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SOME BEST PROXIMITY POINT RESULTS FOR

MT -RATIONAL CYCLIC CONTRACTIONS

SOMKIAT CHAIPORNJAREANSRI AND JAMNIAN NANTADILOK

Abstract. In this paper we present some best proximity point theorems for
a combination of weak Kannan, Chatterjea cyclic condition and the MT -
functions through rational expression in metric spaces (X, d). We provide an

example to illustrate and support our main result.

1. Introduction

The remarkable Banach contraction principle states that every selfmapping on a
complete metric space has a unique fixed point. This principle has been generalized
and extended in variety of settings. Let A and B be nonempty subsets of metric
space (X, d) and let T : A → B be a non-selfmapping. the equation Tx = x
does not necessarily have a solution, in which case best approximation theorems
explore the existence of an approximate solution, whereas best proximity point
theorems analyze the existence of an approximate solution that is optimal. Despite
the fact that best approximation theorems produce an approximate solution to the
equation Tx = x, they may not render an approximate solution that is optimal. On
the contrary, best proximity point theorems are intended to furnish an approximate
solution x that is optimal in the sense that the error d(x, Tx) is minimum. Indeed,
if A and B are nonempty subsets of X, in light of the fact that d(x, Tx) is at
least d(A,B) where d(A,B) = inf

{
d(x, y) : x ∈ A, y ∈ B

}
, a best proximity point

theorem guarantees the global minimization of d(x, Tx) when d(x, Tx) = d(A,B).
Such optimal approximate solutions are called best proximity points of the mapping
T .

In [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and [11], best proximity points have been investi-
gated for various types of maps on various spaces. For instance, in [6] and [7], best
proximity points have been investigated in S-metric space and G-metric space, in
other hand, [8, 9] and [11], best proximity points have been investigated for non-self
contractions and weakly contractive non-self maps.

Eldred, Kirk and Veeramani [12] have established celebrated best proximity point
theorems for relatively nonexpansive mappings. A best proximity point theorem for
contractive mapping has been explored in [15]. Furthermore, many best proximity
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point theorems for several variants of contractions have been studied in [16, 17, 18,
19, 20, 21, 22, 23, 24].

Kannan [25] proved that if T is a self mapping of a complete metric space X
into itself satisfying

d(Tx, Ty) ≤ α
[
d(x, Tx) + d(y, Ty)

]
for all x, y ∈ X where α ∈ [0, 1/2). Then T has unique fixed point in X. A similar
conclusion was also obtained by Chaterjee [26]. The author proved that if T is a
self mapping of a complete metric space X into itself satisfying

d(Tx, Ty) ≤ α
[
d(x, Ty) + d(y, Tx)

]
for all x, y ∈ X where α ∈ [0, 1/2). Then T has unique fixed point in X.

2. Preliminaries

In 2003, Kirk et al. [13] introduced the notion of cyclic maps. Later the concepts
of cyclic mapping and best proximity point were investigated by Eldreed, Kirk and
Veeramani [12].

We collect some necessary definitions which will be crucial in the sequel.

Definition 2.1 ([12]). Let A and B be nonempty subsets of a metric space (X, d).
A cyclic map T : A∪B → A∪B is called a cyclic contraction map if there exists
k ∈ [0, 1) such that

d(Tx, Ty) ≤ kd(x, y) + (k − 1)d(A,B)

for all x ∈ A and y ∈ B.

In 2006, Eldered and Veeramani [14] obtained some existence results for best
proximity points of cyclic contraction mappings.

Definition 2.2 ([13]). Let A and B be nonempty subsets of a metric space (X, d)
and T : A∪B → A∪B be a cyclic map. A point x is called a best proximity point
of T if d(x, Tx) = d(A,B) where d(A,B) = inf

{
d(x, y) : x ∈ A, y ∈ B}.

In [15], Basha et. al. introduced the concept of K-cyclic and C-cyclic, for two
mappings T : A→ B and S : B → A, as follows.

Definition 2.3 ([15]). A pair of mappings T : A → B and S : B → A is said to
form

(i) a K-cyclic mapping between A and B if there exists a nonnegative real
number k < 1

2 such that

d(Tx, Sy) ≤ k
[
d(x, Tx) + d(y, Sy)

]
+ (1− 2k)d(A,B)

for all x ∈ A and y ∈ B.
(ii) a C-cyclic mapping between A and B if there exists a nonnegative real

number k < 1
2 such that

d(Tx, Sy) ≤ k
[
d(x, Sy) + d(y, Tx)

]
+ (1− 2k)d(A,B)

for all x ∈ A and y ∈ B.

