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ON CHARACTER AMENABILITY AND APPROXIMATE
CHARACTER AMENABILITY OF BANACH ALGEBRAS

RAHMATOLLAH GHOLAMI! HAMIDREZA RAHIMI 2-*

ABSTRACT. Some characterizations of character amenability and approximate
character amenability of Banach algebras are investigated. In this respect, the
new concept character amenability modulo an ideal and approximate character
amenability modulo an ideal of Banach algebras are introduced. As an appli-
cation of the obtained results, character amenability and approximate char-
acter amenability of semigroup algebras are characterized. On general semi-
groups such as E-inversive E-semigroup and eventually regular semigroup, it is
shown that the character amenability and approximate character amenability
of semigroup algebra I1(S) is equivalent to amenability of semigroup S. Some
examples are included.

1. INTRODUCTION

Let A be a Banach algebra and o(A) be the spectrum of A .i.e. the space of
all non-zero multiplicative linear functionals ¢ : A — C. For ¢ € o(A) U {0}, the
set of all Banach A—bimodule X with the right module action z.a = ¢(a)z is de-
noted by Mﬁ and the set of all Banach A—bimodule X with the left modulo action
a.x = p(a)z is denoted by ,M*A(a € A, z € X). A Banach algebra A is called left
p-amenable if every continuous derivation D : A — X * is inner for all X € /\/lg and
A is called left character amenable if it is left p-amenable for every ¢ € o(A)U{0}.
Similarly, right character amenability is defined by considering X € ,MA. A is
called character amenable if it is both left and right character amenable. The
concept of character amenability of Banach algebras was introduced by Monfared
[14] and then improved by Kaniuth, Lau and Pym in [9, 10]. As such character
amenability is weaker than the classical amenability introduced by Johnson in [7]
so all amenable Banach algebras are character amenable. The concept of amenabil-
ity modulo an ideal of Banach algebras was introduced by the second author and
M. Amini in [I]. As an application of this concept, it was shown that amenabil-
ity of semigroup S is equivalent to amenability of semigroup algebra I!(S) modulo
I,, where I, is a the closed ideal corresponding to the least group congruence o
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on S. This paper is devoted to discussion of character amenability and approxi-
mate character amenability of a large class of Banach algebras as quotient Banach
algebras. In this regard, by introducing the new concepts character amenability
and approximate character amenability modulo an ideal of Banach algebras, we
present some characterizations of character amenability and approximate character
amenability of Banach algebras. Using the presented characterizations, we show
that a semigroup S is amenable if and only if the semigroup algebra [*(.S) is char-
acter amenable (approximate character amenable) for a large class of semigroups
as E-inversive E-semigroup and eventually regular semigroup. Finally we end this
paper by giving some interesting examples.

2. CHARACTER AMENABILITY MODULO AN IDEAL

Let A be a Banach algebra and X be a Banach A-bimodule. By a derivation
D, we mean a bounded linear mapping D : A — X with D(ab) = a.D(b) +
D(a)b, (a,b € A) and by an inner derivation, we mean a derivation D which there
exists © € X such that D(a) = ad,(a) = a.x — z.a. Let A be a Banach algebra and
I be a closed ideal of A, by I+ we mean the set of all function f € A* such that
(x,f) =0for all z € I.

Definition 2.1. Let A be a Banach algebra, I be a closed ideal of A and ¢ €
(o(A)U{0}) NI+, A s left p—amenable modulo I if for all X € M7 for which
1.X =0, every continuous derivation D : A — X* is inner on the set theoretic A\I.
A is left character amenable modulo [ if it is left p—amenable modulo I for every
¢ € (o(A)U{0})NT+. Right character amenability modulo I is defined analogously
by considering S(,./\/lA. A is character amenable modulo [ if it is both left and right
character amenable modulo I.

Let A be Banach algebra and I be closed ideal of A. Then % can be made as an
A-bimodule where the module actions are defined by

(a+Db=ab+I,b(a+1)=ba+1(abeA).
By AI (resp. IA and I?), we mean the closed ideal generated by {a.i:a € A,i € I}
(vesp. {i.a:i€l,a€ A} and {i.j :4,j € I}).
Blanket Assumption. All over this paper we fix AI, TA, and I? as above
unless they are otherwise specified.

