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SOME BEST PROXIMITY POINT RESULTS FOR
MT-RATIONAL CYCLIC CONTRACTIONS

SOMKIAT CHAIPORNJAREANSRI AND JAMNIAN NANTADILOK

ABSTRACT. In this paper we present some best proximity point theorems for
a combination of weak Kannan, Chatterjea cyclic condition and the MT-
functions through rational expression in metric spaces (X,d). We provide an
example to illustrate and support our main result.

1. INTRODUCTION

The remarkable Banach contraction principle states that every selfmapping on a
complete metric space has a unique fixed point. This principle has been generalized
and extended in variety of settings. Let A and B be nonempty subsets of metric
space (X,d) and let T : A — B be a non-selfmapping. the equation Tz = x
does not necessarily have a solution, in which case best approximation theorems
explore the existence of an approximate solution, whereas best proximity point
theorems analyze the existence of an approximate solution that is optimal. Despite
the fact that best approximation theorems produce an approximate solution to the
equation T'r = z, they may not render an approximate solution that is optimal. On
the contrary, best proximity point theorems are intended to furnish an approximate
solution z that is optimal in the sense that the error d(z, T'z) is minimum. Indeed,
if A and B are nonempty subsets of X, in light of the fact that d(z,Tx) is at
least d(A, B) where d(A, B) = inf {d(z,y) : « € A,y € B}, a best proximity point
theorem guarantees the global minimization of d(z, Tx) when d(z,Tz) = d(A, B).
Such optimal approximate solutions are called best proximity points of the mapping
T.

In [1, 21 3] [, 5] 6] i, 8, @, 10] and [I1], best proximity points have been investi-
gated for various types of maps on various spaces. For instance, in [6] and [7], best
proximity points have been investigated in S-metric space and G-metric space, in
other hand, [8, 9] and [I1], best proximity points have been investigated for non-self
contractions and weakly contractive non-self maps.

Eldred, Kirk and Veeramani [12] have established celebrated best proximity point
theorems for relatively nonexpansive mappings. A best proximity point theorem for
contractive mapping has been explored in [I5]. Furthermore, many best proximity
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point theorems for several variants of contractions have been studied in [16), [I7) [I8],
19, 20, 21], 22, 23], 24].
Kannan [25] proved that if T is a self mapping of a complete metric space X
into itself satisfying
d(Tz,Ty) < oz[d(a:, Tz) + d(y, Ty)]

for all z,y € X where « € [0,1/2). Then T has unique fixed point in X. A similar

conclusion was also obtained by Chaterjee [26]. The author proved that if T is a

self mapping of a complete metric space X into itself satisfying
d(Tz,Ty) < ald(z,Ty) +d(y, Tz)]

for all 2,y € X where a € [0,1/2). Then T has unique fixed point in X.

2. PRELIMINARIES

In 2003, Kirk et al. [13] introduced the notion of cyclic maps. Later the concepts
of cyclic mapping and best proximity point were investigated by Eldreed, Kirk and
Veeramani [12].

We collect some necessary definitions which will be crucial in the sequel.

Definition 2.1 ([12]). Let A and B be nonempty subsets of a metric space (X, d).
A cyclic map T : AUB — AUB is called a cyclic contraction map if there exists
k €10,1) such that

forallz € A andy € B.

In 2006, Eldered and Veeramani [I4] obtained some existence results for best
proximity points of cyclic contraction mappings.

Definition 2.2 ([13]). Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic map. A point x is called a best proximity point
of T if d(z,Tx) = d(A, B) where d(A, B) = inf {d(z,y) : « € A,y € B}.

In [15], Basha et. al. introduced the concept of K-cyclic and C-cyclic, for two
mappings T: A — B and S : B — A, as follows.

