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PARTIAL NORMALITY

IBTESAM ALSHAMMARI, LUTFI KALANTAN, AND SADEQ ALI THABIT

Abstract. A topological space X is called partially normal if for any two

disjoint subsets A and B of X, where A is closed domain and B is π-closed,

there exist two disjoint open subsets U and V of X such that A ⊆ U and B ⊆
V . We investigate this property and present some examples to illustrate the

relationships between partial normality and other weaker kinds of normality.

In this paper, we introduce partially normal topological spaces. We investigate
this property and present some examples to illustrate the relationships between
partial normality and other weaker kinds of normality. Throughout this paper, we
denote an ordered pair by 〈x, y〉, the set of positive integers by N, and the set of
real numbers by R. A T4 space is a T1 normal space, a Tychonoff (T3 1

2
) space is a

T1 completely regular space, and a T3 space is a T1 regular space. For a subset A
of a space X, intA and A denote the interior and the closure of A, respectively. An
ordinal γ is the set of all ordinal α such that α < γ. The first infinite ordinal is ω
and the first uncountable ordinal is ω1.

Definition 1. Two disjoint subsets E and F of a space X are called separated if
there exist two disjoint open sets U and V such that E ⊆ U and F ⊆ V . A subset
A of a space X is called closed domain [3], called also regularly closed, κ-closed, if
A = intA. A subset A of a space X is called open domain [3], called also regularly
open, κ-open, if A = int(A). A space X is called mildly normal [14], called also
κ-normal [16], if any two disjoint closed domains A and B of X are separated. In
[16], Stchepin required regularity in his definition of κ-normality. A space X is
called almost normal [13] if for two disjoint closed subsets A and B of X one of
which is closed domain are separated. A subset A of a space X is called π-closed
[19] if A is a finite intersection of closed domains. The complement of a π-closed
set is called π-open [19]. A space X is called π-normal [5] if any two disjoint closed
subsets A and B of X one of which is π-closed are separated. A space X is called
quasi-normal [19] if any two disjoint π-closed subsets A and B of X are separated,
see also [5]. In [19], Zaitsev required regularity in the definition of quasi-normal.
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Since any closed domain is π-closed and any π-closed is closed, then it is clear
from the definitions that

normal =⇒ π-normal =⇒ almost normal =⇒ mildly normal.

normal =⇒ π-normal =⇒ quasi-normal =⇒ mildly normal.

Now, we define a weaker version of normality which lies between almost normality
and mild normality in the first above implications. In the second implications, it
lies between quasi-normality and mild normality.

Definition 2. A topological space X is called partially normal if for any two
disjoint subsets A and B of X, where A is closed domain and B is π-closed, there
exist two disjoint open subsets U and V of X such that A ⊆ U and B ⊆ V .

From the definitions, the following implications are clear.

almost normal =⇒ partially normal =⇒ mildly normal.

quasi-normal =⇒ partially normal =⇒ mildly normal.

None of the above implications is reversible. Here is a Hausdorff mildly normal
space which is not partially normal.

Example 3. Let X = {(i, k) : i, k ∈ Z, i, k > 0} ∪ {(i, 0); i ≥ 0} be the subset of
the integral lattice points of the plane. The Irregular lattice topology [17] on X is
determined by the following neighborhood system:
The basic open set of any point (i, k), i, k > 0 is of the form {(i, k)}. The basic open
set of any point (i, 0), i 6= 0 is of the form Un((i, 0)) = {(i, k) : k = 0 or k ≥ n}.
The basic open set of the point (0, 0) is of the form Vn((0, 0)) = {(i, k) : i = k =
0 or i, k ≥ n}. This space is Hausdorff mildly normal not partially normal.

