Tx1,
x3 = Sx2 and so on. In this way, we construct a sequence xn in X such that

x2p+1 = Sx2p and x2p+2 = Tx2p+1, (where p = 0, 1, 2, . . . ).

We say that {TS(xn)} is a sequence in Y generated by x0.
Definition 3.1. Let (Y, dq) be a complete DQM space and S, T : Y → Y be two
self mappings. The pair (S, T ) is called a FDQ−contraction, if there exists F ∈ F
and τ, a > 0 such that for every two consecutive points x, y belonging to the range
of an iterative sequence {TS(yn)} with max{Dq(x, y), Dq(y, x)} > 0, we have

τ + max{F (dq(Sx, Ty)), F (dq(Tx, Sy))} ≤ min{F (Dq(x, y)), F (Dq(y, x))} (3.1)

where

Dq(x, y) = max

{
dq(x, y),

dq (x, Sx) .dq (y, Ty)

1 + max{dq (x, y) , dq (y, x)}
, dq(x, Sx), dq(y, Ty)

}
.

(3.2)
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Then we deduce the following main result.
Theorem 3.2. Let (Y, dq) be a complete DQM space and (S, T ) be a FDQ−contraction.
Then {TS(xn)} → u ∈ X. Also, if u satisfies (3.1), then S and T have a common
fixed point u in X and dq(u, u) = 0.

Now, as an application, we discuss the application of Theorem 3.2 to find solution
of the system of Volterra type integral equations. Consider the following integral
equations:

u(t) =

t∫
0

K1(t, s, u(s))ds, (3.3)

v(t) =

t∫
0

K2(t, s, v(s))ds (3.4)

for all t ∈ [0, 1]. We find the solution of (3.3) and (3.4). Let X = C([0, 1],R+) be the
set of all continuous functions on [0, 1], endowed with the complete dislocated quasi
metric. For u ∈ C([0, 1],R+), define supremum norm as: ‖u‖τ = sup

t∈[0,1]
{u(t)e−τt},

where τ > 0 is taken arbitrary. Then define

dτ (u, v) = sup
t∈[0,1]

{(u(t) + 2v(t))e−τt} = ‖u+ 2v‖τ

for all u, v ∈ C([0, 1],R+), with these settings, (C([0, 1],R+), dτ ) becomes a DQM
space.

Now we prove the following theorem to ensure the existence of solution of integral
equations.
Theorem 3.3. Assume the following conditions are satisfied:

(i) K1,K2 : [0, 1]× [0, 1]× R+ → R+;
(ii) Define

Su(t) =

t∫
0

K1(t, s, u(s))ds,

Tv(t) =

t∫
0

K2(t, s, v(s))ds.

Suppose there exist τ > 1, such that

max{K1(t, s, u)+2K2(t, s, v),K2(t, s, v)+2K1(t, s, u)} ≤ τe−τ min{M(u, v),M(v, u)}
(3.5)

for all t, s ∈ [0, 1] and u, v ∈ C([0, 1],R), where

M(u, v) = max

 u(t) + 2v(t), (u(t)+2Su(t))(v(t)+2Tv(t))
a+max{u(t)+2v(t),v(t)+2u(t)} ,

u(t) + 2Su(t), v(t) + 2Tv(t)


Then integral equations (3.3) and (3.4) have a solution.



DQF− CONTRACTION AND RELATED FIXED POINT RESULTS 43

Proof. By assumption (ii)

max{Su+ 2Tv, Tu+ 2Sv} = max{
t∫

0

(K1(t, s, u) + 2K2(t, s, v))ds,

t∫
0

(K2(t, s, v) + 2K1(t, s, u))ds}

≤
t∫

0

τe−τ min{M(u, v),M(v, u)}ds

≤
t∫

0

τe−τ [min{M(u, v),M(v, u)}e−τs]eτsds

max{Su+ 2Tv, Tu+ 2Sv} ≤
t∫

0

τe−τ‖min{M(u, v),M(v, u)}‖τeτsds

≤ τe−τ‖min{M(u, v),M(v, u)}‖τ

t∫
0

eτsds

≤ τe−τ‖min{M(u, v),M(v, u)}‖τ
1

τ
eτt

≤ e−τ‖min{M(u, v),M(v, u)}‖τeτt.

This implies

max{Su+ 2Tv, Tu+ 2Sv}e−τt ≤ e−τ‖min{M(u, v),M(v, u)}‖τ .

That is

‖max{Su+ 2Tv, Tu+ 2Sv}‖τ ≤ e−τ‖min{M(u, v),M(v, u)}‖τ ,

which further implies

τ + ln ‖max{Su+ 2Tv, Tu+ 2Sv}‖τ ≤ ln ‖min{M(u, v),M(v, u)}‖τ .

So all the conditions of Theorem 3.2 are satisfied. Hence, S and T have a common
fixed point and integral equations given in (3.3)and (3.4) have a common solution.

�

Remark. By setting different values of M(u, v) in equation (3.5), we can ob-
tain different weak contractive inequalities and results as corollaries of Theorem 3.3.
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