Lemma 2.2. Let I be a closed ideal of Banach algebra A and ¢ € (o(A)U{0})NI+,
then ¥(a + I?) = p(a) (resp. Y(a+ AI) = ¢(a) and ¥(a + TA) = ¢(a)) is the
induction character of ¢ on (o(4)U{0}) (resp. (o(4r)U{0}) and (o(+)U{0}).

7
Proof. Suppose that a+I1% = b+12, then a—b € I?> C I. Since p € I+, p(a—0b) = 0.

Thus v(a + I?) = ¢(a) is a well-defined character on the o(4). The proof of the
other parts are similar. [

According to Lemma for the rest of this paper we denote the induction
character of ¢ € (o(A)U{0}) NI+ on (o(4)U{0}), (o(=5)U{0}) or (o(H)U{0})
by .

Theorem 2.3. Let A be a Banach algebra and I be a closed ideal of A. Then the
following assertions hold.

A
i) If TA is left y—amenable and I? = I A, then A is left o—amenable modulo I,



56 RAHMATOLLAH GHOLAMI, HAMIDREZA RAHIMI

A
i) If a7 is right 1V —amenable and I?> = AI, then A is right o—amenable modulo
1.

Proof. i) Let ¢ € (c(A)u{0})NnI+, X e M3, I.X =0and D: A — X* be a
bounded derivation. For each € X and a € A, define z.(a +TA) = ¢(a+IA)x =
p(a)r and (a + IA).x = a.x. If (a+TA) = (b+ IA), then (a —b) € TAC I. As
I.X =0, (a—b).x =0 so ax = br. Also, since ¢ € I+ so p(a —b) = 0. This implies
that ¢(a)z = ¢(b)z. Hence the above module actions are well-defined and X will
have a Banach 7 —bimodule structure. Then X € Mf“ Define D(a+1A) = D(a).
Ifa+IA=0b+TIAthena—bec IA=I% So there exist 4, j € I such that a —b = ij.
We have D(a —b) = D(ij) = D(i).j +i.D(j) = ¢(j)D(i) +i.D(j) = 0. Then D is a
well-defined bounded derivation on %. Left ¢y—amenabily of % implies that there
exists ) € X* such that D(a + IA) = ad,(a + I A). Thus for every a € A\I,

D(a) = ady(a+1TA)
(a+TA)n+n.(a+TA)
Y(a+ITA)n+n.(a+IA)
e(a)n+n.a

= ady,(a).

ii) The proof of (ii) is similar. |

Let A be a Banach algebra, ¢ € o(A) U {0} and 7 : A®A — A be the diagonal
operator. Recall that a net (my)o € A®A is called a left p—approximate diagonal
for A if for every a € A,

Me.a —p(a)my, — 0,
(p®@p,ma) = p(r(ma)) — 1,

and M € (A®A)** is called left p—virtual diagonal for A if for every a € A,

M.a = ¢(a)M,
(M p@¢) = (r(M),¢) =1
Theorem 2.4. Let A be a Banach algebra and I be a closed ideal of A. If A is left

o—amenable modulo I and IA = I?, then % has a left Y—wvirtual diagonal.

Proof. Consider the A—bimodule Banach algebra %@% where the module actions
are defined by a.(b®¢) = ¥(a)(b®¢) = p(a)(b®¢) and (b®¢).a = (b® ca), (a €
Abce A).So A&A € yMA. Then (#5&®75)* will have A—bimodule structure
where the right module action is f.a = ¥(a).f = p(a)f, (a € A, f € (F®75)").
Also ( %@%)** will have A—bimodule structure with usual right module action
and left module action defined by

A. A
a.d = (@), (a€AdE(—H—)").
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As 1 is a multiplicative on A,

(a.(v @), b@e = (Y, (b®eE).a)
= (Yo beca)
= P(b)y(ca)
= Y(b)v(e)y(a)
= Y@y deed),

) = (a)(¢ @). Obviously C.(¢¥ @) is a 1—dimensional submodule
generated by ¥ ® 1. Consider the quotient Banach A—bimodule X =

-+
=3
c
»n
S
=
®
RS

A A \x
TA974 R
Fa%7a)" and set P : (£ &7 )* — X as canonical A—bimodule quotient map. Tt

C.(y ® ) 74974
is clear that

. (A L AL AL,

X _(W) = (C.(y®v)) Q(ﬁ@’ﬁ) )

thus X* can be identified as a close subspace of (F5®75)**. Set P* : X* —
(745®75)"" as a canonical adjoint of P. Since Aw @Y € X* C (&)™, by
the Hahn-Banach therrern7 there exists ®g € (F&+4)*" such that (Do, @) = 1.
Put adg, : A — (£ ®75)*", then

adg,(a) = a.®y— Dg.a
= P(a)®o — Po.a
= ¢Y(a)®y — Po.a.

