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SOME FIXED POINT RESULTS IN EXTENDED PARAMETRIC
B-METRIC SPACES WITH APPLICATION TO INTEGRAL
EQUATIONS

V. PARVANEH*, N. HUSSAIN, M. A. KUTBI AND M. KHORSHIDI

ABSTRACT. In this paper, we introduce the concept of extended parametric b-
metric space and investigate the existence of fixed points for some contractive
type mappings in such spaces. Consequently, we derive some new fixed point
results in triangular ordered extended fuzzy b-metric spaces. Moreover, some
examples and an application are provided here to illustrate the applicability
of the obtained results.

1. INTRODUCTION AND PRELIMINARIES

The notion of an extended b-metric space was studied by Parvaneh and Ghoncheh
in [12].

Definition 1.1. [12] Let X be a (nonempty) set. A function d : X x X — R*
is an extended b-metric (p-metric, for short) if there exists a strictly increasing
continuous function Q : [0,00) — [0,00) with Q71(t) <t < Q(t) such that for all
x,y,z € X, the following conditions hold:

(p1) d(z,y) =0 iff z =y,

(p2) Cﬂlv(x’y) = d(yﬂ,il‘), "

(p3) d(z,2) < Q(d(z,y) + d(y, 2)).
In this case, the pair (X,d) is called an extended b-metric space, or, briefly, a
p-metric space.

It should be noted that the class of p-metric spaces is considerably larger than
the class of b-metric spaces, since a b-metric is a p-metric when Q(t) = st for fixed
s > 1, while a metric is a p-metric when Q(¢) = t. Fore more details on b-metric
spaces and fixed point results in these spaces we refer the reader to [8], [13] [15]
and [16].

More generally, several examples of p-metrics can be constructed using the fol-
lowing easy proposition.

Proposition 1.2. Let (X,d) be a b-metric space with coefficient s > 1 and let
p(z,y) = (d(z,y)) where & : [0,00) — [0,00) is a strictly increasing continuous

2000 Mathematics Subject Classification. Primary 47H10; Secondary 54H25.

Key words and phrases. metric space, b-metric space, parametric b-metric space, fixed point.
(©2019 llirias Research Institute, Prishtiné, Kosové.

Submitted Maj 3, 2019. Published Jul 8,2019.

Communicated by guest Editor Jamshaid Jasim.

14



EXTENDED PARAMETRIC B-METRIC SPACES 15

function with t < £(t) for t > 0 and £(0) = 0. Then p is a p-metric with Q(t) =
£(st).

Hussain et al. [6] defined and studied the concept of parametric metric space as
follows.

Definition 1.3. Let X be a nonempty set and P : X x X x (0,00) — [0,00) be a
function. We say that P is a parametric metric on X if,

(1): P(x,y,t) =0 for all t > 0 if and only if x = y;

(ii): P(z,y,t) = P(y,x,t) for all t > 0;

(iii): P(z,y,t) < P(z, z,t) + P(z,y,t) for all x,y,z € X and all t > 0.
and we say that the pair (X, P) is a parametric metric space.

In this paper, we introduce a new type of generalized metric space, which we
call it extended parametric b-metric space, as a generalization of parametric metric
and parametric b-metric spaces ([5]). Then, we prove some fixed point theorems for
contractive mappings in extended parametric b-metric spaces. As application, we
derive some new fixed point results in triangular extended fuzzy b-metric spaces.
We illustrate these results by appropriate examples.

Definition 1.4. Let X be a non-empty set,  : [0,00) — [(l, o0) be a strictly
increasing continuous function with Q=1(t) <t < Q(t) and let P : X? x (0,00) —
[0,00) be a map satisfying the following conditions:

(By1) Pla,y,1) =0 if and only if = =y,

(EbQ) E(C&?J,t) = ,P(ijat): _

(Pe3) P(x,2,t) < QP(z,y,t) + Ply, z,)].
Then P is called an extended parametric b-metric on X and (X, 73) s called an
EPOMS with control function €.

Obviously, for Q(z) = sz, the extended parametric b-metric reduces to paramet-
ric b-metric.

Definition 1.5. Let {z,,} be a sequence in an EPbMS (X, P).

1. {xzn} is said to be convergent to v € X, written as lim x, = z, if
n—infty

lim ﬁ(xn,x,t) =0, for allt > 0.
n—oo
2. {xn} is said to be a Cauchy sequence in X if lim P(xn,zm,t) = 0, for all

n— 00
t>0.

3. (X, ’ﬁ) is said to be complete if every Cauchy sequence in it is a convergent
sequence.

The following are some easy examples of EPbMSs.

Example 1.6. Let X = [0,400) and P(z,y,t) = e"@¥" —1 (p>1). Then P is
an extended parametric b-metric with Q(t) = 2 't — 1.

More generally, several examples of EPb metrics can be constructed using the
following easy proposition.

Proposition 1.7. Let (X, P) be a parametric b-metric space with coefficient s > 1
and let P(x,y,t) = &(P(x,y,t)) where § : [0,00) — [0,00) is a strictly increasing
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continuous function with t < £(t) for t > 0 and £(0) = 0. Then P is an extended
parametric b-metric with Q(t) = £(st).

Taking various functions £ in the previous proposition, we can obtain a lot of
examples of extended parametric b-metrics. We state just a few of them which we
will use later in the text.

Example 1.8. (1) If€(t) = et — 1, we get Pz, y,t) = eP@¥D) 1 qnd Q(t) =

et —1. Note that Q~(u) = %ln(l +u).

(2) If £(t) = tet, then P(z,y,t) = P(x,y,t)e?@¥0) and Q(t) = stest. Note
that in this case Q7' (u) = 1W(u), for u > 0, where W is the Lambert
W -function (see, e.g., [2]).

(3) If€(t) = t +In(1 + t), then P(z,y,t) = P(z,y,t) +In(1 + P(z,y,t)) and
O(t) = st+In(1+st). Here, again W -function is used to express the inverse:
Q7 (u) = L(W(e"tt) = 1) foru>0.

