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NEW FIXED POINT RESULTS IN MODULAR METRIC AND
FUZZY METRIC SPACES

NAWAB HUSSAIN, M.A. KUTBI, GHADA BASINDOWA, AND P. SALIMI

ABSTRACT. The notion of modular metric spaces being a natural generaliza-
tion of classical modulars over linear spaces like Lebesgue, Orlicz, Musielak-
Orlicz, Lorentz, Orlicz-Lorentz, and Calderon-Lozanovskii spaces was recently
introduced. In this paper, in the setting of modular metric spaces, we intro-
duce the class of (JS)-w-contractions and establish certain fixed point results.
As application of our results, we deduce some Suzuki type theorems in mod-
ular metric space. Moreover, we introduce some notions of continuity in the
setting of fuzzy metric spaces and obtain some results of fixed point for self-
mappings defined on a fuzzy metric space as consequence of those given for
modular metric space. An example is furnished to demonstrate the validity of
the obtained results.

1. INTRODUCTION AND PRELIMINARIES

Modular metric spaces were introduced in [4, [5]. The introduction of this new
concept is justified by the physical interpretation of the modular. A metric on a set
represents nonnegative finite distances between any two points of the set, whereas
a modular on a set attributes a nonnegative (possibly, infinite valued) ”field of
(generalized) velocities”: to each ”time” A > 0 (the absolute value of) an average
velocity wy(z,y) is associated in such a way that in order to cover the ”distance”
between points z,y € X it takes time A to move from x to y with velocity wy(z,y).
But in this paper, we look at these spaces as the nonlinear version of the classical
modular spaces introduced by Nakano [23] on vector spaces and modular function
spaces introduced by Musielak [22] and Orlicz [24].

We remark that the usual approach in dealing with the Dirichlet energy problem
[10, [I7] is to convert the energy functional, naturally defined by a modular, to a
convoluted and complicated problem which involves the Luxemburg norm.

Recently, there arise a strong interest to study the existence of fixed points and
their applications in the setting of modular function spaces after the first paper [20]
was published in 1990, see also [2] [T}, 13} 14} 16, 08, [21].

In this paper, in the setting of modular metric spaces, we introduce the class of
(a, 17, ©) —w-contraction and we establish certain fixed point results. As application
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of our results, we deduce some Suzuki type theorems. Moreover, we introduce some
notions of continuity in the setting of fuzzy metric spaces and obtain some results
of fixed point for self-mappings defined on a fuzzy metric spaces as consequence of
those given for modular metric spaces. An example is furnished to demonstrate the
validity of the obtained results.

Let X be a nonempty set and w : (0,4+00) x X x X — [0, 400] be a function, for
semplicity, we will write
wi(z,y) =w(\ z,y),
forall A >0 and z,y € X.
Definition 1.1. [4 5] A function w : (0,+00) x X x X — [0,400] is called a
modular metric on X if the following arioms hold:
(i) x =y if and only if wx(z,y) =0 for all X > 0;
(ii) wr(z,y) = wr(y, ) for all A >0 and z,y € X;
(ili) wrtp(z,y) <ws(z, 2) +wu(z,y) for all A, >0 and x,y,z € X.
If in the Definition [T} we use the condition
(i) wa(x,xz) =0 for all A > 0 and = € X
instead of (i) then w is said to be a pseudomodular metric on X. A modular metric
w on X is called regular if the following weaker version of (i) is satisfied

x=y ifand only if wy(x,y) =0 for some A > 0.
Again, w is called convex if for A\, p > 0 and z,y, z € X holds the inequality

A
ren(@9) € T 2) + ),

K
A+
Remark 1. If w is a pseudomodular metric on a set X, then the function A\ —
wy(z,y) is nonincreasing on (0,+00) for all x,y € X. Indeed, if 0 < u < \, then
W)\(il', y) S WA*M(Z:? (E) + wll«(aj7 y) = UJ#(.’E, y)

Definition 1.2. [4.[5] Let w be a pseudomodular on X and xy € X fized. Consider
the two sets

Xo=Xu(xo) ={r e X wr(zr,z0) >0 as X — +oo}
and

X5=X(xo)={z e X :IA=Xx) >0 such that wx(x,zg) < +00}.

w

X, and X7 are called modular spaces (around xg ).