Definition 2.3 ([15]). A pair of mappings T : A — B and S : B — A is said to
form

(i) a K-cyclic mapping between A and B if there exists a nonnegative real
number k < % such that

d(Tx, Sy) < k[d(z, Tx) + d(y, Sy)] + (1 — 2k)d(A, B)

forallz € A and y € B.
(ii) a C-cyclic mapping between A and B if there exists a nonnegative real
number k < % such that

d(Tx,Sy) < k[d(z, Sy) + d(y, Tz)] + (1 — 2k)d(A, B)
forallz € A and y € B.

Motivated by the concepts of K-cyclic and C-cyclic mappings and the M7T-
functions, Lin et. al. [27, 28] introduced the concept of weak MT-K and MT-C
conditions as follows.
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Definition 2.4 ([27, 28]). Let A and B be nonempty subsets of a metric space
(X,d) and T: A — B and S : B — A be maps. The pair of maps T and S is said
to satisfy

(i) weak MT-K cyclic condition if there exists an MT -function ¢ such that

d(Tw, Sy) < Lp(d(,y))[d(z. T2) +d(y, Sy)] + (1 - ¢(d(z.y)) )d(A, B)

forallz € A and y € B.
(ii) weak MT-C cyclic condition if there exists an MT -function ¢ such that

ATz, Sy) < 3p(d(z,y)) [de, Sy) + dly, To)] + (1= p(d(.y)) )d(A, B)
forallz € A and y € B.
Let us recall the concept of MT -functions.

Definition 2.5 ([29]). A function ¢ : [0,00) — [0, 1) is said to be an MT -function
(or R-functon), if
limsup(s) <1, forallt € [0,00).
s—tt
Clearly, no matter ¢ : [0,00) — [0,1) is a nondecreasing function or a nonin-
creasing function, ¢ can be an M7 -function. While the set of M7 -functions is a
rich class, it is worth noting that there exist functions which are not M7 -functions.

Example 2.6 ([30]). Let ¢ : [0,00) — [0,1) be defined by
ot) = {lt“ ift e (0,T)

0 otherwise.

Since limsup p(s) = 1, ¢ is not an MT -function.

s—0t

In 2012, Du [30] obtained the following characteristics of MT-functions.

Theorem 2.7 ([30]). Let ¢ : [0,00) — [0,1) be a function. Then the following
statements are equivalent.

(i) ¢ is an MT -function.

(ii) For any non increasing sequence {Ty tnen in [0,1), 0 < sup p(z,) < 1.
neN
(i) ¢ 4s a function of contractive factor, for any strictly decreasing sequence

{Zn}tnen in [0,1), then 0 < sup p(z,) < 1.
neN

In this paper, inspired and motivated by above concept we introduce the no-
tions of weak MT-K1 rational cyclic, weak MT-K2 rational cyclic, weak MT-C1
rational cyclic and weak MT -C2 rational cyclic conditions. We also introduce the
notions of weak MT -KC condition and weak MT -CK condition. We establish best
proximity point theorems for a pair of mappings satisfy these conditions in metric
spaces. Our results extend many results in the literature.

3. MAIN RESULTS

Definition 3.1. Let A and B be nonempty subsets of a metric space (X,d) and
T:A— Band S: B — A be maps. The pair of maps T and S is said to satisfy
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(i) weak MT-K1 rational cyclic condition, if there exists an MT -function
© such that

d(Tz, Sy) < 580(61(“1)) d(z, Tx) + d(y, gy)

forallzx € A, y € B and y # Sy.
(ii) weak MT-K2 rational cyclic condition, if there exists an MT -function
© such that

+ (1 - @(d(x,y)))d(A, B) (3.1)

1 d(y, Sy)d(y, Tx)
d(Tz, Sy) < So(d(z,y)) a0z T2) + d(y, 59)
forallx € A, y € B and y # Sy.
(iii) weak MT-C1 rational cyclic condition, if there exists an MT -function
© such that

+(1-ld@y))dA,B)  (32)

1 d(z, Tz)d(z, Sy)
d(Tz,Sy) < Se(d(x,y)) d(z, Sy) + d(y, 7y“w

forallzx € A,y € B and y # Tx.
(iv) weak MT-C2 rational cyclic condition, if there exists an MT -function
p such that

F+ (1 _ cp(d(x,y)))d(A, B) (3.3)

1 d(y, Sy)d(y, Tx)
d(Tz, Sy) < So(d(@,y)) d(z.5y) + dly T
forallz € A,y € B andy # Tx.

