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KANNAN FIXED POINT THEOREM IN C-METRIC SPACE

DURDANA LATEEF

ABSTRACT. The aim of this article is to define Kannan type contraction in
the setting of controlled metric space and establish some contemporary fixed
point theorems. These results extend several familiar results of literature . An
example and certain consequences are presented to illustrate significance of
established results.

1. INTRODUCTION AND PRELIMINARIES

In 1906, the self-evident evolution of a metric space was imperative accomplished
by M. Frechet. The advantage of these spaces in the essential advancement of fixed
point theory is gigantic. Banach’s contraction principle [I0] is one of the decisive
outcomes of Functional Analysis and its applications, which provides that, if o is a
mapping from a complete metric space (©,w) into itself and 3¢ € [0,1) such that

w(op,0x) < Jw(p, »)

for all g, 5 € ©, then ¢ has a unique fixed point in ©. It is evident from the above
contractive condition that o is a continuous function. There are many generalization
[1-23] of this result.

In 1968 Kannan [I6] established a fixed point theorem for mapping satisfying

w(op,0%) < Hw(g,00) + w(s,0x))
for all g, 3 € ©, where 9 € [0, ). The mapping used by Kannan may not always be
continuous. Several researchers followed Kannan [I6] paper using distinctive types
of contractive conditions in metric spaces.

Inspired from this innovative idea, several mathematicians generalized and ex-
tended this conception in the current years as: probabilistic, pseudo, extended,
partial , b-metric and controlled metric spaces. Presently there exists several liter-
atures on these extensions of metric spaces.

Czerwik [11] defined the conception of b-metric space in this way.

Definition 1.1. (see. [11] )Let © # () and s > 1. A function w : © x © — [0,00)
s said to be a b-metric if these assertions hold:
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(b1) w(p, ) =0 if and only if p = s;

(b2) w(p, 3) = w(s, ) for all g, € O;

(03) w(o,s) < s[w(o, ) + w(s,5)] for all g, s,¢ € O.

Then (O, w) is said to be a b- metric space.

In 2017, Kamran et al. [I7] commenced the abstraction of extended b-metric
spaces.

Definition 1.2. Let© # (@ and [ : ©x0O — [1,00). A functionw : ©x0 — [0, 00)
is a controlled metric if for all 0, 3,¢ € ©, it satisfies

(i) w(o, ) = 0 if and only if p = ;

(i) W(Q, %) = w(s, 0);

(iii) @(o,2) < F (0, #)[w@(e;<) + @w(,)].

The pair (O, w) is called an extended b-metric space .

Very recently, Mlaiki et al. [2I] has introduced a new type of a generalized

b-metric space.

Definition 1.3. [2I]Let © # 0 and F : © x © — [1,00). A function C : © x © —
[0,00) is called a controlled metric type if for all 0,5, € ©, it satisfies

(i) C(p, 5) = 0 if and only if p = s;

(i) C(o, ) = C(5¢, 0);

(ili) C(o, 32) < F (0,)C(0,<) + F (32,9)C(5¢,9).

Then (©,C, F) is called a controlled metric type space (C-metric space).

Definition 1.4. [2I]Let (O,C, F) be a C-metric space and {o,}r>0 be a sequence
in ©.

(1) {or}r>0 — 0€ ©,1if, Ve > 0,3 N = N(e¢) € N such that C(o,,0) < ¢,
Vr > r.

(2) {or}r>0 is Cauchy, if, ¥ € > 0, 3 N = N(e) € N such that C(gs, 0r) < €, ¥V
t,r > N.

(3) If every Cauchy sequence in C-metric space (0,C, F) is convergent, then it
is said to be complete.

They proved Banach fixed point theorem in the setting of controlled metric
spaces in this way.

Theorem 1.5. Let (©,C, F) be a complete C-metric space and o : © — © be such
that
C(oo,05) <I(C(o, ))

for all 0, € ©, where ¥ € (0,1). For g9 € O, take o, = 0" gg. Suppose that

i+1y Ui i+1 1
sup lim F(0i11, Oi+2)F (0it1, 0t) <2
p>1 i—00 F(0i, 0i41) A

In addition, assume that, for every p € O, we have lim, o F (9, 0) and lim, o F (0, 0r)
exist and are finite. Then, ¢* = op*.