It is clear that X, C X but this inclusion may be proper in general. Let w be
a modular on X, from [4] 5], we deduce that the modular space X,, which can be
equipped with a (nontrivial) metric, induced by w and is defined by

dy(z,y) = nf{A > 0:wr(z,y) <A} forall z,yeX,.

If w is a convex modular on X, according to [4, 5] the two modular spaces coincide,
that is, X5 = X,,, and this common set can be endowed with the metric d;, defined
by

d(z,y) = inf{A > 0:wxr(z,y) <1} forall z,y€ X..

These distances will be called Luxemburg distances.
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Definition 1.3. Let X, be a modular metric space, M a subset of X,, and (x,)nen
be a sequence in X,. Then
(1) (zn)nen is called w-convergent to x € X, if and only if wi(xy,z) — 0, as
n — +oo. x will be called the w-limit of (x,).
(2) (zn)nen is called w-Cauchy if wi(Tm,xn) — 0, as m,n — +oo.
(3) M is called w-closed if the w-limit of a w-convergent sequence of M always
belong to M.
(4) M is called w-complete if any w-Cauchy sequence in M is w-convergent to
a point of M.
(5) M is called w-bounded if we have 0,(M) = sup{w1(z,y); 2,y € M} < +00.

Definition 1.4. [26] Let T be a self-mapping on X and let o : X x X — [0, 400)
be a function. We say that T is an a-admissible mapping if

z,ye X, alr,y)>1 = aTz,Ty)>1.

Definition 1.5. [25] Let T be a self-mapping on X and a,m: X x X — [0,400)
be two functions. We say that T is an a-admissible mapping with respect to n if

rye X, alr,y) >nr,y) = oTz,Ty)>n(Tz,Ty).

Definition 1.6. [15] Let (X, d) be a metric space. Let a,n: X x X — [0, +00) and
T:X — X be functions. We say that T is an a-n-continuous mapping on (X, d)
if, for given x € X and sequence {x,} with x, — x as n — +00

oz, Tpt1) > N(@n, Tpy1) for alln e N= Tz, — Tzx.

Definition 1.7. Let X, be a modular metric space. Let o,n: X, x X, = [0, 400)
be two functions and let T : X, — X, be a mapping. We say that T is an
an — w-continuous mapping on X, if, for given x € X, and sequence {x,} with
w1(zp, ) = 0 as n — o0

Ty Tpy1) = 0Ty Tny1)  for alln € N= w;y(Tz,,Tx) — 0.
Ifn(z,y) =1 for all z,y € X, then T is called o — w-continuous.

Example 1.8. Let X = [0, +00) and wx(z,y) = 3|z — y| be a modular metric on
X,. Assume that T: X — X and o,n: X x X — [0, +00) are defined by

25, if 2 €[0,1] 22 +y?+1, ifz,yel0,1]
Taj = ) a(x7 y) =
10, if (1, +00) 0, otherwise

and 7n(x,y) = 2. Then T is an an — w-continuous mapping.

2. MAIN RESULTS

Jleli and Samet [9], defined the class, Ag of all functions © : (0, +o00) — (1, 4+00)
satisfying the following conditions:
(©1) O is increasing;
(B©2) for all sequence {a,} C (0, +00), liIJIrl ay, = 0if and only if
n—r-+0o0o
1.

3) there exist 0 < r < 1 an € (0,4o00| such that lim —<— = (.
(©3) th ist 0 Land £ € (0, +oc] such that lim Ol —y
t—

w3 Olen) =
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Definition 2.1. Let X, be a complete modular metric space and T be a self-
mapping on X,,. Also suppose that a,m : X, x X, — [0,400) are two functions.
We say that T is an (JS)-w-contraction if for all z,y € X, with n(x,Tz) < a(z,y),
we have

k
O(wx(Tz, Ty)) < {@(uu(x,y))} (2.1)

for all A > 0 such that wx(Tx,Ty) > 0, where 0 < k <1 and © € Ag.

Recall that a self-mapping 7' is said to have the property P if Fiz(T™) = Fix(T)
for every n € N. Now we state and prove our main result of this section.