Motivated by the concepts of K-cyclic and C-cyclic mappings and the MT -
functions, Lin et. al. [27, 28] introduced the concept of weak MT -K and MT -C
conditions as follows.
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Definition 2.4 ([27, 28]). Let A and B be nonempty subsets of a metric space
(X, d) and T : A→ B and S : B → A be maps. The pair of maps T and S is said
to satisfy

(i) weak MT -K cyclic condition if there exists an MT -function ϕ such that

d(Tx, Sy) ≤ 1
2ϕ
(
d(x, y)

)[
d(x, Tx) + d(y, Sy)

]
+
(

1− ϕ
(
d(x, y)

))
d(A,B)

for all x ∈ A and y ∈ B.
(ii) weak MT -C cyclic condition if there exists an MT -function ϕ such that

d(Tx, Sy) ≤ 1
2ϕ
(
d(x, y)

)[
d(x, Sy) + d(y, Tx)

]
+
(

1− ϕ
(
d(x, y)

))
d(A,B)

for all x ∈ A and y ∈ B.

Let us recall the concept of MT -functions.

Definition 2.5 ([29]). A function ϕ : [0,∞)→ [0, 1) is said to be an MT -function
(or R-functon), if

lim sup
s→t+

ϕ(s) < 1, for all t ∈ [0,∞).

Clearly, no matter ϕ : [0,∞) → [0, 1) is a nondecreasing function or a nonin-
creasing function, ϕ can be an MT -function. While the set of MT -functions is a
rich class, it is worth noting that there exist functions which are notMT -functions.

Example 2.6 ([30]). Let ϕ : [0,∞)→ [0, 1) be defined by

ϕ(t) =

{
sin t
t if t ∈ (0, π2 )

0 otherwise.

Since lim sup
s→0+

ϕ(s) = 1, ϕ is not an MT -function.

In 2012, Du [30] obtained the following characteristics of MT -functions.

Theorem 2.7 ([30]). Let ϕ : [0,∞) → [0, 1) be a function. Then the following
statements are equivalent.

(i) ϕ is an MT -function.
(ii) For any non increasing sequence {xn}n∈N in [0, 1), 0 ≤ sup

n∈N
ϕ(xn) < 1.

(iii) ϕ is a function of contractive factor, for any strictly decreasing sequence
{xn}n∈N in [0, 1), then 0 ≤ sup

n∈N
ϕ(xn) < 1.

In this paper, inspired and motivated by above concept we introduce the no-
tions of weak MT -K1 rational cyclic, weak MT -K2 rational cyclic, weak MT -C1
rational cyclic and weak MT -C2 rational cyclic conditions. We also introduce the
notions of weakMT -KC condition and weakMT -CK condition. We establish best
proximity point theorems for a pair of mappings satisfy these conditions in metric
spaces. Our results extend many results in the literature.

3. Main Results

Definition 3.1. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. The pair of maps T and S is said to satisfy
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(i) weakMT -K1 rational cyclic condition, if there exists anMT -function
ϕ such that

d(Tx, Sy) ≤ 1

2
ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.1)

for all x ∈ A, y ∈ B and y 6= Sy.
(ii) weakMT -K2 rational cyclic condition, if there exists anMT -function

ϕ such that

d(Tx, Sy) ≤ 1

2
ϕ
(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Tx) + d(y, Sy)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.2)

for all x ∈ A, y ∈ B and y 6= Sy.
(iii) weakMT -C1 rational cyclic condition, if there exists anMT -function

ϕ such that

d(Tx, Sy) ≤ 1

2
ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Sy) + d(y, Tx)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.3)

for all x ∈ A, y ∈ B and y 6= Tx.
(iv) weakMT -C2 rational cyclic condition, if there exists anMT -function

ϕ such that

d(Tx, Sy) ≤ 1

2
ϕ
(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.4)

for all x ∈ A, y ∈ B and y 6= Tx.
(v) weak MT -KC rational cyclic condition, if there exists a pair of MT -

functions ϕ,ψ such that

d(Tx, Sy) ≤ k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)

+ k2ψ
(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)

+
(
1− 2

[
k1ϕ

(
d(x, y)

)
+ k2ψ

(
d(x, y)

)])
d(A,B)

(3.5)

for all x ∈ A, y ∈ B, y 6= Sy, y 6= Tx and k1, k2 ≤ 1
2 .