In the present paper, we define Kannan type contractions in the setting of C-
metric space and obtain some original fixed point result. We also provide a non
trivial example to illustrate significance of established results.
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2. MAIN RESULTS
Theorem 2.1. Let (©,C, F) be a complete C-metric space. Let 0 : © — © such
that
C(oo,03) < V(C(o,00) +C(3,05)) (2.1)

for all o, € O, where ¥ € (0, %) For oy € O, take o, = 0" pg. Assume that

sup lim F(0it1, 0i42)F (0it1,0¢) <

1
—. 2.2
£>1 i—00 F(0i, 0i41) A (22)

In addition, assume that, for every ¢ € ©, we have lim, o F (0, 0) and lim,_, o F (0, 0r-)
exist and are finite. Then 3 p* € © such that p* = op*.

Proof. Let go € ©. We generate {o,} in © by 9,41 = 0o, V r € N. Obviously, if 3
ro € N for which ¢,,+1 = or,, then oo,, = 0, and the proof is finished. Thus, we
assume that g.41 # o, for every r € N. Hence by (2.1), we have

Clor,or41) = Cloor-1,00;)
ﬁ(C(Qr—lanr—l) + C(QT7UQT‘))
ﬁ(c(grflv Qr) + C(Qr7 Qr+1))

IN

which implies

)

m)c(gr—ly Qr) = )\C(Qr—la QT’)

C(Qra@r—‘—l) S (
Similarly,
Clor—1,0) = C(oor—2,000—1)

ﬂ(C(QT—Qa UQT—Q) + C(QT'—l? 0@7’—1))
19(C(QT,2, Qrfl) + C(AQT717 Qr))

IA

which implies that

9
C(Qrflv Qr) < (m)c(grf% Qrfl) = )\C(Qrfb Qr71)~

Continuing in this way, we have

C(Qra Qr+1) < /\C(Qr—lv Qr) < )\QC(QT’—% Qr—l) <..< )\TC(QO, Ql)' (23)
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For all r,t € N(r < t), we have

Clor,0t) < F(or,0r41)C(0r; 0r41) + F (0r41,0t)C(0r+1, 0¢)

< F(or, 0r41)C(0r, 0r41) + F (0r11,00)F (0415 0r42)C(0r 41, Ory2)
+F (0r+1, 00)F (0r+2, 01)C(0r+2, 01)
< F(or, 0r+1)C(0r, 0r41) + F (0r+1, 00)F (0r+1, 0r4+2)C(0r 41, 0r42)
+F (0r41,00)F (0r42, 00)F (0r42, 0r+3)C(0r42, 0r43)
+F (0r11, 00)F (0r42, 0t)F (0r43,0¢)C(0r13, 01)
<
t—2 i
< Flomor)Clomor)+ Y | I Fleisor) | Flois0i41)C(0is 0i41)
i=r 1 \j=r+1
t—1
+ H F(0i; 0¢)C(0t-1, 0¢)
=t 1

which further implies that

t—2

Clor o)) < F(ors0r+1)C(0r, 0r41) + Z H F(0j,0t) | F (i 0i+1)C(0i, 0i41)
i=r+1 \j=r+1

-1
+< H F(ingt)> F(0t-1,0t)C(0t-1, 0t)

i=r+1
t—2

< For, 0r+1)A"C(00, 01) + Z H I (05,00) | F (i, 0i11)K'Cle0, 1)
i=r+1 \j=r+1

t—1
+< 11 F(Qh@t)) F(0i-1,00)A" "' C(e0, 01)

i=r+1

t—1

= F(er, 0r41)A"C(00, 01) + II #(eire0) | Foi0iv1)XCle0, 01). (24)
i=r+1 \j=r+1
Let
l %
Si :Z Hr(@j,@t) F (01, 0i41)X'C(00, 01)-
i=0 \ j=0
From (2.4), we get