Theorem 2.2. Let X, be a complete modular metric space with w reqular and
let T : X, — X, be a self-mapping. Assume that there exist two functions a,n :
X x X, — [0,400) and a function © € Ag such that the following assertions
hold:
(i) T is an a-admissible mapping with respect to n;
(ii) T is an (JS)-w-contraction;
(iii) there exists xg € X, such that a(xg, Txg) > n(xo, Txo);

(iv) T is an — w-continuous mapping.
Then T has a fixed point. Moreover, T has the property P if for alln € N and for all
w € Fiz(T"), we have a(T?w, TI  w) > n(TIw, T w) for each j € {1,...,n—1}.
Further, Fiz(T™) = Fiz(T) = {z*} for all n € N, when a(x,y) > n(z,z) for all
x,y € Fiz(T).

Proof. Let xg € X,, be such that a(xg, Txg) > n(xo, Txo). Let {x,} be a Picard
sequence starting at xg, that is, x,, = T"xg = Tx,_1 for all n € N. Since T is an a-
admissible mapping with respect to 7, then a(zo,z1) = a(xg, Tzo) > n(xe, Txo) =
1(zo, z1). Continuing this process, we deduce

N Xp1,Txn_1) =n(Tpn_1,2n) < a(xp_1,2,) forall neN.

If there exists ng € NU{0} such that z,, = x,,+1, then z,, is a fixed point of T' and
we have nothing to prove. Hence, we assume that x,, # x,41 for all n € NU {0}.
Now, w regular implies wy(Tz,—1,Tx,) > 0 for all n € N and A > 0. Since T is an
(o, m, ©) — w-contraction, we derive

@(wA(Txn,l,Txn)) < [@(wA(xn,l,mn))}k
which implies that
@(wA(xn,mnH)) < [@(wk(xn,l,xn))]k. (2.2)
Therefore,

1 < @(w,\(a:n,mn+1)) < [@2(w)\(33n—17$n))]k ]
< [e(w)\(xn—%zn—l))]k <--- < [@(wk(mo’xl))}k E

Taking the limit as n — +oo in (2.3), we get
lim @(w)\(xn,xnﬂ)) =1forall A >0

n—-+oo

(2.3)

and since © € Ag, we obtain

lim wx(xp,zny1) =0 for all A > 0. (2.4)

n—-+4oo
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Thus there exist 0 < r < 1 and 0 < ¢ < 400 such that

6 nyen - ]-
i Q@) —1 (2.5)
n—+oo [wr(@n, Tpy1)]”

Now, let B~1 € (0,¢). From the definition of limit, there exists ny € N such that
@(wA(xm:EnH)) -1

[ (@n, Tng1)]”

> B! forall n>mny

and so

n[wr(@n, Tni1)]” < nB[@(w,\(xn,an)) —1] forall n >ny.
From , we deduce

n[wx(Tn, Tni1)]” < nB[(O(wa(zo, 1)) —1] forall n>mny.
Taking the limit as n — +oo in the above inequality, we have

lim nfwx(Zn, 2nt1)]” =0 for all A > 0. (2.6)

n—-+oo
From (2.6, it follows that for all A > 0 there exists Ny € N such that

nfwr(Tn, Tny1)]” <1 forall n > Ny.

Thus
1
Wx(Tp, Tpy1) < v forall n>N,, A>0. (2.7)
n i
Now, for A = ml_n and m > n > Ny, by (2.7), we get
m—1 m—1 1
1@, ) = Oyt (@, ) € D w1 (@, 0i41) S Y
i=n i=n ¢
Since 0 < r < 1, then
= 1
Jm > o =0

and hence wi (zpn,Zm) — 0 as m,n — 4oo. Thus, we have proved that {x,} is
a w—Cauchy sequence. The hypothesis of w—completeness of X, ensures that
there exists z* € X, such that wi(z,,z*) — 0 as n — +o0o. Now, since T is an
an — w-continuous mapping and n(x,—1,z,) < a(zn—1,2,) for all n € N, then
wi(Zpt1, T2*) = w1 (Txy, Tx*) — 0 as n — +o00. From

wa(x™, Tx") < wi(z*, Tpi1) + wi(Tpy1, Tx¥),

taking limit as n — +o00, we get wo(z*, Ta*) = 0 and hence z* = Tz*, because w
is regular. Thus, T has a fixed point and Fiz(T™) = Fiz(T) for n = 1. Let n > 1.
Assume on the contrary that there is w € Fix(T") \ Fiz(T). Then wy(w,Tw) > 0

for all A > 0. Now, we have
1 < O(wr(w, Tw)) O(wA(T(T" tw)), T(T™w)))