In general, an extended parametric b-metric function for nontrivial function €2 is
not jointly continuous in all its variables. So, we need the following simple lemma
about the convergent sequences in the proof of our main result.

Lemma 1.9. Let (X, ’ﬁ) be an EPbMS with a strictly increasing continuous func-
tion Q@ : [0,00) — [0,00), and suppose that {x,} and {y,} convergent to z,y,
respectively. Then, we have

Q)Y (P(x,y,1t) < gggﬁ(:cmymt) < limsup P (2, Yn, t) < Q2(P(z,y,1)).

n—»o0,t

In particular, if x = y, then, lim ﬁ(xn,yn,t) = 0. Moreover, for each z € X
n—ro0

we have

Qfl(ﬁ(w,z,t)) < liminfﬁ(xn,z,t) < limsupﬁ(xn,z,t) < Q(ﬁ(az,z,t)).

n—o0 n 300

2. MAIN RESULTS

2.1. Results under Geraghty-type conditions. In 1973, Geraghty [4] proved
a fixed point result, generalizing Banach contraction principle. Fixed point results
of this kind in b-metric spaces were obtained by Dukié et al. in [3].

Following [3], for a function 2, let Fq denote the class of all functions S :
[0,00) — [0,Q271(1)) satisfying the following condition:

B(tn) — Q (1) as n — oo implies ¢, — 0 as n — 0.
Theorem 2.1. Let (X, 5,75) be a complete ordered EPbMS. Let f : X — X be an

increasing mapping with respect to < such that there exists an element xog € X with
xo = fxo. Suppose that

D[P(fz, fy,1)] < BP(x,y,1))M (x,y,1) (2.1)
for all t > 0 and for all comparable elements x,y € X, where
P(x, fo, )Py, fy.1) }
[1+ P, y, O +P(fz, fy,1)]
If f is continuous, then f has a fized point.

M(z,y,¢) = max {75<x, 0 1),
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Proof. Starting with the given zg, put z,, = f"zg. Since zy <X fxo and f is an
increasing function we obtain by induction that
2o = fro = fPro <o 2 fag X MM <
Step I: We will show that lim ﬁ(xn,xnﬂ,t) = 0. Since x,, = 41 for each
n € N, then by we have e

92[75(xn7xn+1’t)] = QZ[ﬁ(fa:n_l,fxn, )] ﬁ( (mn—lvxmt))M(xn—laxmt)

< QY D)P(@n_1, Tn, t) < P(Tp_1,Tn, 1), (2.2)
because

M(zp—1,Tn,t)
= max ﬁ(:ﬂn—hznat% ?(In_17fxn—17t)7)£xﬂ,) fxnvt)

[1 + ,P(‘Tn—lv L,y t)] [1 + P(fxn—l, fxna t)]
= max ﬁ(mn_l,xn,t), ?(In_l’xmt)P(mnlx"H’t)

[1 + P(mn—la Tn, t)] [1 + P(ﬂin, Tn+1, t)]
< max ,i)v(xn_l,fn,t), P(fnaxn-‘rlat) .

[1 + P(xn’ Tn+1, t)]

D 73(95n7$n+1at) — ﬁ(mn:$n+17 t)
If max{P(xn_1,zn,t), [1+75(wn,wn+1,t)]} TRETem—E then from we have,

5 P(xn7xn+17t)
P(ﬂ?n7$n+1,t) ( (xn 1’xn’t))[1+5(xn,xn+1,t)]
'

P(xn,Tnt1,t)
) [1+P (€, Tni1,t)] (2:3)
< (~m \Tn41,t)
= [14+P(@n,@nt1,t)]’

which is a contradiction.

Hence, max{”/s(xn,l,xn, t), %} = ﬁ(xn,l,xn,t), so from ([2.3)),

ﬁ($nyzn+1at) S B(P(xn—laxnat))’])(wn—laxnat) S ﬁ(xn—laxnvt)' (24)

Therefore, the sequence {ﬁ(mn, Znt1,t)} is decreasing, so there exists r > 0 such
that 1i_>m ﬁ(mn, Zni1,t) = r. Suppose that r > 0. Now, letting n — oo, from
we he:bveOo

Q' D)r <r < lim B(P(&n_1,2n,t))r <

n— o0
So, we have li_>m ﬁ(ﬁ(xn_l,xn,t)) > Q71(1) and since 8 € Fq we deduce that
n oo

lim 75(o:n_1, Zn,t) = 0 which is a contradiction. Hence, r = 0, that is,
n—oo

lim P(p, ni1,t) = 0. (2.5)

n— oo

Step II: Now, we prove that the sequence {z,} is a Cauchy sequence. Using the
triangle inequality and by (2.1]) we have

j;(xna Ty t) S Q[,]’S('TTH xn-{-lv t) + Q[ﬁ(l‘n+17 xm-‘rla t) + ﬁ(xm-i-la T, t)]]

< QP (@, o1 t) + UP @ Tmg1s ) + Q2 [BP (20, T, £)) M (200, Tn, 1)]]]-
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Letting m,n — oo in the above inequality and applying (2.5) we have

m,lrlllgoo P(xp, Tm,t) < m,lﬂfiloo B(P(xpn, Tm,t)) m,lrlLIEoo M (24, T, t). (2.6)
Here,
ﬁ('r’ru xm, t) S M(x’ru x’ﬂu t)
S P n nat P ms m7t
= max { P(xpn, Tm,t), f(x Jz )P(xN f2m,t)
14+ P(zn, Tm, )][1 + P(fxn, fTm,t)]
Y P nsy4tn 7t P msLtm 7t
=max < P(zn, Tm, 1), ?(x Tntl )fp({ Tmi1,1) .
[1 + P(!IJTL, Tm, t)] [1 + P(l'nJrl, Lm+1, t)]
Letting m,n — oo in the above inequality we get
m}yllrgoo M (Zp, T, t) = m}flbriloo?)(xn, Ty ). (2.7)
From (2.6)) and (2.7, we obtain
. = < . = . =
m,lrllrgoo Pz, Tm,t) < m7171111)100 B(P(xn, Tm,t)) m,171LII>lOO P(zn, Tm,t). (2.8)