Lemma 4. In the Irregular lattice topology, we have:

(1) Any singleton {x} is π-closed set in X.
(2) Any basic open neighborhood of (k, 0) Un, k ≥ 1, is clopen subset of X for

each n ≥ 1.
(3) For any basic open neighborhood of (0, 0) Vn, we have Vn = Vn ∪ {(k, 0) :

k ≥ n} for each n ∈ N.
(4) For any basic open set Vn of (0, 0), we have Vn is also open subset of X for

each n.
(5) Any finite subset {(k1, 0), (k2, 0), . . . , (kn, 0)} is π-closed subset of X for

each n.

Claim 1: The Irregular lattice topology is not partially normal.
Proof of Claim 1: In the irregular lattice topology, let U =

⋃
k∈N

U1((2k, 0)) =

U1((2, 0))∪U1((4, 0))∪ · · · ∪U1((2k, 0))∪ . . . , where U1(2k, 0) is the basic open set
of (2k, 0). Then, U is open and U = U ∪{(0, 0)}. Let A = U = U ∪{(0, 0)}. Then,
A is closed domain in X and (2k− 1, 0) 6∈ A for each k ∈ N. Let G be any open set
in X containing A, i.e A ⊆ G. Since (0, 0) ∈ A, then (0, 0) ∈ G. Thus, there exists
a basic open set Vm for some m ∈ N such that (0, 0) ∈ Vm ⊆ G. This implies tat
Vm ⊆ G and Vm = Vm ∪ {(k, 0) : k ≥ m}. So, Vm contains all points of the form
(k, 0), k ≥ m. Since Vm ⊆ G, then (k, 0) ∈ G for each k ≥ m. Pick the integer



PARTIAL NORMALITY 3

m and choose B = {(m1, 0), (m2, 0), . . . , (mr, 0)}, where mi are odd integers and
mi ≥ m for each i = 1, 2, . . . , r. Then, B is π-closed set in X and A∩B = ∅. Let H
be any open set in X such that B ⊆ H. Then, Vm ∩B 6= ∅ and hence Vm ∩H 6= ∅.
Since Vm ⊆ G, then G ∩H 6= ∅. Thus, A and B can not be separated. Hence, X
is not partially normal.
Claim 2: The irregular lattice topology is mildly normal space.
Proof of Claim 2: Let A and B be two disjoint closed domain subsets of X. Then,
A ∩ B = ∅, A = int(A) and B = int(B). There are two cases, (0, 0) ∈ A or
(0, 0) 6∈ A.
Case 1: If (0, 0) ∈ A, then (0, 0) ∈ X \ B as A ∩ B = ∅. Since X \ B is open
set in X containing (0, 0), then there exists a basic open set Vn for some n ∈ N
such that (0, 0) ∈ Vn ⊆ X \ B. This implies that Vn ⊆ X \B = X \ int(B).

Thus, Vn ∩ int(B) = ∅. Since Vn is also open, then Vn ∩ int(B) = ∅. Thus, we get
Vn ∩B = ∅. This implies that B ⊆ X \ Vn. Let G = int(A) ∪ Vn and H = X \ Vn.
Then, G and H are open sets in X such that A ⊆ G, B ⊆ H and G ∩ H = ∅.
Hence, A and B can be separated.
Case 2: If (0, 0) 6∈ A, then either (0, 0) ∈ B or (0, 0) 6∈ B.
Subcase 21: If (0, 0) ∈ B, then (0, 0) ∈ X \ A, which is open set in X. Thus,
there exists a basic open set Vm for some m ∈ N such that (0, 0) ∈ Vm ⊆ X \ A.