[O(wr (T w, T”w))]k

[©(wa (w, Tw))]**
O(wx(w, Tw)),

A CININ TN
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which is a contradiction. Therefore, Fix(T™) = Fix(T) for all n € N. Let x,y €
Fixz(T) with x # y. Then
O (wA(Tz,Ty)) < [B(walz,y)))*

which is a contradiction. Hence, x = y. Therefore, Fiz(T") = Fix(T) = {«*} for
all n € N. O

Theorem 2.3. Let X, be a complete modular metric space with w reqular and
let T : X, — X, be a self-mapping. Assume that there exist two functions a,n :
X x X, — [0,400) and a function © € Ag such that the following assertions
hold:
(i) Conditions (i)-(iii) of Theorem[2.9 hold
(ii) if {zn} is a sequence in X, such that a(xn, Tpy1) > (T, Tn1) with , —
T as n — 400, then either
Ty, T?x,) < a(Txp, x) or n(T?z,, T32,) < (T2, 1)
holds for all n € N.
Then T has a fixed point. Moreover, T has the property P if for alln € N and for all
w € Fix(T"), we have a(Tw, TV w) > n(TIw, T w) for each j € {1,...,n—1}.
Further, Fiz(T™) = Fiz(T) = {z*} for all n € N, when a(x,y) > n(z,z) for all
x,y € Fiz(T).

Proof. Let g € X, be such that a(xg,Tzo) > n(xg,Txg). As in the proof of
Theorem we deduce that a Picard sequence {z,} starting at z is w—Cauchy
and so converges to a point z* € X,,. Also we have

(X, Tny1) > (@, xny1) forall n e NU{0}.
So, from (iv), either
N(Txn, T?x,) < Ty, z*) or n(T?x,, T32,) < (T, ™)
holds for all n € NU {0}. This implies that

n(xn,+1,:17n+2) < O‘(In+1v$*) or n(xn+27xn+3) < O‘(xn+2»17*)
holds for all n € NU {0}. Equivalently, there exists a subsequence {z,, } of {z,}
such that
N, TTny) = N(Tnys Tny1) < Ty, °).
It is not restrictive to assume wy (T, ,Tx*) > 0 for all k¥ € N and so from ,
we deduce that

T

@(w,\(Txnk,Ta:*)) < (@(wA(xnk,x*)) , (2.8)
which implies

wr(Tnpt1, T2*) <wy(zp,,z") forall A>0.
Then

nll)riloo wx(@n,t1, T2z*) =0 forall A >0

and hence
wo(z*, Tx*) < lim [wi(x", Tny41) + w1 (Tny 41, T2")] = 0.
n—4oo

Thus, we get £* = T'z*, since w is regular. The other statements follow as in the
proof of Theorem [2.2 O
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Example 2.4. Let X = R be endowed with the modular metric

sz +[yl), ifz#y
QJ)\(-T,Z/) =
0 ifex=y
for all z,y € X and A > 0. Define T : X — X, a,n: X x X — [0,+00) and
©:(0,400) = (1,400) by
1622, if x € (—00,0)

s?, ifxe0,1]
Tx =

tz,  ifze(1,2)
1 if x € [2,400),

1.

3 if z,y €[0,1] .

Oé(l‘,y) = 1 U(l’,y) = 1’ and @(T) = eﬁ'
7 otherwise,

Let a(x,y) > n(x,y), then z,y € [0,1]. On the other hand, Tw € [0,1] for all
w € [0,1]. Thus a(Tx,Ty) > n(Tx,Ty), that is, T is an a-admissible mapping
with respect to n. If {x,,} be a sequence in X such that a(z,, zp+1) > 9(Tn, Trnt1)
with 2, — @ as n — +oo, then z,Tx,, T?z,, T3z, € [0,1] for all n € N. This
ensures that

N(Txp, T?z,) < Ty, x) and n(T?z,, T3z,) < a(T?z,, )
hold for all n € N. Clearly, «(0,70) > 7(0,70). Let a(z,y) > n(x,Tz). So
x,y € [0,1] and hence

wr(Tz, Ty) = 3(52° + 59%) < gwalz,y).

