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KANNAN FIXED POINT THEOREM IN C-METRIC SPACE

DURDANA LATEEF

Abstract. The aim of this article is to define Kannan type contraction in

the setting of controlled metric space and establish some contemporary fixed
point theorems. These results extend several familiar results of literature . An

example and certain consequences are presented to illustrate significance of

established results.

1. Introduction and Preliminaries

In 1906, the self-evident evolution of a metric space was imperative accomplished
by M. Frechet. The advantage of these spaces in the essential advancement of fixed
point theory is gigantic. Banach’s contraction principle [10] is one of the decisive
outcomes of Functional Analysis and its applications, which provides that, if σ is a
mapping from a complete metric space (Θ, $) into itself and ∃ϑ ∈ [0, 1) such that

$(σ%, σκ) ≤ ϑ$(%,κ)

for all %,κ ∈ Θ, then σ has a unique fixed point in Θ. It is evident from the above
contractive condition that σ is a continuous function. There are many generalization
[1-23] of this result.

In 1968 Kannan [16] established a fixed point theorem for mapping satisfying

$(σ%, σκ) ≤ ϑ($(%, σ%) +$(κ, σκ))

for all %,κ ∈ Θ, where ϑ ∈ [0, 12 ). The mapping used by Kannan may not always be
continuous. Several researchers followed Kannan [16] paper using distinctive types
of contractive conditions in metric spaces.

Inspired from this innovative idea, several mathematicians generalized and ex-
tended this conception in the current years as: probabilistic, pseudo, extended,
partial , b-metric and controlled metric spaces. Presently there exists several liter-
atures on these extensions of metric spaces.

Czerwik [11] defined the conception of b-metric space in this way.

Definition 1.1. (see. [11] )Let Θ 6= ∅ and s ≥ 1. A function $ : Θ×Θ→ [0,∞)
is said to be a b-metric if these assertions hold:
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(b1) $(%,κ) = 0 if and only if % = κ;
(b2) $(%,κ) = $(κ, %) for all %,κ ∈ Θ;
(b3) $(%, ς) ≤ s[$(%,κ) +$(κ, ς)] for all %,κ, ς ∈ Θ.
Then (Θ, $) is said to be a b- metric space.
In 2017, Kamran et al. [17] commenced the abstraction of extended b-metric

spaces.

Definition 1.2. Let Θ 6= ∅ and z : Θ×Θ→ [1,∞). A function $ : Θ×Θ→ [0,∞)
is a controlled metric if for all %,κ, ς ∈ Θ, it satisfies

(i) $(%,κ) = 0 if and only if % = κ;
(ii) $(%,κ) = $(κ, %);
(iii) $(%,κ) ≤ z(%,κ)[$(%, ς) +$(κ, ς)].
The pair (Θ, $) is called an extended b-metric space .
Very recently, Mlaiki et al. [21] has introduced a new type of a generalized

b-metric space.

Definition 1.3. [21]Let Θ 6= ∅ and z : Θ×Θ→ [1,∞). A function C : Θ×Θ→
[0,∞) is called a controlled metric type if for all %,κ, ς ∈ Θ, it satisfies

(i) C(%,κ) = 0 if and only if % = κ;
(ii) C(%,κ) = C(κ, %);
(iii) C(%,κ) ≤ z(%, ς)C(%, ς) + z(κ, ς)C(κ, ς).
Then (Θ, C,z) is called a controlled metric type space (C-metric space).

Definition 1.4. [21]Let (Θ, C,z) be a C-metric space and {%r}r≥0 be a sequence
in Θ.

(1) {%r}r≥0 −→ % ∈ Θ, if, ∀ ε > 0, ∃ N = N(ε) ∈ N such that C(%r, %) < ε,
∀r ≥ r.

(2) {%r}r≥0 is Cauchy, if, ∀ ε > 0, ∃ N = N(ε) ∈ N such that C(%t, %r) < ε, ∀
t, r ≥ N .

(3) If every Cauchy sequence in C-metric space (Θ, C,z) is convergent, then it
is said to be complete.

They proved Banach fixed point theorem in the setting of controlled metric
spaces in this way.