(vi) weak MT -CK rational cyclic condition, if there exists a pair of MT -
functions ϕ,ψ such that

d(Tx, Sy) ≤ k1ϕ
(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Tx) + d(y, Sy)

+ k2ψ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Sy) + d(y, Tx)

+
(
1− 2

[
k1ϕ

(
d(x, y)

)
+ k2ψ

(
d(x, y)

)])
d(A,B)

(3.6)

for all x ∈ A, y ∈ B, y 6= Sy, y 6= Tx and k1, k2 ≤ 1
2 .

Remark. Let A and B be nonempty subsets of a metric space (X, d) and T : A→ B
and S : B → A be maps.

(1) If d(x, Tx)d(x, Sy) ≤
(
d(x, Tx)+d(y, Sy)

)2
for all x ∈ A, y ∈ B, then weak

MT -K1 rational cyclic condition implies to weak MT -K cyclic condition
((i) of Definition 2.4)

(2) If d(y, Sy)d(y, Tx) ≤
(
d(x, Tx)+d(y, Sy)

)2
for all x ∈ A, y ∈ B, then weak

MT -K2 rational cyclic condition implies to weak MT -K cyclic condition
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(3) If d(x, Tx)d(x, Sy) ≤
(
d(x, Sy)+d(y, Tx)

)2
for all x ∈ A, y ∈ B, then weak

MT -C1 rational cyclic condition implies to weak MT -C cyclic condition
((ii) of Definition 2.4)

(4) If d(y, Sy)d(y, Tx) ≤
(
d(x, Sy)+d(y, Tx)

)2
for all x ∈ A, y ∈ B, then weak

MT -C2 rational cyclic condition implies to weak MT -C cyclic condition

Theorem 3.2. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -KC rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

Proof. Since T (A) ⊆ B and S(B) ⊆ A. Given x0 ∈ A. Define x2n+1 = Tx2n and
x2n+2 = Sx2n+1 for all n ∈ N∪{0}. Then {x2n}n∈N ⊂ A and {x2n−1}n∈N ⊂ B. Let
ϕn := ϕ

(
d(xn, xn+1)

)
and ψn := ψ

(
d(xn, xn+1)

)
for all n ∈ N∪{0}. By (3.5) and

triangle inequality we have

d(x1, x2) = d(Tx0, Sx1)

≤ k1ϕ0
d(x0, x1)d(x0, x2)

d(x0, x1) + d(x1, x2)
+ k2ψ0

d(x1, x2)d(x1, x1)

d(x0, x2) + d(x1, x1)
+
(
1− 2

(
k1ϕ0 + k2ψ0

))
d(A,B)

≤ k1ϕ0
d(x0, x1)d(x0, x2)

d(x0, x2)
+
(
1− 2

(
k1ϕ0 + k2ψ0

))
d(A,B)

≤ k1ϕ0d(x0, x1) +
(
1− 2

(
k1ϕ0 + k2ψ0

))
d(A,B)

≤ k1ϕ0d(x0, x1) +
(
1− 2k1ϕ0

)
d(A,B).

Consequently,(
1− k1ϕ0

)
d(x1, x2) ≤ k1ϕ0d(x0, x1) +

(
1− 2k1ϕ0

)
d(A,B).

and this implies that

d(x1, x2) ≤
k1ϕ0

1− k1ϕ0
d(x0, x1) +

1− 2k1ϕ0

1− k1ϕ0
d(A,B)

equivalently,

d(x1, x2) ≤
ϕ0

1
k1
− ϕ0

d(x0, x1) +

(
1− ϕ0

1
k1
− ϕ0

)
d(A,B).

Thus

d(x1, x2)− d(A,B) ≤ λ0
(
d(x0, x1)− d(A,B)

)
where λ0 :=

ϕ0
1
k1
− ϕ0

. (3.7)

Using (3.5) again, we have

d(x2, x3) = d(Sx1, Tx2) = d(Tx2, Sx1)

≤ k1ϕ1
d(x2, x3)d(x2, x2)

d(x2, x3) + d(x1, x2)
+ k2ψ1

d(x1, x2)d(x1, x3)

d(x2, x2) + d(x1, x3)
+
(
1− 2

(
k1ϕ1 + k2ψ1

))
d(A,B)

≤ k2ψ1d(x1, x2) +
(
1− 2

(
k1ϕ1 + k2ψ1

))
d(A,B)

≤ k2ψ1d(x1, x2) +
(
1− 2k2ψ1

)
d(A,B).
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Consequently,(
1− k2ψ1

)
d(x2, x3) ≤ k2ψ1d(x1, x2) +

(
1− 2k2ψ1

)
d(A,B).

and this implies that

d(x2, x3) ≤
k2ψ1

1− k2ψ1
d(x1, x2) +

1− 2k2ψ1

1− k2ψ1
d(A,B).

equivalently,

d(x2, x3) ≤
ψ1

1
k2
− ψ1

d(x1, x2) +

(
1− ψ1

1
k2
− ψ1

)
d(A,B).