(v) weak MT-KC rational cyclic condition, if there exists a pair of MT -
functions v, such that

T+ (1 f ap(d(x,y)))d(A, B) (3.4)

d(z,Tx)d(x, Sy)
d(z, Tx) + d(y, Sy)

d(y, Sy)d(y, Tx)
+ kot (d(z, y)) (2, 59) + d(y, T) (3.5)

+ (1= 2[kap(dle, ) + k2t (d(2,9)] ) d(A, B)
forallz € A, y€ B, y# Sy, y# Tz and ki, ks < 1.

(vi) weak MT-CK rational cyclic condition, if there exists a pair of MT -
functions p,v such that

d(Tz, Sy) < kip(d(z,y))

d(y, Sy)d(y, T'x)
d(z, Tx) + d(y, Sy)

d(z, Tx)d(z, Sy) (3.6)
(z,Sy) +d(y, Tz)

+ (1= 2[kap(dle, ) + kv (d(2,9)] )d(A, B)

forallx € A,ye B, y# Sy, y#Tx andkl,kggé.

d(Tz, Sy) < kltp(d(% y))

Remark. Let A and B be nonempty subsets of a metric space (X,d) andT : A — B
and S : B — A be maps.
(1) Ifd(z,Tz)d(z,Sy) < (d(z, Tx)+d(y, Sy))2 forallz € A, y € B, then weak
MT-K1 rational cyclic condition implies to weak MT-K cyclic condition
((i) of Definition
(2) Ifd(y, Sy)d(y, Tz) < (d(z, Tz)+d(y, Sy))2 forallz € A, y € B, then weak
MT-K2 rational cyclic condition implies to weak MT -K cyclic condition
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(3) Ifd(z,Tz)d(z,Sy) < (d(z, Sy)+d(y,Ta:))2 forallz € A, y € B, then weak
MT-C1 rational cyclic condition implies to weak MT-C cyclic condition
((ii) of Definition[2.4))

(4) Ifd(y, Sy)d(y, Tz) < (d(z, Sy)—l—d(y,Tx))2 forallz € A, y € B, then weak
MT-C2 rational cyclic condition implies to weak MT -C cyclic condition

Theorem 3.2. Let A and B be nonempty subsets of a metric space (X,d) and
T:A— BandS:B — A be maps. If the pair of maps T and S satisfies the weak
MT-KC rational cyclic condition, then there exists a sequence {x,} in X such that

lim d(x,,z,11) = d(A, B).

S§—00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).

(il) If {xon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(A, B).

Proof. Since T(A) C B and S(B) C A. Given zg € A. Define xg,+1 = T2, and
Tont2 = Sxopqq for all n € NU{0}. Then {xo, }neny C A and {zap_1}neny C B. Let

Op 1= <p(d(xn,xn+1)) and 9, := w(d(xn,xn+1)) for all n € NU{0}. By (3.5) and
triangle inequality we have

d(l‘l, mg) = d(TJZo7 SCL‘1)
d(zo,x1)d(x0, x2)
d(l’o7 331) + d(CEl, 1'2)

d(l’o, ml)d(l’o, l’2)
ey (1= 200 + o) a4, B)

< krpod(zo, 1) + (1 —2(k1ipo + kgwo))d(A, B)
< kipod(wo, z1) + (1 — 2k1p0)d(A, B).
Consequently,
(1 — klnpo)d(ml,xz) < kipod(xo, 1) + (1 — 2k1<po)d(A, B).
and this implies that

d(z1,22)d(z1,21)