This implies that Vm ⊆ X \A = X \ int(A). Thus, Vm ∩ int(A) = ∅. Since Vm
is also open, then Vm ∩ int(A) = ∅. Thus, we get Vm ∩ A = ∅. This implies that
A ⊆ X \ Vm. Let G = X \ Vm and H = int(B)∪ Vm. Then, G and H are open sets
in X such that A ⊆ G, B ⊆ H and G ∩H = ∅. Hence, A and B can be separated.
Subcase 22: If (0, 0) 6∈ A and (0, 0) 6∈ B, then (0, 0) 6∈ int(A) and (0, 0) 6∈ int(B).
This implies that there exists an integer r > 0 and a basic open set Vr of (0, 0) such
that Vr ∩ int(A) = ∅. Similarly, there exists an integer s > 0 and a basic open set
Vs of (0, 0) such that Vs ∩ int(B) = ∅. Then, Vr ∩ int(A) = ∅ and Vs ∩ int(B) = ∅.
Since Vr and Vs are also open, then we get Vr ∩ A = ∅ and Vs ∩ B = ∅, where
Vr = Vr ∪{(k, 0) : k ≥ r} and Vs = Vs ∪{(k, 0) : k ≥ s}. Let t = max {r, s}. Then,
Vt = Vt ∪ {(k, 0) : k ≥ t}, Vt ⊆ Vr and Vt ⊆ Vs. So, there exists t > 0 such that

Vt ∩ A = ∅ and Vt ∩ B = ∅. This implies that A ⊆ X \ Vt =
t−1⋃
i=1

U1(ki, 0) ∪ {(i, j) :

i ≥ t, 0 < j < t} and B ⊆ X \ Vt =
t−1⋃
j=1

U1(kj , 0) ∪ {(i, j) : i ≥ t, 0 < j < t}.

Thus, A and B contains a finite number of the points of the form (k, 0). Let
{(m1, 0), (m2, 0), . . . , (mp, 0)} ⊂ A and {(n1, 0), (n2, 0), . . . , (nq, 0)} ⊂ B for some
integers p, q > 0. Since A ∩ B = ∅, then mi 6= nj for each i = 1, 2, . . . , p and
j = 1, 2, . . . , q. Now, for each i, j, let Ui = U1(mi, 0) \ B and Vj = U1(nj , 0) \ A.
Then, Ui and Vj are open sets in X for each i, j.

Let U =
p⋃

i=1

Ui and V =
q⋃

j=1

Vj . Then, U and V are open sets in X. Put G =

int(A) ∪ U and H = int(B) ∪ V . Then, G and H are open sets in X such that
A ⊆ G, B ⊆ H and G ∩H = ∅. Thus, A and B can be separated.
For each case, we obtain that A and B can be separated by two disjoint open sets.
Hence, X is mildly normal.

It was proved in [7] that the Half-Disc space [17] is quasi-normal but not almost
normal. Thus the Half-disc space is an example of a partially normal space which
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is not almost normal. Any almost normal space which is not quasi-normal will be
an example of a partially normal space which is not quasi-normal and we still have
not found a such one.

The following theorem gives characterizations of partial normality.

Theorem 5. For a space X the following statements are equivalent:

(1) X is partially normal.
(2) For every π-closed set A and every open domain set B such that A ⊆ B,

there exists an open set U such that A ⊆ U ⊆ U ⊆ B.
(3) For every closed domain set A and every π-open set B such that A ⊆ B,

there exists an open set U such that A ⊆ U ⊆ U ⊆ B.
(4) For every pair of disjoint closed subsets of X, one of which is π-closed and

the other is closed domain, there exist open sets U and V such that A ⊆ U ,
B ⊆ V and U ∩ V = ∅.

Proof. .

1⇒ 2 Let A be π-closed and B be open domain such that A ⊆ B. Then A ∩
(X \ B) = ∅. Thus, by 1, there exists disjoint open sets U and V such
that A ⊆ U and (X \ B) ⊆ V . But U ∩ V = ∅, so U ∩ V = ∅. Hence
U ⊆ X \ V ⊆ B. Therefore, A ⊆ U ⊆ U ⊆ B.