Theorem 1.5. Let (Θ, C,z) be a complete C-metric space and σ : Θ→ Θ be such
that

C(σ%, σκ) ≤ ϑ(C(%,κ))

for all %,κ ∈ Θ, where ϑ ∈ (0, 1). For %0 ∈ Θ, take %r = σr%0. Suppose that

sup
t≥1

lim
i→∞

z(%i+1, %i+2)z(%i+1, %t)

z(%i, %i+1)
<

1

λ
.

In addition, assume that, for every % ∈ Θ, we have limr→∞z(%r, %) and limr→∞z(%, %r)
exist and are finite. Then, %∗ = σ%∗.

In the present paper, we define Kannan type contractions in the setting of C-
metric space and obtain some original fixed point result. We also provide a non
trivial example to illustrate significance of established results.
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2. Main results

Theorem 2.1. Let (Θ, C,z) be a complete C-metric space. Let σ : Θ → Θ such
that

C(σ%, σκ) ≤ ϑ(C(%, σ%) + C(κ, σκ)) (2.1)

for all %,κ ∈ Θ, where ϑ ∈ (0, 12 ). For %0 ∈ Θ, take %r = σr%0. Assume that

sup
t≥1

lim
i→∞

z(%i+1, %i+2)z(%i+1, %t)

z(%i, %i+1)
<

1

λ
. (2.2)

In addition, assume that, for every % ∈ Θ, we have limr→∞z(%r, %) and limr→∞z(%, %r)
exist and are finite. Then ∃ %∗ ∈ Θ such that %∗ = σ%∗.

Proof. Let %0 ∈ Θ. We generate {%r} in Θ by %r+1 = σ%r, ∀ r ∈ N. Obviously, if ∃
r0 ∈ N for which %r0+1 = %r0 , then σ%r0 = %r0 and the proof is finished. Thus, we
assume that %r+1 6= %r for every r ∈ N. Hence by (2.1), we have

C(%r, %r+1) = C(σ%r−1, σ%r)

≤ ϑ(C(%r−1, σ%r−1) + C(%r, σ%r))

= ϑ(C(%r−1, %r) + C(%r, %r+1))

which implies

C(%r, %r+1) ≤ (
ϑ

1− ϑ
)C(%r−1, %r) = λC(%r−1, %r).

Similarly,

C(%r−1, %r) = C(σ%r−2, σ%r−1)

≤ ϑ(C(%r−2, σ%r−2) + C(%r−1, σ%r−1))

= ϑ(C(%r−2, %r−1) + C(%r−1, %r))

which implies that

C(%r−1, %r) ≤ (
ϑ

1− ϑ
)C(%r−2, %r−1) = λC(%r−2, %r−1).

Continuing in this way, we have

C(%r, %r+1) ≤ λC(%r−1, %r) ≤ λ2C(%r−2, %r−1) ≤ ... ≤ λrC(%0, %1). (2.3)
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For all r, t ∈ N(r < t), we have

C(%r, %t) ≤ z(%r, %r+1)C(%r, %r+1) + z(%r+1, %t)C(%r+1, %t)

≤ z(%r, %r+1)C(%r, %r+1) + z(%r+1, %t)z(%r+1, %r+2)C(%r+1, %r+2)

+z(%r+1, %t)z(%r+2, %t)C(%r+2, %t)

≤ z(%r, %r+1)C(%r, %r+1) + z(%r+1, %t)z(%r+1, %r+2)C(%r+1, %r+2)

+z(%r+1, %t)z(%r+2, %t)z(%r+2, %r+3)C(%r+2, %r+3)

+z(%r+1, %t)z(%r+2, %t)z(%r+3, %t)C(%r+3, %t)

≤ · · ·

≤ z(%r, %r+1)C(%r, %r+1) +

t−2∑
i=r+1

 i∏
j=r+1

z(%j , %t)

z(%i, %i+1)C(%i, %i+1)

+

t−1∏
i=r+1

z(%i, %t)C(%t−1, %t)

which further implies that

C(%r, %t) ≤ z(%r, %r+1)C(%r, %r+1) +

t−2∑
i=r+1

 i∏
j=r+1

z(%j , %t)

z(%i, %i+1)C(%i, %i+1)