C(«Q’m Qt) < 6(907 Ql)[)\rF(Qra Qr+1) + (Stfl - Sr)] (25)

Above, we make use of that F (g, ) > 1, and by using ratio test, lim,_, . S, exists.
Thus {5, } is Cauchy. Eventually, if we apply the limit as r,t — oo in the inequality
(2.5) , we conclude that

lim C(or,0:) =0. (2.6)

r,t—00

Thus, {g,} is Cauchy in (©,C). So 3 ¢* € © such that
lim C(o,,0") =0 (2.7)
T—>00
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that is o, — 0* as r — oo. Now we show that ¢* = op*. By (2.1) and condition
(iil), we get

Cle",00") < F(0" 0r41)C(0" 0r+1) + F (0r41,007)C(0r41,00")
= F (0" 0r+1)C(0"; 0r41) + F (0r41,007)C(00r, 00")
< F(0% 0r+1)C(0", 0r41) + F (0r4+1,007)[9(C(or, 00r) + C(0", 00"))]
= F(0" 0/41)C(0", 0r+1) + F (041,00 )[9(C(or, 0r+1) +C(0", 00"))].
Taking the limit as r — oo and using (2.7), we get a contradiction to C(o*, o0*)

>
0. Thus C(p*,00*) = 0 This yields that ¢* = op*. This completes the proof. O
Example 2.2. Let © = {0,1,2} Define F : Ox0 — [1,00) andC : ©x O — [1,00)
as F (0, ) =1+ o3 and
C(2,2) = C(0,0)=C(1,1)=0
C(2,0) = €(0,2)=5,0(0,1)=C(0,1) = 10
C(1,2) = C(2,1)=30.

Now, define
c:0—-0

by
_ [0, ifoc{0,2}
"9_{ 2, ifo=1.

and choose ¥ = % Now we discuss various cases to prove the assumptions of our
main result.

Case 01: If p =0, = 1, we have
C(60,01) = C(0,2) = 5 < 3(30) ;cu,z) _ %(C(0,0) +e(1,01)).
Case 02: If o =0,z = 2, we have
C(50,02) = C(0,0) = 0 < %(5) _ %0(2,0) . %(0(0,00) +C(2,02)).
Case 03: If o =1, 5x = 2, we have
Lew, o1 +c2,02)).

3
Case 04: Ifg:%:(),g:%:l,g:%:Q,wehave

C(op,03) =0.

Clol,02) =C(2,0) =5 < (35) (30+5):

Consequently,
C(00,05) < V(Clo,00) + C(32,052))
for all g,>r € ©. Thus, all the assumptions of above result are satisfied and
0 =o00.
We can establish variety of results as special cases of our main result 2.1}
Special Cases:

Corollary 2.3. Let o : (0,w.) — (0, w.) be such that
we(00,05) < W we(p,00) + we(s2,0%))
for all 0, € O, where ¥ € (0, %) For g9 € O, take o, = 0" pg. Assume that
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41, 0 : 1
sup lim F(0it1, 0iv2)F (0it1,0t) L
t>1 100 (i, 0it1) A
In addition, assume that, for every g € O, we have lim, o F (95, 0) and lim, o F (0, 0r)
exist and are finite. Then 3 p* € O such that o* = op*.

Proof. Take F (o,5) = F (s, ) in above result O
Corollary 2.4. Let o : (0, @) = (0,w@). If 39 € (0,1) such that
wp(00,0%) < Hwwp(o,00) + wp(se, 05))
for all o, € ©. Then 3 9" € © such that o* = op*.
Proof. Take F (0,¢) = F (¢, ) = s > 1 in above result O
Corollary 2.5. Let 0 : (0,@) — (0,w) . If 39 € (0,1) such that
w(oo,0x) < Hw(o,00) + w(s¢,0x))

for all p,5c € © . Then 3 ¢* € O such that o* = op*.
Proof. Take F (0,5) = F (s,5) = 1 in above Theorem [2.1] O
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