Thus

d(x2, x3)− d(A,B) ≤ λ1
(
d(x1, x2)− d(A,B)

)
where λ1 :=

ψ1
1
k2
− ψ1

. (3.8)

Similarly, we obtain

d(x3, x4)− d(A,B) ≤ λ2
(
d(x2, x3)− d(A,B)

)
where λ2 :=

ϕ2
1
k1
− ϕ2

. (3.9)

Using (3.5) and by induction, we have

d(xn, xn+1)−d(A,B) ≤ λn−1
(
d(xn−1, xn)−d(A,B)

)
where λt :=


ϕt

1
k1
−ϕt

if t is even;

ψt
1
k2
−ψt

if t is odd.

(3.10)
Since ϕ(t), ψ(t) < 1 and k1, k2 ≤ 1

2 , it follows that for all t ∈ [0,∞) then

1
k1
− ϕ(t) > 1 and 1

k2
− ψ(t) > 1.

Hence ϕ(t)
1
k1
−ϕ(t)

< 1 and ψ(t)
1
k2
−ψ(t)

< 1 for all t ∈ [0,∞), we have λn < 1 for all n ∈ N.

By (3.10) we get

d(xn, xn+1)− d(A,B) < d(xn−1, xn)− d(A,B)

which implies d(xn, xn+1) < d(xn−1, xn) for all n. So {d(xn, xn+1)} is a strictly
decreasing sequence. By Theorem 2.7, we obtain

0 ≤ sup
n∈N

ψn < 1 and 0 ≤ sup
n∈N

ψn < 1.

Let γ = max
{

sup
n∈N

ϕn, sup
n∈N

ψn

}
, so 0 ≤ γ < 1. Since

ϕn ≤ γ and ψn ≤ γ

then
1
k1
− ϕn ≥ 1

k1
− γ and 1

k2
− ψn ≥ 1

k2
− γ

and
ϕn

1
k1
− ϕn

≤ γ
1
k1
− γ

and
ψn

1
k2
− ψn

≤ γ
1
k2
− γ

for all n ∈ N. So

0 ≤ sup
n∈N

ϕn
1
k1
− ϕn

≤ γ
1
k1
− γ

< 1 and 0 ≤ sup
n∈N

ψn
1
k2
− ψn

≤ γ
1
k2
− γ

< 1.
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Let

λ := max
{

sup
n∈N

ϕn
1
k1
− ϕn

, sup
n∈N

ψn
1
k2
− ψn

}

then λ ∈ [0, 1). By (3.10) it follows that

d(xn, xn+1)− d(A,B) ≤ λ
(
d(xn−1, xn)− d(A,B)

)
≤ λ2

(
d(xn−2, xn−1)− d(A,B)

)
...

≤ λn
(
d(x0, x1)− d(A,B)

)
.

Since λ ∈ [0, 1), we have lim
n→∞

λn = 0 and

lim
n→∞

d(xn, xn+1) = d(A,B).

Now, let {x2nj
} be a convergent subsequence of {x2n} and x2nj

→ x as j →∞ for
some x ∈ A. By (3.5), we get

d(Tx, x2nj ) = d(Tx, Sx2nj−1)

≤ k1ϕ
(
d(x, x2nj−1)

) d(x, Tx)d(x, x2nj )

d(x, Tx) + d(x2nj−1, x2nj )
+ k2ψ

(
d(x, x2nj−1)

)d(x2nj−1, x2nj )d(x2nj−1, Tx)

d(x, x2nj ) + d(x2nj−1, Tx)

+
(
1− 2

[
k1ϕ

(
d(x, x2nj−1)

)
+ k2ψ

(
d(x, x2nj−1)

)])
d(A,B).

for all j ∈ N. Since x2nj
→ x as j → ∞, by taking the limit as j → ∞ in above

inequality we have d(x, Tx) = d(A,B), and (i) is proved. The conclusion of (ii) can
be verified by using a similar argument as the proof of (i). That is there exists a
point y ∈ B such that d(Sy, y) = d(A,B). The proof is completed. �

Example 3.3. Consider the complete metric space R with the usual metrics. Let
A = [0, 3], B = [−3, 0], define the mappings T : A→ B and S : B → A as follows:

Tx =

{
−(x+1)

20 if x ∈ (1, 3]

0 if x ∈ [0, 1]
, Sy =

{
−y+1
20 if y ∈ [−3,−1)

0 if x ∈ [−1, 0]

Then d(A,B) = 0, A0 = A,B0 = B,S(A0) ⊆ B0 and T (B0) ⊆ A0. Define ϕ(t) =
t

0.25+t ;∀t ∈ [0,∞), ψ(t) = t
0.5+t ;∀t ∈ [0,∞) and setting k1 = k2 = 1

2 .
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Case I: x ∈ (1, 3] and y ∈ [−3,−1). we have ϕ
(
d(x, y)

)
> 8

9 and ψ
(
d(x, y)

)
> 4

5

k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)
+ k2ψ

(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)

≥
(
1
2

) (
8
9

) (x+ a)(x− b)
(x+ z) + (a+ b)

+
(
1
2

) (
4
5

) (z − a)(z + b)

(x+ z)− (a+ b)

(
|Tx| = a, |Sy| = b, z = −y

)
≥
(
2
5

)( (x+ a)(x− b)
(x+ z) + (a+ b)

+
(z − a)(z + b)

(x+ z)− (a+ b)

)
≥
(
2
5

)( (x+ a)(x− b) + (z − a)(z + b)

(x+ z) + (a+ b)

)
≥
(
2
5

)( (21x+ 1)(20x− z − 1) + (20z − x− 1)(21z + 1)

20(21x+ 21z + 2)

) (
a = x+1

20
, b = z+1

20

)
≥
(
2
5

)( (20z − x− 1)
(
21x+ 21z + 2

)
20(21x+ 21z + 2)

) (
If x > z then 20x− z − 1 > 20z − x− 1

)
≥
(
2
5

)(20z − x− 1

20

)
≥ x+ z + 2

20
∀x, z ∈ (1, 3]

≥ d(Tx, Sy).

Case II: x ∈ (1, 3] and y ∈ [−1, 0]. we have Sy = 0, d(x, Sy) = x, d(y, Sy) = −y
and d(Tx, Sy) = x+1

20

k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)
+ k2ψ

(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)

≥
(
1
2

) (
8
9

) x(x+ a)

(x+ z) + a
+
(
1
2

) (
4
5

) z(z − a)
(x+ z)− a

(
|Tx| = a, z = −y

)
≥
(
2
5

)( x(x+ a)

x+ z + a
+

z(z − a)
x+ z − a

)
≥
(
2
5

)(x(x+ a) + z(z − a)
x+ z + a

)
≥
(
2
5

)(x(21x+ 1) + z(20z − x− 1)

21x+ 20z + 1

) (
a = x+1

20

)
≥
(
2
5

)(x(21x+ 1) + z(20z − x− 1)

21x+ 21

) (
∵ z ≤ 1

)
≥ x+ 1

20
∀x ∈ (1, 3], z ∈ [0, 1]

= d(Tx, Sy).

Case III: x ∈ [0, 1], y ∈ [−3,−1). Similar as in the Case II, we get

k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)
+ k2ψ

(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)
≥ d(Tx, Sy).

Case IV: x ∈ [0, 1], y ∈ [−1, 0] and x 6= y. we have Tx = 0, Sy = 0, d(x, Tx) =
x = d(x, Sy), d(y, Sy) = −y = d(y, Tx) and d(Tx, Sy) = 0

k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Sy)

d(x, Tx) + d(y, Sy)
+ k2ψ

(
d(x, y)

) d(y, Sy)d(y, Tx)

d(x, Sy) + d(y, Tx)

≥
(
1
2

) (
8
9

) x2

x− y +
(
1
2

) (
4
5

) y2

x− y
≥ 0 = d(Tx, Sy).
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For all cases, we can conclude that the pair of maps T and S satisfies the weak
MT -KC rational cyclic condition. Here 0 is a best proximity point of T and S.

Theorem 3.4. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -CK rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

Proof. With a similar idea to the proof of Theorem 3.2, we can deduce that there
exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

and

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

�

We obtain the following corollaries.