<k
= K10 d(mo,mg) + d(ml, 1

+ katho o+ (1 —2(k1ipo + kgwo))d(A, B)

< kipo

k1vo 1—2k1po
d(1’17$2) < 1— k1o d(waTl) + md(AvB)
equivalently,
d(l’l,I2) < #d(xo,m) + <1 -3 o ) d(A,B).
k1 T ¥0 By PO
Thus
d(z1,25) — d(A, B) < Xo(d(z0, 1) — d(A, B)) where X\ i= —20—.  (3.7)
%W PO

Using (3.5) again, we have
d(mz, 1133) = d(Swl,TCCQ) = d(Tx% S’xl)
d(xl,xz)d(ml,xg)
(a)z, .TQ) + d(a:l, T3

d(l‘2, mg)d(l‘g, 1'2)
d(z2,z3) + d(x1,z2)

< kotrd(zy, 2) + (1 —2(k1ip1 + kgzpl))d(A, B)
< kothrd(x1, z2) + (1 — 2k2¢01)d(A, B).

<kipr

+ kot ¥ (1 —2(kipr + kal))d(A, B)
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Consequently,
(1 — kzi/)l)d(xQ,.’E:g) < kz’l/hd(iljl, mz) —+ (1 — 2k2w1)d(14, B)
and this implies that

kal 1 - 2k2w1
d(z2,z3) < md(%,xz)‘F md(fh B).
equivalently,
d(Z‘Q,.Ig) < 3 Y1 d(x1,$2) + <1 -3 V1 ) d(A,B)
E —¢1 E — {1
Thus
d(z2,x3) — d(A,B) < A (d(z1,22) — d(A, B)) where \; := ¢1¢ . (3.8)
W
Similarly, we obtain
d(xs,24) — d(A, B) < Xo(d(z2,23) — d(A, B)) where Ay i= —22—.  (3.9)
%W P2
Using (3.5) and by induction, we have
et if ¢ is even;
Az, Tni1)—d(A, B) < M1 (d(zn_1,70)—d(A, B here )\, := ¢ Fi 7
(o 1) =4l )= 1( (n—1,Zn)=d( )) e 11/)'5 if ¢ is odd.
Ty Yt
(3.10)

Since ¢(t),1(t) < 1 and ki, ks < 1, it follows that for all ¢ € [0, 00) then
moe®)>1  and L —y(t) > 1

Hence 1Lt)(t) < 1and #t)f < 1lforallt € [0,00), we have A, < 1foralln € N.
k¢ kYW
By (B10) we get ’

d(Xp, Tny1) —d(A,B) < d(zp_1,2z,) — d(A, B)

which implies d(zy,, zpt1) < d(zp-1,2,) for all n. So {d(xn,z,+1)} is a strictly
decreasing sequence. By Theorem we obtain

0 <supy, <1 and 0 <supy, < 1.
neN neN

Let v = max{sup cpn,supz/)n}, so 0 <~ < 1. Since
neN neN

on <7 and Y, <7y

then
E—en>g -7 and -t -7
and
1<pn < 17 and 1'(/)71 < 1’}/
]Tliﬁpn pry Efwn ]TQ*’Y
for all n € N. So
0 < sup 1<,0n < v <1 and Ogsuplwn i < 1.