Now we claim that, limg, n—oc ﬁ(xn, Zm,t) = 0. On the contrary, if lim 73(:177“ T, t) #

m,n— o0
0, then we get
li m,n— 00 p ns mat . S
hmyn 7i(x Zm,?) < lim B(P(zn, Tm,t)).
hmmm—)oo P(ﬂ?n, T, t) m,n—o0
Since g € Fq we deduce that
lim  P(x, &m,t) = 0. (2.9)

m,n— oo

which is a contradiction. Consequently, {x,} is a Cauchy sequence in X. Since
(X, 75) is complete, the sequence {x,,} converges to some z € X, that is, nh_)ngo 75(33”, z,t) =
0.

Step I1I: Now, we show that z is a fixed point of f.

Using the triangle inequality, we get

P(fz,2,t) < QP(ft, fan,t) + P(fon, 2, t))].

Letting n — oo and using the continuity of f, we have fz = z. Thus, z is a fixed
point of f. (|

Example 2.2. Let X = [0, 3] be endowed with the extended parametric b-metric

N et — 1 ifaty,

Plx,y,t) =
0 ifr=vy,
for all z,y € X and allt > 0. So, Q(t) = e?' — 1. Define T : X — X by
ﬁxm, if z €[0,1),
Tx =

ﬁx, if z € [1,3].
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Also, define, § : [0,00) — [0,Q71(1)) = [0, 2L — 0.34657359028) by B(t) =
%. Clearly, (X,73, e?! — 1) is a complete EPbMS, T is a continuous mapping and
ﬁ € Fert_1.

e Let z,y € [0,1) with « < y, then,

1
2t
(8

L1041 1042
=t gy )

= 2P (T, Ty,t) _ _
Q[P(fx, fy,t)] = e* B L
_ 62664t(¢10+y10)2 1 1 <e 2664t(x+y) -1 _ 1
2 ).
< eg%ct(z+y) -1 1< eg%[P(m,y,t)] -1

< L[e’ﬁ(ac,y,t) -1 < i[,ﬁ(x’yvt)]
= B(ﬁ(l‘, Y, t))ﬁ(l‘, Y, t)

< B(P(x,y, )M (x,y,1).
In other possible cases the above result can also be obtained similarly. Therefore,
D [P(fx, fy, 1)) < BP(x,y, 1) M(z,y,t)

for all z,y € X with x < y and all ¢ > 0. Hence, all conditions of Theorem
holds and T has a unique fixed point.

Example 2.3. Let X = [0,5] be equipped with the P-metric
P(w,y,t) = sinh(t|z — y|)

for all z,y € X, where Q(x) = sinhx and hence, Q' (x) = sinh ™! ().
Define a relation < on X by x <y iff y < x, the function f :[0,5] — [0,2] by

fo=y[2+3

and the function B given by B(t) = 1 < 0.88137358702 = Q~(1).
For all comparable elements x,y € X, we have,

QQ(ﬁ(fx,fy,t)) = sinh(sinh(sinh(t\/Q + z - \/2 + %D))

< sinh(sinh(sinh(¢ 7 — ¥)))

< sinh(sinh( M))

4
% B(P .y, 1)P(w,y,t) < B(M(w,y, ) M(x,y,1),

So, from Theorem[2]] f has a fized point.

<

Note that the continuity of f in Theorem [2.1]is not necessary and can be dropped.

Theorem 2.4. Under the hypotheses of Theorem [2:1], without the continuity as-
sumption on f, assume that whenever {x,} is a nondecreasing sequence in X such
that x,, — u, one has x, <X u for alln € N. Then f has a fized point.



20 V. PARVANEH ET AL.

Proof. Repeating the proof of Theorem [2.I] we construct an increasing sequence
{z,} in X such that z,, —» z € X. Using the assumption on X we have z,, < z.
Now, we show that z = fz. By (2.1) and Lemma 1.9}

Q3 [Q_lﬁ(za fzv t)i| < Qz [hm Supﬁ(anrl? fza t)]

n—oo
< limsup 5(75(:::”, z,t)) limsup M (z,, 2, t),
n—oo n—oo

where,

lim M(zy, z,t)

{ﬁ(wn,z,t), ?(xn,fxn,t)ﬁ(f,fz,t) } =0
14 P(zn, 2, t)][1 + P(fxn, f2,1))]

= lim max
n

Therefore, we deduce that 73(27 fz,t) < 0. As t is arbitrary, hence, we have z =
[z O

If in the above theorems we take 3(t) = 7, where 0 < r < Q71(1), then we have
the following corollary.

Corollary 2.5. Let (X, j,ﬁ) be an ordered complete EPbMS. Let f : X — X be
an increasing mapping with respect to < such that there exists an element xg € X
with xo = fxg. Suppose that for some r, with 0 < r < Q71(1),

P(fz, fy,t) < Q2 [rM(z,y,1)]
holds for each t > 0 and all comparable elements x,y € X, where

oo t) = max I Bl P(x, fz,0)P(y, fy. 1)
Mvt {P( w0 [+ Pz, y, ][+ P(fz, fy. 1)) }

If f is continuous, or, for any nondecreasing sequence {x,} in X such that x, —
u € X one has x, X u for alln € N, then f has a fized point.

Corollary 2.6. Let (X,=,P) be an ordered complete EPbMS. Let f: X — X be
an increasing mapping with respect to < such that there exists an element xg € X
with xg X fxg. Suppose that

P(x, f,t)P(y, [y,1)
1+ P(z,y,)][1 +P(fz, fy,t)]
for each t > 0 and all comparable elements x,y € X, where a, >0 and a+ <
Q11).
If f is continuous, or, for any nondecreasing sequence {x,} in X such that
Tp — u € X one has x, < u for alln € N, then f has a fized point.