Corollary 3.5. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -K1 rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

Proof. The proof follows by taking k1 = 1
2 and k2 = 0 in Theorem 3.2. �

Corollary 3.6. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -K2 rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).
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Proof. The proof follows by taking k1 = 1
2 and k2 = 0 in Theorem 3.4. �

Corollary 3.7. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -C1 rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

Proof. The proof follows by taking k1 = 0 and k2 = 1
2 in Theorem 3.4. �

Corollary 3.8. Let A and B be nonempty subsets of a metric space (X, d) and
T : A→ B and S : B → A be maps. If the pair of maps T and S satisfies the weak
MT -C2 rational cyclic condition, then there exists a sequence {xn} in X such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Sy) = d(A,B).

Proof. The proof follows by taking k1 = 0 and k2 = 1
2 in Theorem 3.2. �

Next we give the following definitions for a single map.

Definition 3.9. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be a cyclic map. The map T is said to satisfy

(i) weakMT -K1 rational cyclic condition, if there exists anMT function
ϕ such that

d(Tx, Ty) ≤ 1

2
ϕ
(
d(x, y)

) d(x, Tx)d(x, Ty)

d(x, Tx) + d(y, Ty)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.11)

for all x ∈ A, y ∈ B and y 6= Ty.
(ii) weakMT -K2 rational cyclic condition, if there exists anMT function

ϕ such that

d(Tx, Ty) ≤ 1

2
ϕ
(
d(x, y)

) d(y, Ty)d(y, Tx)

d(x, Tx) + d(y, Ty)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.12)

for all x ∈ A, y ∈ B and y 6= Ty.
(iii) weakMT -C1 rational cyclic condition, if there exists anMT function

ϕ such that

d(Tx, Ty) ≤ 1

2
ϕ
(
d(x, y)

) d(x, Tx)d(x, Ty)

d(x, Ty) + d(y, Tx)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.13)

for all x ∈ A, y ∈ B and y 6= Tx.
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(iv) weakMT -C2 rational cyclic condition, if there exists anMT function
ϕ such that

d(Tx, Ty) ≤ 1

2
ϕ
(
d(x, y)

) d(y, Ty)d(y, Tx)

d(x, Ty) + d(y, Tx)
+
(
1− ϕ

(
d(x, y)

))
d(A,B) (3.14)

for all x ∈ A, y ∈ B and y 6= Tx.
(v) weak MT -KC rational cyclic condition, if there exists a pair of MT

functions ϕ,ψ such that

d(Tx, Ty) ≤ k1ϕ
(
d(x, y)

) d(x, Tx)d(x, Ty)

d(x, Tx) + d(y, Ty)

+ k2ψ
(
d(x, y)

) d(y, Ty)d(y, Tx)

d(x, Ty) + d(y, Tx)

+
(
1− 2

[
k1ϕ

(
d(x, y)

)
+ k2ψ

(
d(x, y)

)])
d(A,B)

(3.15)

for all x ∈ A, y ∈ B, y 6= Ty, y 6= Tx and k1, k2 ≤ 1
2 .

(vi) weak MT -CK rational cyclic condition, if there exists a pair of MT
functions ϕ,ψ such that

d(Tx, Ty) ≤ k1ϕ
(
d(x, y)

) d(y, Ty)d(y, Tx)

d(x, Tx) + d(y, Ty)

+ k2ψ
(
d(x, y)

) d(x, Tx)d(x, Ty)

d(x, Ty) + d(y, Tx)

+
(
1− 2

[
k1ϕ

(
d(x, y)

)
+ k2ψ

(
d(x, y)

)])
d(A,B)

(3.16)

for all x ∈ A, y ∈ B, y 6= Ty, y 6= Tx and k1, k2 ≤ 1
2 .

The following conclusion are immediate from Theorem 3.2.

Theorem 3.10. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -KC rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).

Theorem 3.11. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -CK rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).
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Corollary 3.12. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -K1 rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).

Corollary 3.13. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -K2 rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).

Corollary 3.14. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -C1 rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).

Corollary 3.15. Let A and B be nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B be maps, If map T satisfies the weak MT -C2 rational cyclic
condition, then there exists a sequence {xn} in A∪B such that

lim
s→∞

d(xn, xn+1) = d(A,B).

Moreover, the following statements hold.

(i) If {x2n}n∈N has a convergent subsequence in A, then there exists a point
x ∈ A such that d(x, Tx) = d(A,B).

(ii) If {x2n−1}n∈N has a convergent subsequence in B, then there exists a point
y ∈ B such that d(y, Ty) = d(A,B).
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