It follows that

(ads,(a),p @) = (p(a)®o— Po.a,v @)
= (P, ¥(a)(¥ @ 1)) — (Lo, a.(¢ @ 1))
= (Do, 9(a)(y ®¥)) — (Lo, ¥(a) (¥ ® 1))
= 0,
thus adg,(a) € (C.(¢¥ ® 1))+ ~ X*. On the other hand, X is an A—bimodule
Banach algebra with canonical left module action and right module action defined

as r.a = x.1p(a) = z.p(a), for z € X,a € A. There exists g € (F&75)* such that
z=g+C.(¢y ® ) and

ra = (9+C.(Yv®v)).a
P(a)g + C.(v ® ),
thus X € Mé. Also I.X = 0, because for every i € I,

i.(a®bd) = i((a+TA) @ (b+T1A))
(la+TA)® (b+IA)
= 0®b=0.

Put D : A — X* by D(a) = adg,(a). Left ¢—amenability modulo I of A implies
that there exists ®; € X* such that D(a) = adg, (a) = ads,(a) (for all a € A\ I).
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Set M = &y — ;. We claim that M is ¢p—virtual diagonal for %. ‘We have

<Mﬂ/}®¢> = <®07(I)137/}®1/)>
= (P, @¢) — (21,9 @ Y)

= 1-0=1.
Sofora=a+1Ac¢€ IA, we have
a.Dg — Pg.a = Y(a)Py— Po.a

= adg,(a)

= ado,(a)

= ad; —d.a

= Y(a)®, — P;.a.
Hence ¥(a)®y — ®g.a = ¢(a)®1 — P1.a, and (P9 — P1).a = ¥(a)(Pg — ®1). Thus
M.a = (a)M and M is a ¢—virtual diagonal for ﬁ. [

We recall that for a Banach algebra A, ¢ € 0(A)U{0} and n € A**, nis a ¢-TLI
(p-topologically left invariant) if (n,a.f) = p(a)(n, f) and n is called -TRI (-
topologically right invariant) if (n, f.a) = ¢(a)(n, f), (a € A, f € A*). Tt is shown
that if A is a Banach algebra and ¢ € o(A), then A has a left p—virtual diagonal
if and only if A has a bounded left p—approximate diagonal, if and only if A is left
p—amenable, if and only if there exists a ¢—TLI n € A™ such that n(p) = 1, if
and only if there exists a bounded net (u,) in A such that uy.a — ¢(a).uq — 0 for
all a € A and ¢(uy) =1 for all o [II), Theorem 2.3]. Using Theorems and
we have the following result.

Theorem 2.5. Let A be a Banach algebra, I be a closed ideal of A, ¢ € o(A)NIT+

and 1 be the induction character of ¢ on ﬁ Then the following assertions are

equivalent.

i) A is left p—amenable modulo I.

ii) % has a left Y—wvirtual diagonal.

ii1) ﬁ is left 1v—amenable.

i) % has a bounded left 1—approximate diagonal.

v) There ezists a 1p—TLI 1 € (£5)** such that n(y) = 1.

vi) There exists a bounded net (tq)a C ﬁ such that tg.a — Y(a).ty — 0 for all
a€ 75 and P(u,) =1 for all o

Similar condition are equivalent for right p—amenability modulo I.

We recall the following well-known result.

Proposition 2.6. ([9, Corollary 2.7]) A Banach algebra A is left (right) character
amenable if and only if ker ¢ has a bounded left (right) approximate identity for
every ¢ € o(A) U{0}.

Theorem 2.7. By assumptions of Lemma IfIA = I?, then IA has a bounded
left approximate identity if and only if A is left p-amenable modulo I.