1 S 1
neN 7 — $Pn WH Y neNg*dJn % 7

2
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Let

3\ { ©n Un }
= max | sup ,Sup
neN kr ©n neN ks wn

then A € [0,1). By (3.10) it follows that

d(Tn, Tni1) — d(A, B) < Ad(zn-1,2,) — d(A4, B))
S )\2 (d(l‘n_z,l‘n_l) — d(A,B))

< A (d(l‘o,xl) - d(A,B))

Since A € [0,1), we have lim A" =0 and

n—oo

lim d(xy,,zn4+1) = d(A, B).

n—oo

Now, let {x2,,} be a convergent subsequence of {z2,} and z2,, —  as j — oo for
some x € A. By (3.5, we get

d(T'T7 x2nj) = d(z“ﬂ:7 Sx?n]-—l)

d(z, Tx)d(x, w20, ) d(z2n, -1, Tan, )d(T2n,-1,Tx)

< kllp(d(x,xznj—l)) +k21/1(d($,172nj—1))

d(z, Tx) + d(.’lﬁgnjfl, .'Egnj)
+ (1= 2k (@, m2n,-1)) + kot (d(w, 220, 1)) ] ) d(A, B).

d(l‘, m2'nj ) + d(-Tanfb T],')

for all j € N. Since x3,; — = as j — 0o, by taking the limit as j — oo in above
inequality we have d(z,Tx) = d(A, B), and (i) is proved. The conclusion of (ii) can
be verified by using a similar argument as the proof of (i). That is there exists a
point y € B such that d(Sy,y) = d(A, B). The proof is completed. O

Example 3.3. Consider the complete metric space R with the usual metrics. Let
A =0,3],B=[-3,0], define the mappings T : A — B and S : B — A as follows:

~
8
|

G dfres) [ dyel-3.-1)
0 ifref0,1] o if v € [—1,0]

A, Bo = B,S(Ap) C By and T(By) C Ayp. Deﬁne (t) =

Then d(A, B) =0,
) ;Vt € 0,00) and setting k1 = ke = 5

;Vt € [0, 00),

— I

0.25+t 25+t ’ 0.5+ 5+t 3



16 S. CHAIPORNJAREANSRI AND J. NANTADILOK

Case I: z € (1,3] and y € [-3,—1). we have ¢(d(z,y)) > g and ¢ (d(z,y)) > %
d(z, Tx)d(z, Sy) d(y, Sy)d(y, Tz)
kg (dlx,v)) d(z,Tx) + d(y, Sy) + k2 (d(z,y) d(z, Sy) + d(y, Tx)
> (1) () (I O @ s (el =Syl = bz = )
(z+a)(x—0) (z—a)(z+D)
5 <1:+z (a+0) +(:c—|—z)—(a—&—b))
( )(z —b) + zfa)(erb))
(x4 2)+ (a+0b)
(21z 4+ 1)(20x — z — 1) + (202 —z — 1)(21z + 1) a1
20(21z + 21z + 2) ) (a_ ’

2 <202:v1 (21z + 212 + 2)
> (%)

=

N

cn

N

Ul

20(21z + 212 + 2)

> (g) (20z720xfl)

> r+z+2
- 20
> d(Tz, Sy).

Case II: x € (1,3] and y € [-1,0]. we have Sy =0, d(x, Sy) = z, d(y,Sy) = —y
and d(Tz, Sy) = &t

kuo(d(w )) 7

=

) (Ifa:>zthen20x—z—1>20z—x—1)

Vz,z € (1,3]

d(z,Tz)d(z, Sy) d(y, Sy)d(y, Tx)
(z,Tx) + d(y, Sy) * k2w(d(x’ v) d(z, Sy) + d(y, Tx)

) 2D ) () 25 (el =as =)
(2) z(x + a) z—a))

N

O“

5 x+z+a rT+z—a
mm—i—a +z2(z—a

5 ( r+z+a >

(2) (x21x+1 —|—z20z—x—1)) (a:””l)

21z + 20z + 1

2) z(2lz + 1) + 2(20z — 2z — 1) (‘..Z<1>
5 21z + 21 -

[

U‘

U\

>

+1
- 20
=d(Tz,Sy).
Case III: z € [0,1], y € [-3,—1). Similar as in the Case II, we get
d(x, Tz)d(x, Sy) d(y, Sy)d(y, Tx)
kip(d k
@) I8 Ty iy s ) G 5 T dy T 2

Case IV:z € [0,1], y € [—1,0] and © # y. we have Tx = 0,Sy =0, d(z,Tx) =

vz € (1,3],2z € [0, 1]

= d(Tz, Sy).