2⇒ 3 Let A be closed domain and B be π-open set such that A ⊆ B. Then
X \B ⊆ X \A where X \B is π-closed and X \A is open domain. Hence,
there exists open U such that X \B ⊆ U ⊆ U ⊆ X \A. Thus A ⊆ X \U ⊆
X \ U ⊆ B. But X \ U ⊆ X \ U . Let V = X \ U , then A ⊆ V ⊆ V ⊆ B.

3⇒ 4 Let A be closed domain and B be π-closed such that A ∩ B = ∅. Then
A ⊆ X \B, where X \B is π-open. By 3, there exists an open set U such
that A ⊆ U ⊆ U ⊆ X \ B. Since U is closed domain from 3 again there
exist an open V such that U ⊆ V ⊆ V ⊆ X \ B. Let O = X \ V , then
B ⊆ O. Since U ⊆ V ⊆ V , then (X \ V ) ∩ U = ∅. Therefore U ∩O = ∅.

4⇒ 1 Clear.

�

The following proposition is clear.

Proposition 6. If f : X −→ Y is a closed-and-open continuous function and
B ⊆ Y is π-open, then f−1(B) is π-open.

Theorem 7. Partial normality is preserved under a closed-and-open continuous
onto function.

Proof. Let f : X −→ Y be a closed-and-open continuous onto function from a
partially normal space X onto a space Y . Let A be a closed domain set and B
be a π-open set in Y such that A ⊆ B. Then f−1(A) is a closed domain set [3,
1.4.D.(d)] and f−1(B) is a π-open set, Proposition 6, in X such that f−1(A) ⊆
f−1(B). By partial normality of X, there exists an open set U in X such that

f−1(A) ⊆ U ⊆ U ⊆ f−1(B). Since f is continuous and closed, then f(U) = f(U)

and so A ⊆ f(U) ⊆ f(U) = f(U) ⊆ B. Thus, A ⊆ f(U) ⊆ f(U) ⊆ B. Since f is
an open, then f(U) is open in Y . Hence, by Theorem 5, Y is partially normal. �

Corollary 8. Partial normality is a topological property.
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Corollary 9. Let X × I be a product of a space X and the closed unit interval I
with its usual topology. If X × I is partially normal, then X is partially normal.

Proof. Let p : X×I → X be the projection function, so p is an onto open continuous
function. Since I is compact, p is also closed [3, 3.1.16]. By Theorem 7, X is
partially normal. �

Note that a partial normality is not a hereditary property and here is an example.

Example 10. Let {yn : n < ω} be a countably infinite set such that {yn : n <
ω} ∩ (ω1 + 1) = ∅. Let Y = {yn : n < ω} ∪ (ω1 + 1). Let τ be the topology on
Y generated by the following neighborhood system: For an α ∈ ω1, a basic open
neighborhood of α is the same as in ω1 with its usual order topology. For n ∈ ω, a
basic open neighborhood of yn is {yn}. A basic open neighborhood of ω1 is of the
form (α, ω1]∪{yn : n ≥ k} where α < ω1 and k ∈ ω. In other words, {yn : n < ω} is
a sequence of isolated points which converges to ω1. Note that if we define an order
< on Y as follows: For each n ∈ ω, ω1 < yn+1 < yn, and < on ω1 +1 is the same as
the usual order on ω1+1, then (Y , τ ) is a linearly ordered topological space. It was
shown in [4] that (Y , τ ) is a Hausdorff compact space. Let Z = Y × (ω + 1) with
its product topology. Then Z is T4 being a Hausdorff compact space. Consider

X = (Y × (ω + 1) ) \ {〈ω1, ω〉}.
X is Tychonoff but not normal by the same reason that the Tychonoff plank [17] is
not normal. That is, the closed sets A = {〈ω1, n〉 : n < ω} and B = {〈α, ω〉 : α <
ω1} are disjoint and cannot be separated by two disjoint open sets. Observe that
neither A nor B is a closed domain. Indeed, intA = ∅ = intB. Now, to see that
X is not partially normal, we will show B is π-closed in X and present a closed
domain F containing A such that F and B are disjoint. For each n ∈ ω we have
that {yn} × (ω + 1) is open in X, thus U =

⋃
n∈ω({yn} × (ω + 1)) is open in X,

hence U = A ∪ U = F is closed domain in X. Now, let E = {2n : n ∈ ω} and
O = {2n + 1 : n ∈ ω}. For each n ∈ ω we have that ω1 × {n} is open in X. Thus
G =

⋃
n∈E(ω1 × {n}) and H =

⋃
n∈O(ω1 × {n}) are open disjoint subsets in X.