Proof. Let ¢ € of I‘:) then k:em/; = T A. Using [2.6) I A has a bounded left approxi-

mate identity if and only if = is left - amenable 1f and only if A is left p-amenable
modulo I (by Theorems ﬁ,u and [2.5] . (I
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3. APPROXIMATE CHARACTER AMENABILITY MODULO AN IDEAL

Let A be a Banach algebra and X be a Banach A—bimodule. A derivation
D : A — X is called approximately inner if there exists a net (¢q)o C X such that
D(a) =limy(a.¢q — ¢o.a) for all a € A .ie. D =lim, ady, .

Definition 3.1. Let I be a closed ideal of Banach algebra A and ¢ € (0(A) U
{0}) N I+. A is left approximately @-amenable modulo I if for all X € M:,‘ for
which I.X = 0, every continuous derivation D : A — X* is approximately inner on
the set theoretic A\I. Moreover, A is left approximately character amenable modulo
I if it is left approximately p—amenable modulo I for every ¢ € (o(A)U{0})NI+.
Right approximate character amenability modulo an ideal is defined analogously
by considering @MA. We call A is approximately character amenable modulo I if
it is both left and right approximately character amenable modulo I.

Theorem 3.2. Let A be a Banach algebra, I be a closed ideal of A and ¢ €
(o(A)U{0}) NI+, Then (i) implies (ii) and if I* = I, (ii) implies (4).
(i) A is approximately o—amenable modulo 1,

() there exist m € (?)** and a net (mg,) C (?)** such that m(p) =1 and

m(f.a) = 1i(1xnma(f.a) = liénap(a)ma(f), (a€ A\I, f € (?)*)

Proof. (i) — (ii) Consider (4)* as a Banach A—bimodule where module actions
are defined as

<Bva'f>:§0(a’)<l;af>7 <6’fa>:<%7f> ((IEA be 7.f6( ))

Thus (?)* € ,M4. Also, Consider (?)** as a Banach A—module where module
actions are defined as

A A
(f,¥.a) = p(@)(f. 0), (f,a.¥) = (f.a, V), (a € 4, f € ()", ¥ e (7))
As p € (4)" ~ I'* and ¢ is multiplicative on A4, a.p = p.a = p(a)p. So Cy is
a closed A—submodule of ( )* =~ I+. Consider the canonical map i : (?)* —
(4)*\Cyp and let D : A — (% ) be a derivation. As (4)** € M and I. (4)* =0,
approximate w—amenability modulo I of A implies that there ex1sts a net (4y) in

(?)** such that D(a) = lim,, 6.ty — Gg.a, (a € A\I). We have;

(¢, D(a)) = lm(p, a.lia) = (, lia-a) = Hm(p.a, lia)) = (-0, a)) = 0,

so D(a) € i*((4)*\Cyp)*. As i* is monomorphism, there exists d(a) € ((4)*\Cyp)*
such that i*(d(a)) = D(a). Therefore d : A = (4) = ((4)*\Cp)* is a derivation.
It is clear that ((£)*\Cp)* € M and I((%)*\(Cfp)* = 0, so there exists a net
(Cs) € ((£4)*\Cyp)* such that d(a) = limga.Cs — (g.a, (a € A\I). Thus for each
a € A\I,

\:k ”

limg a.(i*Cg) — (i*(p).a —hmﬂl*( a.(s
i*(d(a)) = D(a

= hma(a Uy — Ug-Q).

~ (g.)
)

Put mas = Gia — i*Cs € (4)™. We have mq5(p) = 1 and amap = ma g.q,
50 Mma,g(f.a) = magla.f) = ola)mas(f), (a € A\ f € (?)*) Set L = I x
[I,c; J where I, J are the index set of nets (i), ((5) respectively, with the product
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ordering. Using an iterated limit construction [8], let my = mq f(a), (for each k =
(a, f) € K). By Setting limy my = m, the proof is complete.