Therefore, if wy(Tz, Ty) > 0, we get

O(wa(Tz, Ty)) =

1

= [B(wa(z,y))] V5.
Hence T is an («,n, ©) — w-contraction. Thus all conditions of Theorem hold
and T has a fixed point and Fiz(T™) = Fiz(T) = {0} for all n € N.

By taking a(z,y) = n(z,y) =1 for all z,y € X, in Theorem [2.3| we deduce that
the property P holds without continuity of the mapping 7.

Corollary 2.5. Let X, be a complete modular metric space with w regular and let
T: X, — X, be a self-mapping. Assume that there exist a real number r € [0,1)
and a function © € Ag such that for all x,y € X, and all X > 0 with wy(Tz, Ty) >
0, we have

O(wa(Tx, Ty)) < {G(wx(wvy))]r-
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Then there exist * € X, such that Fix(T™) = Fix(T) = {z*} for alln € N.

Theorem 2.6. Let X, be a complete modular metric space with w reqular and let
T: X, — X, be a self-mapping. Assume that there exist a real number k € [0,1)
and a function © € Ag such that

O(wr(Tz, T?z)) < [O(wx(z, Tx))]* (2.9)
holds for all A\ > 0 and x € X, with wy(Tx,T?z) > 0. Assume also that there

exists a function o : X, X X, — [0,400) such that the following assertions hold:

(i) T is an a-admissible mapping;
(ii) there exists o € X, such that a(zg, Txo) > 1;
(i) T is an o — w-continuous mapping.
Then T has the property P.
Proof. First we prove that T has a fixed point. We assume the contrary. Since w
is regular, we have wy(z,Tx) > 0 for all A > 0 and =z € X,. Let z9 € X,, be such

that a(zo,Tzo) > 1 and {x,} a Picard sequence starting at zo. Conditions (i) and
(ii) ensure that

a(xp—1,2,) >1 forall neN.
From (2.9) with = z,_1, we have

O(wr(Tzn-1,T?*xn-1)) < [O(wr(zn—1,TTn-1))]"
which implies that

O (wa(Zn, Tnt1)) < [O(wa(Tn—1,2n))]F. (2.10)
Therefore,

1 < @(w,\(:ﬂmxn+1)) < [@(WA<xn—1axn))]k

< [@(w,\(xn_g,xn_l))]kz < s < [O(walzo, 21))]F" (2.11)

By taking the limit as n — +oc in (2.11]), we have nll)r-‘yr-loo @(w)\ (Tn, gan)) =1 and
since © € Ag we obtain that

lim wy(zp,Tnt1) =0. (2.12)

n—-+oo

Proceeding as in the proof of Theorem we deduce that {z,} is a w—Cauchy
sequence. The hypothesis of w—completeness of X, ensures that there exists z* €
X, such that wy(z,,2*) — 0 as n — 4+00. Now, conditions (i) and (ii) ensure that

a(xp—1,o,) >1 forall neN.

Since T' is a — w-continuous, then wy (2,11, T2*) = wy(Txy, Ta*) — 0 as n — +o00.
From

wo (2", Tx") <wi (2, Tpt1) + wi(Tpt1, T™),
taking limit as n — +o0, we get wa(z*, Tx*) = 0 and hence z* = T'z*, because w

is regular. Thus, T has a fixed point. Finally, the proof that Fix(T") = Fix(T)
for all n € N is as in Theorem 2.2 O
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3. SUZUKI TYPE FIXED POINT RESULTS

In this section, as applications of our results proved above, we deduce certain
Suzuki type fixed point theorems.

Theorem 3.1. Let X, be a complete modular metric space with w reqular and
let T : X, — X, be a w—continuous self-mapping. Assume that there exist a
real number r € [0,1) and a function © € Ag such that for all x,y € X, with
wi(z, Tx) <wi(z,y) and wr(Tz,Ty) > 0, we have

O(wx(Tz,Ty)) < {@(wk(x,y))} (3.1)

for all A > 0. Then there exists x* € X,, such that Fix(T™) = Fix(T) = {z*} for
alln € N.