P(fz, fy,t) < aP(x,y,t) + B

2.2. Results using comparison functions. Let ¥ denote the family of all non-
decreasing functions ¢ : [0,00) — [0,00) such that lim, ¥™(t) = 0 for all ¢ > 0,
where " denotes the n-th iterate of ¥. It is easy to show that, for each ¢ € U,
the following is satisfied:

(a) ¥(t) <t for all t > 0;

(b) ¥(0) = 0.



EXTENDED PARAMETRIC B-METRIC SPACES 21

Theorem 2.7. Let (X,=,P) be an ordered complete EPbMS. Let f: X — X be
an increasing mapping with respect to < such that there exists an element xg € X
with xg X fxg. Suppose that

QP(fo, fy,t)] < V(N (x,y,1)) (2.10)
where

N(z,y,t) = max {ﬁ(w,y,t)

[P, fz, )P, fy.1) + Ply, [y, )Py, fz, )] }

1+ Q[P(z, fx,t) + Ply, fy,O)][L + Pz, fy,t) + Ply, f,1)]
for some ¢ € VU and for all comparable elements x,y € X and all t > 0. If [ is
continuous, then f has a fized point.

Proof. Since g < frg and f is an increasing function, we obtain by induction that
wo = fro X frro X X fMag X f e <
Putting x,, = f"xo, we have

To X1 2T 2 Xy D Bpyr X0
We assume that x,, # x,4+1 for all n e N.
Step I. We will prove that lim P(x,,x,+1,t) = 0. Using condition , we
obtain A
P2, Tni1,t) < QP (T, Tngr, )] = QP(fEn1, frn, )] < G(N(Zn-1,Tn,1)).
Here,
N(xp—1,Tp,t)
= max{ﬁ(acn,l7 T,y ),
[75(:10”,1,fxn,l,t)ﬁ(xn,hfxn,t) —|—75(xn7fmn,t)ﬁ(xn, frn_1,t)]?
14 Q[ﬁ(xn,l, fon_1,t)+ 75(:16”, fon, ][+ ﬁ(xn,l, fxn,t)+ ﬁ(mn, fxn_1,t)]
= max{ﬁ(xn_l, T, t),
[P(2n-1, %0, )P (Tn_1,Tns1,t) + P(Tn, Tni1, ) P20, T, 1))
14+ QP (1,20, t) + P20, Tng1, D)1+ P(@n1, Tng1,t) + P(@n, T, t)]
zﬁ(xn,l, T,y ).

Hence,

}

7’5(1'713 Tn+1, t) S Q[,ﬁ(zna Tn+1, t)] S 1/)(73(In—1, T, t))
By induction, we get that

7,5('1:”7'1:71+17t) S ¢(ﬁ(zn—17xnat)) S wZ(ﬁ(xn—Qv'xn—lat)) S et S ¢n(73(170a$17t))-
As ¢ € U, we conclude that
lim P(zy, Tpi1,t) = 0. (2.11)

n— oo

Step II. We will prove that {z,} is a Cauchy sequence. Suppose the contrary.
Then there exist tp > 0 and € > 0 for them we can find two subsequences {z,, }
and {x,,} of {x,} such that n; is the smallest index for which

ng >m; > i and P(Tp,, T, to) > €. (2.12)

This means that

P(mmi’xni—lvt()) <E. (213)
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From ([2.12) and using the triangle inequality, we get
3 S ﬁ(xmla mnw tO) S Q[ﬁ(l’m” xmﬁ»la to) + 7’)\/('/I/"I”I’Lr‘rl7 xni 9 tO)]
Taking the upper limit as ¢ — oo, we get

Q_l[g] < hmsup,ﬁ(xmnﬂvfbnmto)' (214)

1—00
From the definition of M(x,y,ts) we have
M(xmmxni—lato)
= max{ﬁ(xm“xm_l,tg),
[ﬁ(xmz s fxm1 ) to)ﬁ(xqu ) f‘rm—h to) + ﬁ(xni—la fxm—lv to)ﬁ(zm—lv fxmq ) to)]2
1 + Q[P(zmla fxmivt()) + P(xni—la fxni—lv tO)Hl + P(xmm fxni—la tO) + P(xni—h fzmia to)]
= max{’ﬁ(acmi, Tn,—1,%0),
[ﬁ(xmﬁxmi+17t0)ﬁ(xmi7xni7t0) + ﬁ(xniflyxn“tO)ﬁ(xniflyxmiJrl;tO)P
1 + Q[,P<:Em1; xmi+17 tO) + P(x’rh‘fl, xnﬂto)][l + P(xm”xniato) + P(wnifla mmi+17 tO)]
and if 7 — oo, by (2.11) and (2.13)) we have

lim sup M (%, , Tn,—1,t0) < €.
i—»00

Now, from we have
QP (Tm, 41, Tn, s t0)] = QAP (FTm,, fn,—1,t0)] < (M (m, Tn,—1, t0))-
Again, if i — oo by we obtain
e = QIO [E]] < Qflim sup Plan, 1, 0 0)] < B(E) < 2,

1—00

}

}

which is a contradiction. Consequently, {z,} is a Cauchy sequence in X. Therefore,
the sequence {,} converges to some z € X, that is, lim, P(z,,z2,t) = 0 for all
t>0.

Step III. Now we show that z is a fixed point of f.

Using the triangle inequality, we get

Pz, fz,t) < QP(z, fzn,t) + P(fzn, f2,1)].
Letting n — oo and using the continuity of f, we get
P(z, fz,1) <0.
Hence, we have fz = z. Thus, z is a fixed point of f. [

Theorem 2.8. Under the hypotheses of Theorem without the continuity as-
sumption on f, assume that whenever {x,} is a nondecreasing sequence in X such
that x, = u € X, one has x, <X u for alln € N. Then f has a fixed point.