(z, Tz)d(z, Sy) d(y, Sy)d(y, T'z)
ke (@ V) 30 T2 1 (g, 59 T V@) 36 5y) T d(y o)
- () () 2+ () () 2
>0=d(Tz,Sy).
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For all cases, we can conclude that the pair of maps T and S satisfies the weak
MT-KC rational cyclic condition. Here 0 is a best prorimity point of T and S.

Theorem 3.4. Let A and B be nonempty subsets of a metric space (X,d) and
T:A— BandS: B — A be maps. If the pair of maps T and S satisfies the weak
MT -CK rational cyclic condition, then there exists a sequence {x,} in X such that

ILHI d(xn,xn+1) = d(AaB)

Moreover, the following statements hold.
(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).
(il) If {zon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(A, B).

Proof. With a similar idea to the proof of Theorem we can deduce that there
exists a sequence {z,} in X such that

lim d(x,,xn11) = d(A, B).
5— 00
and
(i) If {2on }nen has a convergent subsequence in A, then there exists a point
x € A such that d(z,Tz) = d(4, B).
(i) If {251 }nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(A, B).
U

We obtain the following corollaries.

Corollary 3.5. Let A and B be nonempty subsets of a metric space (X,d) and

T:A— BandS:B — A be maps. If the pair of maps T and S satisfies the weak

MT-KT1 rational cyclic condition, then there exists a sequence {x,} in X such that
lim d(x,,z,11) = d(A,B).

S§—00
Moreover, the following statements hold.
(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(4, B).
(ii) If {z2n—1}nen has a convergent subsequence in B, then there exists a point

y € B such that d(y, Sy) = d(A, B).

Proof. The proof follows by taking ky = % and ks = 0 in Theorem ([

Corollary 3.6. Let A and B be nonempty subsets of a metric space (X,d) and

T:A— BandS: B — A be maps. If the pair of maps T and S satisfies the weak

MT-K2 rational cyclic condition, then there exists a sequence {x,} in X such that
lim d(zn,zny1) = d(A4, B).

5—00
Moreover, the following statements hold.
(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).
(il) If {zon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(A, B).
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Proof. The proof follows by taking k1 = % and ks = 0 in Theorem [3.4 O

Corollary 3.7. Let A and B be nonempty subsets of a metric space (X,d) and
T:A— BandS: B — A be maps. If the pair of maps T and S satisfies the weak
MT-C1 rational cyclic condition, then there exists a sequence {x,} in X such that

lim d(zn,xny1) = d(A4, B).

S5— 00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(z,Tz) = d(A, B).

(ii) If {z2n—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(A, B).

Proof. The proof follows by taking k1 = 0 and k» = 3 in Theorem [3.4 O

Corollary 3.8. Let A and B be nonempty subsets of a metric space (X,d) and
T:A— BandS:B — A be maps. If the pair of maps T and S satisfies the weak
MT-C2 rational cyclic condition, then there exists a sequence {x,} in X such that

lim d(zn,xny1) = d(A4, B).

85— 00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(z,Tz) = d(A, B).

(ii) If {z2n—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Sy) = d(4, B).

Proof. The proof follows by taking k1 = 0 and ko = % in Theorem 3.2 ]

Next we give the following definitions for a single map.
Definition 3.9. Let A and B be nonempty subsets of a metric space (X,d) and
T: AUB — AUB be a cyclic map. The map T is said to satisfy

(i) weak MT-K1 rational cyclic condition, if there exists an MT function
© such that

1 d(z, Tx)d(xz, Ty)
d(Tz,Ty) < §W(d(x’ v)) d(z, Tx) + d(y, éj’y)

forallx € A,y € B and y # Ty.
(ii) weak MT-K2 rational cyclic condition, if there exists an MT function
 such that