+

(
t−1∏

i=r+1

z(%i, %t)

)
z(%t−1, %t)C(%t−1, %t)

≤ z(%r, %r+1)λrC(%0, %1) +

t−2∑
i=r+1

 i∏
j=r+1

z(%j , %t)

z(%i, %i+1)kiC(%0, %1)

+

(
t−1∏

i=r+1

z(%i, %t)

)
z(%t−1, %t)λ

t−1C(%0, %1)

= z(%r, %r+1)λrC(%0, %1) +

t−1∑
i=r+1

 i∏
j=r+1

z(%j , %t)

z(%i, %i+1)λiC(%0, %1). (2.4)

Let

Sl =

l∑
i=0

 i∏
j=0

z(%j , %t)

z(%i, %i+1)λiC(%0, %1).

From (2.4), we get

C(%r, %t) ≤ C(%0, %1)[λrz(%r, %r+1) + (St−1 − Sr)] (2.5)

Above, we make use of that z(%,κ) ≥ 1, and by using ratio test, limr→∞ Sr exists.
Thus {Sr} is Cauchy. Eventually, if we apply the limit as r, t→∞ in the inequality
(2.5) , we conclude that

lim
r,t→∞

C(%r, %t) = 0. (2.6)

Thus, {%r} is Cauchy in (Θ, C). So ∃ %∗ ∈ Θ such that

lim
r→∞

C(%r, %∗) = 0 (2.7)
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that is %r → %∗ as r → ∞. Now we show that %∗ = σ%∗. By (2.1) and condition
(iii), we get

C(%∗, σ%∗) ≤ z(%∗, %r+1)C(%∗, %r+1) + z(%r+1, σ%
∗)C(%r+1, σ%

∗)

= z(%∗, %r+1)C(%∗, %r+1) + z(%r+1, σ%
∗)C(σ%r, σ%∗)

≤ z(%∗, %r+1)C(%∗, %r+1) + z(%r+1, σ%
∗)[ϑ(C(%r, σ%r) + C(%∗, σ%∗))]

= z(%∗, %r+1)C(%∗, %r+1) + z(%r+1, σ%
∗)[ϑ(C(%r, %r+1) + C(%∗, σ%∗))].

Taking the limit as r →∞ and using (2.7), we get a contradiction to C(%∗, σ%∗) >
0. Thus C(%∗, σ%∗) = 0 This yields that %∗ = σ%∗. This completes the proof. �

Example 2.2. Let Θ = {0, 1, 2} Define z : Θ×Θ→ [1,∞) and C : Θ×Θ→ [1,∞)
as z(%,κ) = 1 + %κ and

C(2, 2) = C(0, 0) = C(1, 1) = 0

C(2, 0) = C(0, 2) = 5, C(0, 1) = C(0, 1) = 10

C(1, 2) = C(2, 1) = 30.

Now, define

σ : Θ→ Θ

by

σ% =

{
0, if % ∈ {0, 2}

2, if % = 1.

and choose ϑ = 1
3 . Now we discuss various cases to prove the assumptions of our

main result.

Case 01: If % = 0,κ = 1, we have

C(σ0, σ1) = C(0, 2) = 5 <
1

3
(30) =

1

3
C(1, 2) =

1

3
(C(0, 0) + C(1, σ1)).

Case 02: If % = 0,κ = 2, we have

C(σ0, σ2) = C(0, 0) = 0 <
1

3
(5) =

1

3
C(2, 0) =

1

3
(C(0, σ0) + C(2, σ2)).

Case 03: If % = 1,κ = 2, we have

C(σ1, σ2) = C(2, 0) = 5 <
1

3
(35) =

1

3
(30 + 5) =

1

3
(C(1, σ1) + C(2, σ2)).

Case 04: If % = κ = 0, % = κ = 1, % = κ = 2, we have

C(σ%, σκ) = 0.

Consequently,

C(σ%, σκ) ≤ ϑ(C(%, σ%) + C(κ, σκ))

for all %,κ ∈ Θ. Thus, all the assumptions of above result are satisfied and
0 = σ0.