Proof. Following the proof of Theorem [2.7] we construct an increasing sequence
{zp} in X such that x,, — 2z € X. Using the given assumption on X we have
Zn = z. Now, we show that z = fz. By (3.2) we have

Q[P(f2z, @0, t)] = QP(fz, fan_1,t)] < W(M(2, n_1,t)), (2.15)
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where

M(z,xp—1,t)
= max{ﬁ(xn_l,z,t),

[P(&n1, fn1,)P(xn_1, f2,1) + Pz, f2,0)P(2, frn_1,t)]

1 =+ Q[ﬁ(l‘n—h fxn—h t) + 75(Z7 fZ, t)][l + 75(3771—1; fZ, t) + 75(2:7 fxn—h t)]}
=max{P(zn_1, 2 1),
[P(n1, @y )P (2n1, f2,) + P(2, 2, )P (2, 20, 1)]?
1+ Q[ﬁ(xnflv L, t) + 75(2, fzv t)][]' + ﬁ(l’n,h fzv t) + ﬁ(Z, Tn, t)] '
Letting n — oo in the above relation, we get
limsup M(z,z,—1,t) = 0. (2.16)

n—roo

Again, taking the upper limit as n — oo in (2.15) and using Lemma and ([2.16)
we get

Q2O [P(z, f2.1)]] < Qimsup P(zy,, f2,1)]

n—oo

< limsup (M (z,2p—1,t)) = 0.

n—oo

So, we get 75(z,fz,t) =0,ie., fz=2z |

Corollary 2.9. Let (X, j,ﬁ) be an ordered complete EPbMS. Let f : X — X be
an increasing mapping with respect to < such that there exists an element xg € X
with xo X fxg. Suppose that

Q[P(fz, fy,t)] < rN(z,y,t)

where 0 < r <1 and

N(z.y.t) = max {7;(% ) [P, f2,)P(w, fy. ) + Ply, fy, )Py, f, 1)) g }

"1+ Q[ﬁ(x, fx,t)+ 7’5(3/7 fy, O] + ﬁ(x, fy,t) + 7’5(3/7 fx,t

for all comparable elements xz,y € X and allt > 0. If f is continuous, or, whenever
{zn} is a nondecreasing sequence in X such that x, — u € X, one has x, < u for
alln € N, then f has a fized point.

Example 2.10. Let X = [0,00] be equipped with the

P(z,y,t) =t|lz -yl +In(t |z —yl)

for all x,y,t € X, where Q(z) =x + Inzx.
Define a relation < on X by x Sy iff y < x, the function f: X — X by

fxr= ln(% +2)
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and the function ¢ given by 1 (t) = In(1 +t).
For all comparable elements x,y € X, by mean value theorem, we have,

QP(fz, fy.t)] = P(fz, fy,t) + In[l + P(fa, fy,t)]
:t‘ln2+§—ln2+%‘

#fl+ 2+ 5 ~m2+ Y|

x Yy
<t‘f—f
-5 5

Ty
tnft 1|2~
+ In[l1+ 3 5]

<[l +P(x,y,1)] = $(P(x,y, 1)) < (M(z,y,1)).
So, from Theorem[2.1]] f has a fized point.

2.3. Results for generalized weakly contractive mappings. In this section,
we define the notion of generalized (¢, 9)q ¢-contractive mapping and prove our
new results.

Definition 2.11. [9] A function ¢ : [0,4+00) — [0, +00) is called an altering dis-
tance function, if the following properties hold:

(1) ¢ is continuous and non-decreasing.

(2) ¢(t) =0 if and only if t = 0.

Let (X, 75) be an EPbMS and let f : X — X be a mapping. For all z,y € X
and for all t > 0, let

M) = o { PG ) PG, ,0). Pl ), 50 P f )+ P fr )] .

Definition 2.12. Let (X,P) be an EPbMS. We say that a mapping f : X — X
is an ordered generalized (v, )q.-contractive mapping if there exist two altering
distance functions ¢ and ¢ such that

YQP(fz, fy,1)]) < G(My(x,y)) — ¢(My(,y)) (2.17)
for all comparable elements x,y € X and for all t > 0.

Recall that a real function 2 is called super-additive if
Q(s+1t) > Q>s) + Q1)

for allt,s € D(). If Q is a super-additive function, and if 0 € D(), then 2(0) < 0.
Indeed, super-additivity of Q yields that Q(s) < Q(s+t) — Q(¢) for all s,¢t € D(Q).
Taking s = 0 one has Q(0) < Q0 +¢t) — Q(t) = 0. Also, it is easy to see that
20(t) < Q(2t) for each t € D(Q).

Now, let us prove another result.

Theorem 2.13. Let (X, 5,73) be an ordered complete EPbMS. Let f: X — X be
an ordered generalized (1, )q,i-contractive and continuous non-decreasing mapping
with respect to = where Q) is super-additive. If there exists xg € X such that
xo = fxo, then f has a fixed point.
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Proof. Define a sequence {z,} in X such that z,+1 = fx,, for all n > 0. Since
ro = fxrg = x1 and f is non-decreasing, we have 1 = frg =< 2 = fx1, and by
induction

ijl‘lj"'jxnjxn-&-lj"' .