So, G and H are closed domains in X. But G = B
⋃

(
⋃

n∈E((ω1 + 1)× {n})) and

H = B
⋃

(
⋃

n∈O((ω1 + 1)×{n})). So, B = G∩H is π-closed in X and B ∩F = ∅.
Since A and B cannot be separated and A ⊂ F , then F and B cannot be separated
by disjoint open sets in X. Therefore, X is not partially normal.

Now, we show that it is hereditary with respect to closed domain subspaces. We
need the following proposition which has a simple direct proof.

Proposition 11. Let M be a closed domain subspace of X and A ⊆M . If A is a
π-closed in M , then A is a π-closed in X.

Theorem 12. Partial normality is a hereditary property with respect to closed
domain subspaces.

Proof. Let M be a non-empty closed domain subspace of a partially normal space
X. Let A and B be any disjoint closed sets in M such that A is π-closed and B is
closed domain. Since M is closed domain, then by the Proposition 11 A is π-closed
in X and B is closed domain in X [3, 2.1.B.(b)]. By partial normality of X, there
exist open subsets U and V of X such that A ⊆ U , B ⊆ V and U ∩ V = ∅. Thus,
A ⊆ U ∩M , B ⊆ V ∩M and (U ∩M) ∩ (V ∩M) = ∅. Let G = U ∩M and
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H = V ∩M . Then, G and H are disjoint open sets in M such that A ⊆ G and
B ⊆ H. Hence, M is partially normal. �

Corollary 13. Partial normality is a hereditary property with respect to closed-
and-open subspaces.

Observe that if M is a closed-and-open subspace of a space X and A ⊆ X is
closed domain (π-closed), then A ∩M is closed domain (π-closed) in M . So, we
can get the following theorem.

Theorem 14. For each s ∈ S, let Xs be a topological space. The sum X = ⊕
s∈S

Xs,

is partially normal if and only if each Xs is partially normal for each s ∈ S.

Proof. Assume that X = ⊕
s∈S

Xs is partially normal. Since Xs is closed-and-open

subspace of X for each s ∈ S, then by the Corollary 13, we have Xs is partially
normal for each s ∈ S. Conversely, assume that Xs is partially normal for each
s ∈ S. Let A and B be any two disjoint closed subsets of X such that A is π-
closed and B is closed domain. Since A is π-closed in X, then A ∩Xs is π-closed
in Xs for each s ∈ S. Since B is closed domain in X, then B ∩ Xs is closed
domain in Xs for each s ∈ S. Since A ∩ B = ∅, then (A ∩ Xs) ∩ (B ∩ Xs) = ∅.
Since Xs is partially normal for each s ∈ S, then for each s ∈ S there exist open
sets Us and Vs in Xs such that A ∩ Xs ⊆ Us, B ∩ Xs ⊆ Vs and Us ∩ Vs = ∅.
Thus A = ∪

s∈S
(A ∩ Xs) ⊆ ∪

s∈S
Us = U , B = ∪

s∈S
(B ∩ Xs) ⊆ ∪

s∈S
Vs = V and

U ∩ V = ( ∪
s∈S

Us) ∩ ( ∪
s∈S

Vs) = ∪
s∈S

(Us ∩ Vs) = ∅. So, U and V are disjoint open

sets in X such that A ⊆ U and B ⊆ V . Therefore, X is partially normal. �

Partial normality is not multiplicative and here is an example of a T4 countably
compact space whose product with a T2 compact linearly ordered space is not
partially normal.