Proof. Define o, n: X, x X, = [0,4+00) by
oz, y) =n(z,y) =wi(z,y) forall z,ye X,

Thus n(z,y) < alz,y) for all z,y € X,,. That is conditions (i) and (iii) of The-
orem [2.2] hold true. Since T is w-continuous, then T is an — w-continuous. Let
n(z, Tz) < a(x,y) with wy(Tz, Ty) > 0, equivalently, let wy (z, Tz) < w(z,y) with
wx(Tz,Ty) > 0. Then, from , we have

Q(W)\(TxﬂTy)) < {@(u»\(x,y))] ’ (3‘2)

that is, T is an («, 17, ©) — w-contraction. Hence, all conditions of Theorem hold
and there exist * € X, such that, Fix(T") = Fiz(T) = {z*} for all n € N. O

Theorem 3.2. Let X, be a complete modular metric space with w regular and let
T: X, — X, be a self-mapping. Assume that there exist a real number r € [0,1)
and a function © € Ag such that for all x,y € X, with wx(Tx,Ty) > 0 and

twi(z,Tx) < wi(z,y), we have

Owr(TTy) < |Ofer(an))] (33)
Then there exists x* € X, such that, Fix(T") = Fix(T) = {z*} for all n € N.
Proof. Define a,n: X, x X, = [0,400) by

ale,9) = wyle,y) and n(e,y) = 5ei(e,y)

1
2

for all z,y € X,. Thus n(z,y) < a(x,y) for all x,y € X,. This ensures that
conditions (i) and (iii) of Theorem hold true. Let {z,} be a sequence with
2, — T as n — +oo. If for some m € N, we have Tx,,, = T?2,,, then Tz, is a fixed
point of T and we have nothing to prove. Hence we may assume that Tx,, # T?z,
for all n € N. Since twy(Txy, T?z,) < w%(Ta:n,Tzacn) for all n € N, by (3.3)), we
get

@(w)\(szn,T?’xn)) < [@(wA(Txn,T2:cn))]k < G)(wA(T:cn,szn))
and so by (01), we deduce
WA (T? 2, T32,,) < wr(Ty, T?xy). (3.4)
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If for some m € N, we have
NI, T20) > a(Tp,) and (T2, T30) > a(T?0p, ),
then

1
Jw1 (T2, T?x,) >

Therefore
w1 (T2, T?20)

1
(Txpm,x) and §w1(T2xm,T3xm)>w (T?xp, ).

Wi 1
2 2

%(Ta:m, x) + w%(T%m,m)
%wl (T, T?T,) + %oq(Tme, T3x,,)
ZW1 (T, T, + §w1(Txm,T2a:m) = w1 (Txm, T?Tm),
which is a contradiction. Hence, either
N(Tn, T?2,) < a(Txp,x) or n(Tx,, T?z,) < a(T?z,,x)

holds for all n € N Thus, the condition (iv) of Theorem holds. Let n(z,Tz) <
a(z,y), that is, $w;(z, Tx) < wi(@,y). Ifwx(Tz, Ty) > 0, from (3.3), we get that

O(wa(Tz, Ty)) < {@(M(Iay))y-

Hence, all conditions of Theorem [2.3] hold and so there exist 2* € X, such that
Fix(T™) = Fiz(T) = {z*} for all n € N. O

4. SOME RESULTS ON PROPERTY P IN Fuzzy METRIC SPACES

For the sake of completeness, we briefly recall some basic concepts used in this
section.

Definition 4.1. A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous
t-norm if it satisfies the following assertions:

(TN1) * is commutative and associative;

(TN2) * is continuous;

(TN3) a*1=a for all a €[0,1];

(TN3) axb<cxd whena<candb<d anda,b,c,d € [0,1].

Definition 4.2. (George and Veeramani [8]) A fuzzy metric space is an ordered
triple (X, M, x) such that X is a nonempty set, * a continuous t-norm and M is a
fuzzy set on X x X x (0,+00) satisfying the following conditions, for all x,y,z € X
and t,s > 0:

(FM1) M(z,y,t) > 0 for allt > 0;

(FM2) M (z,y,t) =1 if and only if x = y;

(FM3) M(z,y,t) = M(y,,t);

(FM4) M (z,y,t) « M(y, z,8) < M(x,z,t + s);

(FM5) M (z,y,-) : (0,400) — (0,1] is left continuous.

Then the triple (X, M, *) is called a fuzzy metric space.