We assume that x,, # z,41, for all n € N. By ([2.17)), we have

¢(P(zn,xn+1,t)) < w(Q[ﬁ(xnvxTH-l?t)])
= ¢(Q[75(fxn—1, frn,t)])
SYMi(Tp-1,70)) — o(My(2n_1,2n)), (2.18)

where
M, (xn—la xn)

- - - 1 - .
= mnax {P(an—la L, t)» P(In—la fon_1, t)v P(In, fxn, t), 5971[7)(1771—17 frn, t) + P(IL‘n, frn_1, t)]}

~ ~ 1 ~
— maXx {P(J;n—la T, t)) p(xnv Tn+1, t)a 59_1[73(.73”_1, Tn+1, t)]}

~ ~ ﬁx,,x,t—i—ﬁx,x t
SmaX{P(xnlaxnvt)7p(xn,$n+17t)a ( nlo7n )2 ( ildadia B )

From ([2.18) and (2.19) and the properties of ¢ and ¢, we get

d)(lp(l‘ﬂn Tn+1, t))
S 1/)(11130( {ﬁ(xn—la Tn, t)a 75i(xn, Tn+1, t)})

} (2.19)

~ ~ 1 ~
- @(max {P(xn—la L, t)7 P(xwu Tn+1, t)a 5971 [P(.’L’n_l, Tn+1, t)] })
(2.20)
If

max {ﬁ(iﬂnl, Ly t)» ﬁ(ibn, anrl»t)} = ﬁ(xna Tn+1, t),
then by (2.20) we have

1/1(7)(%7 Tn+1, t))

- - - 1 -
< 'll)(lp(xnv Tn41, t)) - @(max {P(xnla Tn, t)v P(xnv Tn+1, t), 5971[’]3(:5”717 Tn+1, t)} })7

which gives that z,, = x,,+1, a contradiction.
Thus, {P(zn, nt1,t) : n € NU{0}} is a non-increasing sequence of positive
numbers. Hence, there exists r > 0 such that

lim ’ﬁ(mn,xnﬂ,t) =7
n—oo

Letting n — oo in (2.20)), we get
1 -
Y(r) <(r) — @(max {r, r, lim 291[73(xn_1,xn+1,t)]}) < (7).
Therefore,

w(max{r, r, lim 91[75(3:”_1,:1:"+1,t)]}> =0,

n—oo
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and hence,
lim P(xn,Tnt1,t) =0, (2.21)

n—oo
for each t > 0.
Next, we show that {x,} is a Cauchy sequence in X.
Suppose the contrary, that is, {z,} is not a Cauchy sequence. Then there exist
to > 0 and € > 0 for them we can find two subsequences {z,,} and {z,,} of {z,}
such that n; is the smallest index for which

n; > m; > 1,and ﬁ(xmi,xm,to) > e, (2.22)
This means that
'P(Z‘mi,l‘ni_l,to) < E. (223)
The following relations are easy to obtain:
Q_l [E] < lim Supﬁ(xmi+17 Tn;s tO)' (224)
1—00
lim Sup,ﬁ(xmi-‘rla Tn;—15 tO) < Q[d (225>
i10—00
K sup P (2, , Tn,, to) < Qe]. (2.26)
1—00

From (2.17)), we have
D(QP(Emi 41, Ty t0)]) = QP (fEmss fTn,—1,10)])

[
/(/}(Mto(xmi’xnifl)) _@(Mto(mmivwmfl))a (227)

IN

where

Mto xmb ) xnl—l)

= max P zm,aznl—hto) 75(117mi,fxm“to),ﬁ(fm—lafxn,-—l,to)a

O [P firm,1.10) +7><fxm@,xm_1,to>]}

DN | =

= max P xml ) $n1717 tO) ,P(xmla mmi+17 tO)) ﬁ(l‘ni717 xn-” tO);

Q I[P(xmmxnm )+P(xm +1a$n117t0)]} (228)

Taking the upper limit as i — oo in (2.28)) and using the above mentioned limits,
we get
lim sup My (Tm;—1, Tn;—1) < €. (2.29)
1—00

Now, taking the upper limit as ¢ — oo in and using and ( - we

have

i—00

w(£> < w(Q[limsupﬁ(ajmiH,xm,to)])
< 'L/}(limsup Mt(xmwxni*l’t()» - liminf W(Mt(xmiaxmfl))

i—00 1—00

< 9(e) = p(liminf My(zm,, Tn, 1)),
11— 00
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which further implies that

e(lim inf My(2pm,, 2p,~1)) = 0,
1— 00

so liminf M;(2,,,, n,—1) = 0, a contradiction to lj Thus, {zn+1 = fz,} isa

11— 00
Cauchy sequence in X.

As X is complete, there exists u € X such that z,, — u as n — oo, that is,

lim z,4+1 = lim fx, = u.
n—oo n— o0

Now, suppose that f is continuous. Using the triangular inequality, we get
ﬁ(u,fu,t) < Q[ﬁ(u,f:z:n,t) +75(fzn,fu, t)].
Letting n — oo, we get
Plu, fu,t) < Q[nlirr;o Plu, fan,t) + nlgr;o P(fan, fu,t)].
So, we have fu = u. Thus, u is a fixed point of f. (I

Note that the continuity of f in Theorem [2:13] is not necessary and can be
dropped.

Theorem 2.14. Under the hypotheses of Theorem [2.13, without the continuity
assumption on f, assume that whenever {x,} is a non-decreasing sequence in X
such that x,, — x € X, one has x,, 2 x, for alln € N. Then f has a fized point in
X.

Proof. Following similar arguments to those given in the proof of Theorem [2.13]
we construct an increasing sequence {z,} in X such that x,, — u, for some u € X.
Using the assumption on X, we have that x,, < u, for all n € N. By (2.17]), we have

YOQUP (@041, fu,1)]) < (M2, 1)) — o(Mi(2n, u)), (2.30)

where
M) = s { P00, P .0, P ft 0, 50 Pl Funt) + P f 0]

= max {ﬁ(mn, u, t), ﬁ(xn, Tpi1,t), 73(u, fu,t), %Q_l[ﬁ(xn, fu,t)+ ﬁ($n+1, u, t)]}
(2.31)

Letting n — oo in (2.31) and using Lemma we get

21D ~
Q7 [P(u, fu,t)] < liminf My(z,, u) < limsup My(x,,u) < P(u, fu,t). (2.32)

2 n—00 n— oo

Again, taking the upper limit as ¢ — oo in (2.30) and using Lemma and
(2.32) we get

W(P(u, fu,t) < P(Qlimsup P(@ni1, fu,t)])

n—o0

< ¢(lim sup My(xy,, u)) — lim inf (M (2, u))
n—oQ

n—oo
< (P(u, fu,t)) — p(liminf My (2, u)).
n— oo
Therefore, @(liniinf Mi(zp,,u)) <0, equivalently, lirginf M;(2p,u) = 0. Thus, from
(2.32)) we get uw = fu and hence u is a fixed point of f. |
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Example 2.15. Let X = [0, 10] and P on X be given by
P(z,y,t) = sinh[t |z — y]],
for all x,y € X. We define an ordering “ <X”on X as follows:
r3y<—y<zxz VryelX.
Define self-map f on X by

— 1
fr=sinh™" {%.