+(1-p(d@,y))dA,B) @311

) d(y, Ty)d(y, T)
(T, Ty) < S (d(z,y)) d(aay Tac3y+ c?(y, Ty

forallx € A,y € B and y # Ty.
(iil) weak MT-C1 rational cyclic condition, if there exists an MT function
 such that

T+ (1 - @(d(x,y)))d(A, B) (3.12)

1 d(x, Tx)d(z, Ty)
d(Tz,Ty) < 5o (d(z,y)) d(x, Ty) + d(y, %w

forallx € A,y e B andy # Tx.

)t (1 - ‘p(d(w’y)»d(& B) (3.13)
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(iv) weak MT-C2 rational cyclic condition, if there exists an MT function
© such that

1 d(y, Ty)d(y, Tz)
A(Te,Ty) < Seldle,)) o g+ (1-¢(d@.y))dA,B)  (3.19)
forallzx € A, y € B and y # Tx.

(v) weak MT-KC rational cyclic condition, if there exists a pair of MT
functions p,v such that

d(z, Tx)d(z, Ty)
d(z,Tx) + d(y, Ty)

d(y, Ty)d(y, T'x)
+ ket (d(z, ) d(z,Ty) + d(y, Tx) (8-15)

+ (1= 2[kap(dle,p)) + ka2t (d(2,9)] )d(A, B)
forallr e A, ye B, y# Ty, y# Tx and ki,ks < %

(vi) weak MT-CK rational cyclic condition, if there exists a pair of MT
functions v, such that

d(Tz, Ty) < kip(d(z,y))

d(y, Ty)d(y, Tx)
d(z, Tz) + d(y, Ty)

d(z, Tx)d(z, Ty)
+k2¢(d(m’y))d(x,Ty)+d(y,Tx) (3.16)

+ (1 —9 [kzlgo(d(a:,y)) + kot (d(a, y))])d(A, B)

forallx e A, ye B,y# Ty, y#Tx andkl,kggé.

d(Tz, Ty) < kip(d(z,y))

The following conclusion are immediate from Theorem [3.2]

Theorem 3.10. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT-KC rational cyclic
condition, then there exists a sequence {x,} in AUB such that

vle d(zp,xnt1) = d(A,B).
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(z,Tz) = d(A, B).

(il) If {zon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).

Theorem 3.11. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT -CK rational cyclic
condition, then there exists a sequence {x,} in AUB such that

lim d(x,,z,11) = d(A,B).

S§—00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).

(il) If {zon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).
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Corollary 3.12. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT -K1 rational cyclic
condition, then there exists a sequence {x,} in AUB such that

lim d(x,,z,11) = d(A, B).

S— 00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).

(ii) If {z2n—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).

Corollary 3.13. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT-K2 rational cyclic
condition, then there exists a sequence {x,} in AUB such that

lim d(xn,xn11) = d(A, B).

Elmdee]
Moreover, the following statements hold.

(i) If {zon}nen has a convergent subsequence in A, then there exists a point
x € A such that d(z,Tz) = d(A, B).

(ii) If {z2n—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).

Corollary 3.14. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT-C1 rational cyclic
condition, then there exists a sequence {x,} in AUB such that

lim d(zn,zny1) = d(A4, B).

§— 00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).

(il) If {xon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).

Corollary 3.15. Let A and B be nonempty subsets of a metric space (X,d) and
T : AUB — AUB be maps, If map T satisfies the weak MT-C2 rational cyclic
condition, then there exists a sequence {x,} in AUB such that

lim d(zp,zny1) = d(A4, B).

§—00
Moreover, the following statements hold.

(i) If {zan}nen has a convergent subsequence in A, then there exists a point
x € A such that d(x,Tz) = d(A, B).

(i) If {zon—1}nen has a convergent subsequence in B, then there exists a point
y € B such that d(y, Ty) = d(A, B).
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