Example 15. Consider the space Y of Example 10 which is a T2 compact linearly
ordered space. It is well-known that ω1 is a T4 countably compact first countable
space. It was shown in [4] that ω1 × Y is not mildly normal and hence ω1 × Y is
not partially normal.

Recall that a topological space X is called almost compact if each open cover of
X has a finite subcover the closures of whose members covers X [10]. A space X is
called almost regular [15] if for any closed domain subset A and any x 6∈ A, there
exist two disjoint open sets U and V such that x ∈ U and A ⊆ V . Equivalently, a
space X is almost regular if for any π-closed subset A and any x 6∈ A, there exist
two disjoint open sets U and V such that x ∈ U and A ⊆ V [9] . By a similar
argument as in Theorem 5, we have that a space X is almost regular if and only if
for any π-closed subset A and any x 6∈ A, there exist two open sets U and V such
that x ∈ U , A ⊆ V , and U ∩ V = ∅.

Theorem 16. If X is an almost regular space in which every closed domain subset
is almost compact, then X is partially normal.

Proof. Let A and B be any two non-empty disjoint closed subsets of X such that A
is π-closed and B is closed domain. For each x ∈ B, there exist two open setsGx and

Hx in X such that x ∈ Gx, A ⊆ Hx and G
X

x ∩H
X

x = ∅. Then, {Gx ∩ B : x ∈ B}
is a relatively open covering of B. Since every closed domain set in X is almost
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compact, then there exists a finite subfamily {Gxi ∩B
B

: i ∈ {1, ..., n}} covering

B. Obviously, B ⊆ ∪ni=1G
X

xi
. Let H = ∩ni=1Hxi

and G = X\ ∩ni=1 H
X

xi
. Then G

and H are open sets in X such that A ⊆ H, B ⊆ G and H ∩G = ∅. Therefore, X
is partially normal. �

Recall that a topological space X is called completely Hausdorff, or T2 1
2
, if for

each distinct elements a, b ∈ X there exist two open sets U and V such that a ∈ U ,
b ∈ V , and U ∩V = ∅ [17]. Since every almost compact completely Hausdorff space
is almost regular [12], and almost compactness is hereditary with respect to closed
domain [10], we have the following corollary.

Corollary 17. If X is an almost compact completely Hausdorff space, then X is
partially normal.

Corollary 18. If X is an almost compact almost regular space, then X is partially
normal.

A topological space X is called α-normal if for any two disjoint closed subsets
A and B of X there exist disjoint open subsets U and V of X such that A ∩ U is
dense in A and B ∩ V is dense in B [1]. A topological space X is called β-normal
if for any two disjoint closed subsets A and B of X there exist open subsets U and
V of X such that A ∩ U is dense in A, B ∩ V is dense in B, and U ∩ V = ∅ [1]. A
topological space X is called weakly β-normal if for any two disjoint closed subsets
A and B of X there exist open subsets U and V of X such that A ⊆ U , B ⊆ V ,
and U ∩ V = ∅ [4]. For a T1 space X we have the fact:“X is normal if and only
if X is β-normal and mildly normal.” [1, 2.4]. In [4], it was proved that weakly
β-normal is enough in the class of T1 spaces. So, we have the following theorem.

Theorem 19. In T1 weakly β-normal spaces, the following are equivalent:

(1) X is normal.
(2) X is π-normal.
(3) X is almost normal. (X is quasi-normal.)
(4) X is partially normal.
(5) X is mildly normal.

The following problems are still open:

(1) Do α-normality and partial normality imply normality?
(2) In [8], it was proved that any product of ordinals is mildly normal. The

product ω1 × (ω1 + 1) is not almost normal [7]. It is naturally to ask the
following:

Is the product of any two ordinals partially normal? Is any product of
ordinals partially normal?
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