(ii) = (i) Let X € M7 with I.X =0 and d : A — X* be a bounded derivation.
We can consider X as a Banach (?)—module where the module actions are defined
by a.x = a.x and z.a = ¥(a).x where (a) = ¥(a + I) = ¢(a) is the induction
character of A on ? as in Lemma (a € ?, z € X). It is easy to see that the
defined module actions of X are well defined. Set D : 4 — X* by D(a+1I) = d(a).
Now if a,b € A and a —b € I = I? then a — b = i.j, (for some i,j € I). As
I.X =X.I=0,d(a—b) =d(i.j) = 0. This imply that D is a well defined derivation.
Suppose that (my) and m are as assumptions (i7). Set D; = D* |x: X — (?)* and
U = (D1)*(mq) € X* such that lim,, @, = lim, (D1)*(me) = (D1)*(m). We have;

(b, D1(@.x)) = (@.x, D(b)) = ¥(a)(w, D(b)) = (@) (b, D1(w)), (a,b € %x € X),
so D(a.z) = ¥(a)D1(x). Thus;

(,Ug.a) = (a.2,0q) = (D1(a.z),mq) = P(@){D1(x), ma) = Y(@){x, Uy)-

As D is a derivation,

(b, Di(a.x)) = (x.a,D(b)) = (z,a.D(b)) B
~ (ab, Dy (2) — (bx, D(@), (a,b € 4,2 € X)
= (b, D1().a) — ¢(b){z, D(a)).
Thus Dy(z.a) = Dy(x).a — (x,D € ?,x € X). Therefore

(
(Dy(z.a),m) = (x.a,(D1)*(m)) =limy{(x,a.uq)
2.8y Ug) = limg (D1 (2.3), my)
= limy (D1 (x).a@, my) — limy {x, D(a)){(p, Ma)
(_1) ) Uay *<I,D(C_L)>.

Thus

O

Theorem 3.3. Let A be a Banach algebra and I be a closed ideal of A. If 1—‘42 be left
approximately 1y—amenable, then A is left approximately p-amenable modulo I.

Proof. Suppose that ¢ € (0(A) U{0}) NI+, X € M2, such that I.X = 0 and
D : A — X* be a bounded derivation. Using assumptions, it is not far too see that

the module actions (a+I1?).z = a.z and z.(a+I?) = ¥(a+I1?).x = p(a).z, made X
as a Banach #-bimodule. Thus X € Mf Set D : 4 — X* by D(a+1I?) = D(a).
Since X*.J = I.X* =0, D is a well-defined bounded derivation. Left approximately
1—amenability of }% implies that there exist a net 1, € X* such that D(a+ I?) =
lim, ad,), (a + I?) for all a € A\I .Hence D(a) = D(a + I?) = lim, ad,,_ (a + I?) =
lim, ady, (a). Thus A is left approximately ¢p—amenable modulo I. O

Theorem 3.4. Let I be a closed ideal of Banach algebra A and I? = I. Then A
is approzimately character amenable modulo I if and only if ? is approzimately
character amenable.
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Proof. We show all assertion for left approximate character amenability. Similar
statement holds for right approximate character amenability. Suppose that ¢ €

o(4), X € Mf and D : 4 — X* is a bounded derivation. Then X can be made
in to a Banach A—bimodule by defined actions z.a = ¢(a).z and a.x = a.x(a €
Az € X). Thus X € M2 and I.X = 0. Now Dow : A — X* is a bounded
derivation on A. Left approximate ¢-amenability modulo I of A implies that there
exist a net (¢q)e € X* such that D o w(a) = lim, ady, (a) for all a € A\I. Hence
D(a) = D om(a) =lim, ady, (a) = lim, ady, (a). The converse proved in Theorem
3. [

It is shown that character amenability of Banach algebras implies existence of
bounded approximate identity for them [14, Theorem 2|. The same result is given
for approximate character amenability of Banach algebras; for a Banach algebra
A and ¢ € o(A), if A is approximately ¢-amenable, then A have right and left
approximate identity [6, proposition 2.6]. In the following Theorem we show that
approxinj‘ate p—amenability modulo I of A implies existence of approximate iden-
tity for 4.

Theorem 3.5. Let A be a Banach algebra and I be a closed ideal of A such that
I? = 1. If A is a left approzimately @-amenable modulo I, then ? has left approxi-
mate identity..

Proof. Using Theorem A is approximately p-amenable modulo I if and only if
? is approximately i-amenable. Since ? is left approximately -amenable, ? has
left approximate identity. O

Theorem 3.6. Let A be a Banach algebra, I be a closed ideal of A which I? =1,
¢ € (c(A)U{0}) NI+ and let ¢ be the extension of ¢ to A**. Then A is approz-
imately p—amenable modulo I if and only if A™ is approximately p—amenable
modulo I**.