We can establish variety of results as special cases of our main result 2.1.
Special Cases:

Corollary 2.3. Let σ : (Θ, $e)→ (Θ, $e) be such that

$e(σ%, σκ) ≤ ϑ($e(%, σ%) +$e(κ, σκ))

for all %,κ ∈ Θ, where ϑ ∈ (0, 12 ). For %0 ∈ Θ, take %r = σr%0. Assume that
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sup
t≥1

lim
i→∞

z(%i+1, %i+2)z(%i+1, %t)

z(%i, %i+1)
<

1

λ
.

In addition, assume that, for every % ∈ Θ, we have limr→∞z(%r, %) and limr→∞z(%, %r)
exist and are finite. Then ∃ %∗ ∈ Θ such that %∗ = σ%∗.

Proof. Take z(%, ς) = z(ς,κ) in above result 2.1. �

Corollary 2.4. Let σ : (Θ, $b)→ (Θ, $b). If ∃ ϑ ∈ (0, 12 ) such that

$b(σ%, σκ) ≤ ϑ($b(%, σ%) +$b(κ, σκ))

for all %,κ ∈ Θ. Then ∃ %∗ ∈ Θ such that %∗ = σ%∗.

Proof. Take z(%, ς) = z(ς,κ) = s ≥ 1 in above result 2.1. �

Corollary 2.5. Let σ : (Θ, $)→ (Θ, $) . If ∃ ϑ ∈ (0, 12 ) such that

$(σ%, σκ) ≤ ϑ($(%, σ%) +$(κ, σκ))

for all %,κ ∈ Θ . Then ∃ %∗ ∈ Θ such that %∗ = σ%∗.

Proof. Take z(%, ς) = z(ς,κ) = 1 in above Theorem 2.1. �
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[12] H. Huang and S. Radenović, Some fixed point results of generalized lipschitz mappings on

cone b-metric spaces over Banach algebras, J. Comput. Anal. Appl, 20 (2016) 566-583.
[13] N. Hussain, C. Vetro and F. Vetro, Fixed point results for α-implicit contractions with ap-

plication to integral equations, Nonlinear Analysis: Modelling and Control, Vol. 21, No. 3,

2016, 362-378.
[14] N. Hussain, A. E. Al-Mazrooei, J. Ahmad, Fixed point results for generalized ( α-η )-Θ

contractions with applications, J. Nonlinear Sci. Appl., 10 (2017), 4197–4208

[15] N. Hussain, J. Ahmad and A. Azam, On Suzuki-Wardowski type fixed point theorems, J.
Nonlinear Sci. Appl. 8 (2015), 1095-1111

[16] R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc. 60(1968),71-76.
[17] T. Kamran, M. Samreen, Q.U. Ain, A generalization of b-metric space and some fixed point

theorems, Mathematics, 2017, 5, 19.



40 D. LATEEF

[18] M.A. Kutbi, J. Ahmad and A. Azam, On fixed points of α − ψ- contractive multi- valued

mappings in cone metric spaces, Abstract and Applied Analysis, Volume 2013, Article ID

313782.
[19] E. Karapınar, P. Kumari, and D. Lateef, A New Approach to the Solution of the Fredholm

Integral Equation via a Fixed Point on Extended b-Metric Spaces, Symmetry, vol. 10, no.

10, pp. 512, 2018
[20] D. Lateef and J. Ahmad, Dass and Gupta’s fixed point theorem in F-metric spaces, J.

Nonlinear Sci. Appl., 12 (2019), 405–411.

[21] N. Mlaiki, H. Aydi, N. Souayah, T. Abdeljawad, Controlled Metric Type Spaces and the
Related Contraction Principle. Mathematics 2018, 6, 194.

[22] W. Onsod , T. Saleewong, J. Ahmad, A. E. Al-Mazrooei and P. Kumam, Fixed points of a

Θ-contraction on metric spaces with a graph, Commun. Nonlinear Anal. 2 (2016), 139–14
[23] D. Wardowski, Fixed point theory of a new type of contractive mappings in complete metric

spaces, Fixed Point Theory Appl. 2012, Article ID 94 (2012).

Durdana Lateef
Department of Mathematics, College of Science, Taibah University, Al Madina Al Mu-

nawara, 41411, Kingdom of Saudi Arabia

E-mail address: drdurdanamaths@gmail.com