Definition 4.3 ([6]). Let (X, M,x) be a fuzzy metric space. The fuzzy metric M

is called triangular whenever
1 1 1

— 1<
Mry.t) = Mzh) My
forall x,y,z € X and all t > 0.
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The result that follows highlights that to each triangular fuzzy metric can be
associated a modular metric.

Lemma 4.4 ([I6]). Let (X, M, ) be a triangular fuzzy metric space. The function
w: (0,400) x X x X — [0, +00] defined by
1
Mz, )
for all z,y € X and all A > 0 is a modular metric on X.

wi(z,y) = (4.1)

A fuzzy metric M on X is said to be regular if the following weaker version of
(FM2) is satisfied

x=y ifandonlyif M(z,y,t) =1 for some ¢ > 0.
In the definition that follows, we give some notions of continuity.
Definition 4.5. Let (X, M, *) be a fuzzy metric and T : X — X be a self-mapping.
Assume that a,n: X x X — [0,+00) are two functions. We say:
(i) T is an M*an-continuous mapping, zfngrfoo M(zp,x,1) = 1 with a(xn, Tper) >
n(xn, Tny1) implies nErJrrlooM(Txn,T:r, 1) =1;
(ii) T is an M*'a-continuous mapping, zfngrfoo M (zp,x,1) =1 with a(zy, Tpi1) >
1 implies nll)rfoo M(Txp, Tz, 1) =1;
(iii) 7T is an M*-continuous mapping, zfnll)rfoo M(zp,x,1) = 1implies lim M Tz, ,Tx,1)=

n—-+oo
1.

Theorem 4.6. Let (X, M, x) be a complete fuzzy metric space with M triangular
and reqular and let T : X — X be a self-mapping. Assume that there exist two
functions a,m: X x X — [0,400) and a function © € Ag such that the following
assertions hold:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists r € [0,1) such that for z,y € X with n(x,Tx) < a(z,y) and
M(Txz,Ty,t) <1 and allt > 0, we have

(s — 1) < [laribzm ~ 1) (42

(iil) there exists xg € X such that a(xg, Txo) > n(xo, Txo);

(iv) T is M*an-continuous;

(v) there exists z € X such that limy_,y oo M(Tx, z,t) = 1 whenever limy_, 1 oo M(x, z,t) =
1.

Then T has a fized point. Moreover, T has the property P if for alln € N and for
allw € Fiz(T"), we have a(Tw, TIw) > n(Tw, T w) for each j € {1,...,n—
1}. Further, Fiz(T™) = Fix(T) = {«*} for all n € N, when a(z,y) > n(x,z) for
alz,y € Fix(T).

Proof. Let X, be the modular space (around z) induced by the modular w defined
by (4.1). Since the mapping T, considered as a self-mapping on X, satisfies the
hypotheses of Theorem [2:2] we get the conclusion. O

A similar remark to the one above and Theorem yield the following result.
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Theorem 4.7. Let (X, M, ) be a complete fuzzy metric space with M triangular
and reqular and let T : X — X be a self-mapping. Assume that there exist two
functions a,m : X x X — [0,400) and a function © € Ag such that the following
assertions hold:

(i) T is an a-admissible mapping with respect to n;
(ii) there exists r € [0,1) such that for z,y € X with n(z,Tx) < a(z,y) and
M(Tz,Ty,t) <1 and all t > 0, we have

O(wrams — D) < [G(M(i,y,t) - 1)] ; (4.3)

(iii) there exists xg € X such that a(zg, Tzo) > n(xo, Txo);
(iv) if {zn} is a sequence in X such that a(xn, Tpt1) = 9(Tn, Tpy1) with x, — x
as n — +oo, then either

n(Txn,Tan) < a(Txp,x) or n(TQ:cn,TS:En) < oz(Tan,:r)

holds for all n € N;
(v) there exists z € X such that limy_, oo M(Tx, 2,t) = 1 whenever limy_, oo M(x, z,t) =
1.

Then T has a fized point. Moreover, T has the property P if for alln € N and for
allw € Fiz(T"), we have a(T?w, TI w) > n(T?w, T w) for eachj € {1,...,n—
1}. Further, Fiz(T") = Fiz(T) = {a*} for all n € N, when a(x,y) > n(z,z) for
all z,y € Fix(T).

Remark 2. From the above obtained theorems, we may derive certain new results
in partially ordered modular metric and fuzzy metric spaces(see [12), 13| 14, [15] ) for
details.
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