Proof. Using Theorem there exist m € (4)** and (ma) C (4)** such that
m(p) =1 and m(f.a) = lim, my(f.a) = lim, @(a)ma(f), (a € A\I, f € (?)*) Let
m and (ni,) be the Gelfand transform of m and (m,,) respectively. Suppose that

a** € (4)* and @ € (4)***, then there exist nets (@,) C (%) and () C (4)*

(@.a*™*,m) = (m,u.a™) = limg(m,uga™*)

= limg lim, (m, uga,**)

= limg lim,, lim, (¢(a~){@g, mq)

= limg lim, ¢(a**)(ug, ma)

= lim,, p(a**)m.(a)
Conversely, let A*™ be approximately p—amenable modulo I, then there exists
M C () and (Ma) C (2)** such that M(f.a) = lim, @(@) M, (f). Now with
restriction of M and M, to (%)**7 we conclude that ? is approximately amenable.
Since I? = I, A is approximately amenable modulo I. O

Theorem 3.7. Let A and B be Banach algebras, I and J be closed ideals of A
and B and 0 : A — B is a continuous homomorphism with dense rang such that
O0(I) C J. If A is left approzimately character amenable modulo I, then B is left
approximately character amenable modulo J.
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Proof. Let ¢ € (o(B)U{0})U J* and X € Mf. If p # 0, then p o6 # 0 and
@of € (6(A)U{0})UTI*. Then X can be identified as a Banach A—bimodule where
the module actions are defined as z.a = x.6(a) = ¢(0(a))z and a.x = 0(a).z, for all
(a € Ajz € X). Let D : B — X* be a bounded derivation. It is routine to check
that Dofl : A — X* is a bounded derivation. Since A is left approximately character
amenable modulo I, there exist a net (uq)o € X* such that for all a € A\ I,

Do 6(a) = lim, ad, (a) = lim, (a.uq — uq.a),

since §(A) = B, for every b € B\ J, there exists a sequence (ay,), C A\ I such that
6(ay) — b. Using the continuity of module actions, we have

D(b) = D(lim,0(ay,)) =lim, D o 0(a,)
= lim,, lim,, ady, (as,)
= limn,a(an~fa - fowan)
= limy, o (0(an).fo — fo-0(an))
= lim, (limy, 8(ay). fo — fo.lim, 6(ay))
= limy (b.fo — fa-b)
= lim, ady, (b).

4. APPROXIMATE CHARACTER AMENABILITY OF SEMIGROUP ALGEBRAS

In the following, using the obtained results in the previous sections, we study
approximately character amenability of semigroup algebras. Let us recall some basic
preliminaries of semigroup theory. For more details we refer the reader to [2] [5].
For semigroup S, we denote the set of idempotents of S by E(S). A congruence
p on semigroup S is called a group congruence if S/p is group. We denote the
least group congruence on S by o. We recall that the semigroup algebra [1(S) =
{fIf : 8 = C, > ,cqlf(s)] < oo} is a Banach algebra under ||f|l1 = > .o 1f(s)]-
Each member of I'(S) has a unique presentation as f = Y _¢¢ids, where d; is
the point mass at s. Suppose that 7 : S — S/p, is the quotient map then one
can extend 7 to an algebra epimorphism 7 : I'(S) — [1(S/p), whose ker(7) = I,
is an ideal in [*(S) generated by the set {ds — &; : s,t € S withspt}. Also,
1(8) ~ LS

P P
or S is an eventually inverse semigroup and o is the least group congruence on S,
then I, = I2, [I, Lemma 2]. The kernel of congruence p on semigroup S is the set
{a€eS:ape E(S/p)} ={a€S:(a,a®) € p}3]. It is shown that for semigroup S,
if Kerp is central then S is amenable if and only if S/p is amenable [I, Theorem
2].

It is shown that for a locally compact group G, approximate character amenabil-
ity of L'(G) as a Banach algebra is equivalent to amenability of group G [13, Theo-
rem 3.5]. Up to now a little works has been done on the character amenability and
approximate character amenability for semigroup algebras as in the other notions of
amenability. To see the presented results of character amenability of semigroup al-
gebras we refer to [I2][13]. In the following we investigate to approximate character
amenability of the semigroup algebra [*(.9) in relation to the semigroup S.

and if S is an FE-inversive semigroup with commuting idempotents
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Theorem 4.1. Let S be a semigroup, p be a group congruence on S such that
Ker(p) is central and I, has an approzimate identity. Then S is amenable if and
only 1*(S) is approzimately character amenable modulo I,.