Furthermore,
fX =[0,0.65266656608236] C X,

Define 1, ¢ : [0,00) — [1,00) as (t) = 12-‘1-CCO§Shhtt —1 and ¢(t) = [f_f:g:htt]z -1
Using the mean value theorem for the function sinh we have,

o(pene)) )
(o(rmm)) 1t cosh (017 121))

2 cosh(Q(sinh(¢|sinh ™' £ — sinh ™! £|)))

IN
—

15

calo(ye-1))
()
o ((sm(552))
( )
(i

1 4 cosh(Q(sinh(¢|sinh ™ & — sinh™* 15 |)))

IN

IN

1 + cosh <s1nh ((tz yl

o (s (we-m)))
v ([ (o 20)))

2 cosh[sinh(t|x — y|)] o
~ 14 2cosh[sinh(t|z — yl)]
2cosh[ﬁ£x,y,t)] 1 2 cosh[sinh(t|z — y|)] 2

" 1+ cosh[P(x,y,1)] 1 + 2 cosh[sinh(¢|x — y|)]
= Y(Mi(z,y)) — p(Mi(z,y)).
Thus, is satisfied for all x,y € X. Therefore, all the conditions of Theorem
are satisfied. Moreover, 0 is a fixed point of f. O

-1

3. Fuzzy b-METRIC SPACES

In [5], Hussain et al. presented the relationship between parametric b-metrics
and fuzzy b-metrics and deduce certain fixed point results in triangular partially
ordered fuzzy b-metric space.
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Definition 3.1. (Schweizer and Sklar [14]) A binary operation x : [0,1] x [0,1] —
[0,1] is called a continuous t-norm if it satisfies the following assertions:

(T1) * is commutative and associative;

(T2) * is continuous;

(T3) ax1=a forall a €[0,1];

(T4) axb<cxd when a <c and b <d, with a,b,c,d € [0,1].

Definition 3.2. A S-tuple (X, M, x) is said to be a fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X2 x (0,00)
satisfying the following conditions, for all x,y,z € X and for all t,s > 0,

(i) M(z,y,t) > 0;

(ii) M(x,y,t) =1 for allt > 0 if and only if v = y;

(i) M(z,y,t) = M(y,z,t);

(V) M(z,y,1) 5 M(y, 25) < M(z, 5, + 5);

(v) M(z,y,.):(0,00) — [0,1] is continuous;
The function M (z,y,t) denotes the degree of nearness between x and y with respect
to t.

Definition 3.3. [5] A fuzzy b-metric space is an ordered triple (X, B, ) such that X
is a nonempty set, x is a continuous t-norm and B is a fuzzy set on X x X x (0, +00)
satisfying the following conditions, for all z,y,z € X and for all t,s > 0:

(F1) B(z,y,t) > 0;

(F2) B(z,y,t) =1 if and only if x = y;

(F3) B(x,y,t) = By, z,t);

(F4) B(z,y,t) * B(y,z,s) < B(x, z,b(t + s)) where b > 1;

(F5) B(z,y,-): (0,+00) — (0,1] is left continuous.

Definition 3.4. An extended fuzzy b-metric space is an ordered quadruple (X, B, x, )
such that X is a nonempty set, x is a continuous t-norm and B is a fuzzy set on
X x X x (0,400) satisfying the following conditions, for all x,y,z € X and for all
t,s >0:

(F1) B(z,y,1)
(F2) B(z,y,t)
(F3) B(z,y,t) =
Bz, y,t) %

)

z,y,t) > 0;
=1 1if and only if x = y;
B(y,x,t);

B(y,z,s) < B(z,z,Qt + s));

(0,400) — (0,1] is left continuous.

(F4) B(z,y,
(F5) B(z,y,
Definition 3.5. Let (X, B,*,Q) be an extended fuzzy b-metric space. Then
(i) a sequence {x,} converges to x € X, if and only if lim, 1 oo B(xp,z,t) =1
for allt > 0;
(ii) a sequence {x,} in X is a Cauchy sequence if and only if for all € € (0,1)
and for all t > 0, there exists ng such that B(xy,Tm,t) > 1 — € for all
m,n > ng;
(iii) the extended fuzzy b-metric space is called complete if every Cauchy sequence
converges to some x € X.

Definition 3.6. Let (X, B, *,Q) be an extended fuzzy b-metric space. The extended
fuzzy b-metric B is called triangular whenever,

B(x,y,t) -ls Q[B(x,z,t) -l B(z,y,t) - 1]
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forall z,y,z € X and for all t > 0.
Motivated by Example 8 of [I0] we present the following example.

Example 3.7. Let (X,d, s) be a b-metric space. Define B : X x X x(0,00) — [0, 00)
by B(z,y,t) = % where Q : [0,00) — [0,00) is a strictly increasing
continuous function with Q=1(t) <t < Q(t). Also suppose that a * b = min{a, b}.
Then (X, B,*,Q) is an extended fuzzy b-metric space.

Remark. Notice that P(z,y,t) = m
whenever B is a triangular extended fuzzy b-metric.

— 1 is an extended parametric b-metric

As an applications of Remark [3] and the results established in section 2, we can
deduce the following results in ordered extended fuzzy b-metric spaces.