Proof. The semigroup S is amenable if and only if S/p is amenable [I, Theorem?2].
Since S/p is a group, S/p is amenable if and only if I*(S/p) is approximately
character amenable [I3| Theorem 3.5]. As I, has an approximate identity, I? = I.
Using Theorem 3.5} 11(S/p) is approximately character amenable if and only if I*(S)
is character amenable modulo 1,,. (]

A semigroup S is called E-inversive if for all x € S, there exists y € S such that
xy € E(S) and S is called an E-semigroup if E(S) forms a sub-semigroup of S. If
S is an E-inversive F-semigroup with commutative idempotents then the relation
o ={(a,b) € SxS|ea= fb forsome e, f € Eg} is the least group congruence on
S 3.

Using the similar argument of Theorem we have the following result.

Theorem 4.2. Let S be an E-inversive E-semigroup with commuting idempotents.
Then S is amenable if and only if I*(S) is approzimately character amenable modulo
I,.

Example 4.3. (i) Consider the bicyclic semigroup S = {p™¢" : m,n > 0} gener-
ated by p,q and define zoy (z,y € S) if and only if ex = ey for some e € E(S).
Then o is the least group congruence on S and S/o =Z [2]. As S is an amenable
inverse semigroup [I], I*(S) is approximately character amenable modulo .

(7) Let S = (N, +). It is shown that p, = {(k,]) e NxN:n | (k—1)} (n >0)isa
group congruence on S [3]. As S is a commutative semigroup, S is amenable. Since
S/ py, is amenable group. Using [13, Theorem 3.5], I1(S/p,) is (approximately) char-
acter amenable. We clime that [*(S) is not approximate character amenable modulo
I,. Suppose by contradiction that I*(S) is approximately character amenable mod-

ulo I, . Suppose that ¢ € o(I*(S)) U{0}) NI+ and put X = lllf,—s) ~ 11(S/pn).
It is easy to check X becomes a Banach [!(S)—bimodule by the following module
actions:

8y # Oy = Oy O * 62 = ©(82)85, (8, € 11(S), 65 € I (S/pn))

Thus X € MZ(S’ and I, .X = 0. It is routine to check X* € lel(S) and X*.I, =

0. Let v € cr(lljf()—s)) be the induction character of . Then () = (6, + I,,) =

6
¥(0z). It is not hard to see that X € /\/lwl”" where right module action is 6z.05 =

¥(y)dz and left module action is it’s multiplication. Let D : [*(S) — X* be a
nonzero bounded derivation. Then there exists a net @, € X* such that D(dy) =
limg, (0k . To, — Ue-0k) = limy (p(0k)Ue — a0k ). Now for each «, we have

(65, D(61)) = lima (82, 0(64)Ta — Ta-O%)

k) U
= limy, (01 ) (03, ta) — {0z, Ua-Ok)
= limq (6 )(0z, Ua) <5M7 Uq)
= limy ¢ (0k){0z, Ua) — (0557, Ua
= lim, p(0k) {0z, W) — (03, OF . Ta)
= limg, (k) {0z, Ua) — V(05 ) (93, Ua)
= lim, 90(5k)<657ﬂa> - @(5k)<55,@a> =0
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Therefore D vanishes on X, which is a contradiction. We note that the congruence
pn (n € N) is not the least group congruence and I3 # I, .

By an eventually regular semigroup S, we mean a semigroup S which every ele-
ment of S has some power that is regular and F(S) is a commutative and idempo-
tent semigroup. It is shown the relation o = {(s,t) : es = et, for some e € E(S)}
is the least group congruence on eventually semigroup S [4]. Using an argument
similar to that Theorem we have the following result;

Corollary 4.4. Let S be an eventually inverse semigroup. Then S is amenable if
and only if 11(S) is character amenable modulo I,.

Using Theorem [2.5] and the similar discussion of Theorem we have the fol-
lowing Corollary.

Corollary 4.5. If S is either
(i) E-inverse E-semigroup with commutative idempotents, or
(1) eventually inverse semigroup with commutative idempotents,
then S is amenable if and only if I*(S) is character amenable modulo I, .
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