Theorem 3.8. Let (X, =, B, x,Q) be an ordered triangular complete extended fuzzy
b-metric space. Let f : X — X be an increasing mapping with respect to < such
that there exists an element xg € X with xo X fxg. Suppose that

2 1 _ 1 _
T YY)

for all t > 0 and for all comparable elements x,y € X, where

1 1
1 [s@rs — U 1]
M(m,ygﬁ) = max{ _ 17 B(z,f 7t)1 B(y7‘f1y’t) }
B(z,y,t) e

— HM(z,y,t) (3.1)

If f is continuous, then f has a fived point.

Theorem 3.9. Under the hypotheses of Theorem 3.8, without the continuity as-
sumption on f, assume that whenever {x,} is a nondecreasing sequence in X such
that x,, — u, one has x, 2 u for alln € N. Then f has a fized point.

Theorem 3.10. Let (X, =, B,%,Q) be an ordered triangular complete extended
fuzzy b-metric space (where Q is super-additive). Let f : X — X be a continuous
non-decreasing mapping with respect to <. Also suppose that there exist two altering
distance functions ¢ and ¢ such that

1
VO 57—y — 1) S vMu(z,y) — p(Mi(z,y
for all comparable elements x,y € X where,
1 1 1 1 1 1
M(z,y max{ -1, -1, —1,-07! + -2 }
((:9) Byt "Bl fet) "Bufud 20 Bl fun Bufnn
If there exists xo € X such that xo = fxqg, then f has a fized point.

Theorem 3.11. Under the hypotheses of Theorem without the continuity
assumption on f, assume that whenever {x,} is a nondecreasing sequence in X

such that r,, — u € X, one has x, < u for alln € N. Then f has a fized point.

Theorem 3.12. Let (X, =, B,*,Q) be an ordered triangular complete extended
fuzzy b-metric space. Let f : X — X be an increasing mapping with respect to <
such that there exists an element xg € X with xg X fxg. Suppose that

1
Ngre ooy 1= PN (@,y,1)) (3.2)
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where
N(z,y,t)
1 1 1 1
= max{ 1 -1 [[B(x,f;c,t) — 1][3(%)“1/»75) — 1+ [B(y,fy,t) B 1][B(y7f$7t) B 1]]2}
B(Jj’ y,t)) [1 + Q[B(wxlfw:t) + B(yifyvt) N 2]][B($7lfyvt) + B(yffw»t) - 1]

for some ¢ € U and for all comparable elements z,y € X and all t > 0. If f is
continuous, then f has a fized point.

4. APPLICATION TO EXISTENCE OF SOLUTIONS OF INTEGRAL EQUATIONS

Let X = C(]0,T],R) be the set of real continuous functions defined on [0, 7] and
P: X x X x (0,00) = [0,+00) be defined by P(z,y,a) = E[supsepo e~ e (t) —
y(t)[P] for all z,y € X and all ¢ > 0. Then (X, P,£(2P~1t)) is a complete extended
parametric b-metric space. Let < be the partial order on X defined by z < y if and
only if z(t) < y(t) for all t € [0, T]. Then (X, P, =) is a complete partially ordered
metric space. Consider the following integral equation

T
z(t) = p(t) +/0 S(t,s)f(s,z(s))ds (4.1)

where

(A) f:]0,T] x R — R is continuous,
(B) p:[0,T] — R is continuous,
(C) §:[0,T] % [0,T] — [0,4+00) is continuous and

T
2t s (] | stesas <1
(D) there exist k € [0,1) such that

0 <&[[f(s,9(s)) — f(s,2(s))]]

< k(e”** max {l»’C(S) —y(s)|", |z(s) — Hx(s)[", ly(s) — Hy(s)|”,

|z(s) = Hy(s)|P +[y(s) — HJJ(S)p]}

2P 5

for all x,y € X with z <y, s € [0,T] and « > 0 where
T
Hz(t) = p(t) +/ S(t,s)f(s,x(s))ds, te€l0,T], forall zeX.
0
(E) there exist zp € X such that
T
20(t) <p(0) + [ S(t.5)f(s.0(s))ds.

0

We have the following result of existence of solutions for integral equations.

Theorem 4.1. Under assumptions (A) — (E), the integral equation (4.1) has a
unique solution in X = C([0,T], R).
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Proof. Let H : X — X be defined by
T
Hzx(t) = p(t) +/ S(t,s)f(s,x(s))ds, te€[0,T], forall zeX.
0

First, we will prove that H is a non-decreasing mapping with respect to <. Let
x = y then by (D) we have 0 < f(s,y(s)) — f(s,z(s)) for all s € [0,T]. On the
other hand by definition of H we have

T
Hy—Hm:/O S(t,s)[f(s,y(s)) — f(s,xz(s))]ds >0 forall ¢el0,T].

Then Hx =X Hy, that is, H is a non-decreasing mapping with respect to <. Now
suppose that z,y € X with < y. Then by (C), (D) and the definition of H we
get

€207 P(Ha, Hy, o)) = £[2°7" sup e |Ha(t) — Hy(t)|"]
t€[0,T)

T
<2 sup £l(e / S(t,9)\ (5, 2(s)) — F(s,y(s))|ds)?]]

t€[0,T]

T T
<2 sup £l (| / 1S(t, ))tds] ¥ / (s, 2(s)) — F(s,y(s))Pds] )]

t€[0,T]
< k(e™® maX{lw(S) —y()IP, [x(s) = Hz(s)[?, [y(s) — Hy(s)]",

21*p§71[|x(5) — Hy(s)” ;L ly(s) — HI(S)I”]})

sue-“max{ sup [2(s) —y(s)P, sup |x(s) — He(s)P, sup |u(s) — Hy(s)]".
s€[0,T] s€[0,T] s€[0,T]
sup, e o7 [7(5) — Hy(s)|P + supyero. [y(s) — Hx(s)lp]})
2

2P

< Kfmax {73<m,y7a>,75<x7ﬂx7a>,75<y7 Hy, a), 2" et D&y 0) £ Ply, A, a“}]

2

Now, by (E) there exists g € X such that zyp < Hzg. Then, the conditions
of Theorem are satisfied and hence the integral equation (4.1) has a unique
solution in X = C([0,T],R). O
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