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RECTANGULAR Mb-METRIC SPACES AND FIXED POINT

RESULTS

MOHAMMAD ASIM, A. RAUF KHAN AND MOHAMMAD IMDAD

Abstract. In this paper, we enlarge the class of rectangular M -metric spaces

by considering the class of rectangular Mb-metric spaces and utilize the same to

prove an analogue of Banach contraction principle in such spaces. Our main
result extends and improves some relevant results of the existing literature.

Finally, we adopt an example to highlight the utility of our main result.

1. Introduction

Banach contraction principle continues to inspire researchers to prove new re-
sults enriching the principle in several ways. One possible way is to improve this
principle by enlarging the class of spaces. In 1993, Stefan Czerwik [6] extensively
used the concept of b-metric space by replacing triangular inequality with a rela-
tively more general condition which is also utilized to extend Banach contraction
theorem. By now there already exists considerable literature in b-metric spaces and
for the work of this kind one can consult Imdad et al. [8], Mustafa [11], Suzuki [13],
Wong [14], Piri-Afshari [12] and similar others.

In 2000, Branciari [1] extended the idea of metric space by replacing the tri-
angular inequality with a relatively more general inequality namely: quadrilateral
inequality which involves four points instead of three and utilized this relatively
larger class to prove an analogue of Banach contraction theorem. In 2008, George
et al. [7] further enlarged the class of rectangular metric spaces by introducing the
the class of rectangular b-metric spaces and proved an analogue of a Banach con-
traction principle in such spaces.

In 2014, Asadi et al. [3] enlarged the class of the partial metric spaces (see [10]) by
introducing M -metric spaces. Soon, Mlaiki et al. [4] introduced Mb-metric spaces
and utilized the same to prove fixed point results. Very recently, in an attempt
to extend the “rectangular metric spaces” and “M -metric spaces” Özgür [5] intro-
duced rectangular M -metric spaces.
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Inspired by the concepts of Mb-metric space and rectangular M -metric space,
we introduce rectangular Mb-metric space and utilize the same to prove fixed point
result in such spaces. Finally, we furnish an example to establish the genuineness
of our newly proved result.

2. Preliminaries

In this section, we begin with some notions and definitions which are needed in
our subsequent discussions.

Notation 1. [3] The following notations will be utilized in the sequel.

(1) mx,y = min{m(x, x),m(y, y)},
(2) Mx,y = max{m(x, x),m(y, y)},
(3) mbx,y = min{mb(x, x),mb(y, y)},
(4) Mbx,y = max{mb(x, x),mb(y, y)},
(5) mrx,y

= min{mr(x, x),mr(y, y)},
(6) Mrx,y

= max{mr(x, x),mr(y, y)}.

Definition 2.1. [3] Let X be a non-empty set. A mapping m : X ×X → R+ is
said to be a M -metric, if m satisfies the following (for all x, y, z ∈ X):

(1) m(x, x) = m(x, y) = m(y, y) if and only if x = y,
(2) mx,y ≤ m(x, y),
(3) m(x, y) = m(y, x),
(4) (m(x, y)−mx,y) ≤ (m(x, z)−mx,z) + (m(z, y)−mz,y).

Then the pair (X,m) is said to be a M -metric space.

Definition 2.2. [4] Let X be a non-empty set. A mapping mb : X ×X → R+ is
said to be a Mb-metric with coefficient s ≥ 1, if mb satisfies the following (for all
x, y, z ∈ X):

(1) mb(x, x) = mb(x, y) = mb(y, y) if and only if x = y,
(2) mbx,y ≤ mb(x, y),
(3) mb(x, y) = mb(y, x),
(4) (mb(x, y)−mbx,y

) ≤ s[(mb(x, z)−mbx,z
) + (mb(z, y)−mbz,y )]−mb(z, z).

Then the pair (X,mb) is said to be a Mb-metric space.

Definition 2.3. [5] Let X be a non-empty set. A mapping mr : X × X → R+

is said to be a rectangular M -metric, if mr satisfies the following (for all x, y ∈ X
and all distinct u, v ∈ X \ {x, y},):

(1) mr(x, x) = mr(x, y) = mr(y, y) if and only if x = y,
(2) mrx,y ≤ mr(x, y),
(3) mr(x, y) = mr(y, x),
(4) (mr(x, y)−mrx,y

) ≤ (mr(x, u)−mrx,u
) + (mr(u, v)−mru,v

) + (mr(v, y)−
mrv,y

).

Then the pair (X,mr) is said to be a rectangular M -metric space.

Özgür et al. [5] proved the following:

Theorem 2.1. Let (X,mr) be a rectangular M -metric space. Suppose, f : X → X
satisfies the following conditions:
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(i) for all x, y ∈ X, we have

mr(fx, fy) ≤ λmr(x, y)

where λ ∈ [0, 1s ),
(ii) (X,mr) is complete.

Then f has a unique fixed point x such that mr(x, x) = 0.

3. Results

In this section, we introduce definition of a rectangular Mb-metric space. We
also establish a fixed point theorem besides deducing natural corollaries. But first
we introduce the following notation:

Notation 4.

(1) mrbx,y
= min{mrb(x, x),mrb(y, y)},

(2) Mrbx,y
= max{mrb(x, x),mrb(y, y)}.

Definition 3.1. Let X be a non-empty set. A mapping mrb : X × X → R+ is
said to be a Mb-metric with coefficient s ≥ 1, if mrb satisfies the following (for all
x, y, z ∈ X and all distinct u, v ∈ X \ {x, y}):
(1mrb) mrb(x, x) = mr(x, y) = mrb(y, y) if and only if x = y,
(2mrb) mrbx,y

≤ mrb(x, y),
(3mrb) mrb(x, y) = mrb(y, x),
(4mrb) (mrb(x, y)−mrbx,y ) ≤ s[(mrb(x, u)−mrbx,u)+(mrb(u, v)−mrbu,v )+(mrb(v, y)−

mrbv,y )]−mrb(u, u)−mrb(v, v).

Then the pair (X,mrb) is said to be a rectangular Mb-metric space.

The following example demonstrates that the results proved in this paper are gen-
uinely new.

Example 3.1. Let X = [0,∞) and p > 1 any positive integer. Define mrb :
X ×X → R+ by (for all x, y ∈ X):

mrb(x, y) = max{x, y}p + |x− y|p.
By routine calculation one can check that, mrb is a rectangular Mb-metric space
with coefficient s = 3p−1. Now, we show that (X,mrb) is not rectangular M -metric
space. By taking, x = 1, u = 2, v = 3 and y = 4, we have

mrb(1, 4)−mrb1,4 = max{1, 4}p + |1− 4|p − 1 = 4p + 3p − 1,

mrb(1, 2)−mrb1,2 = max{1, 2}p + |1− 2|p − 1 = 2p + 1− 1 = 2p,

mrb(2, 3)−mrb2,3 = max{2, 3}p + |2− 3|p − 1 = 3p + 1− 2p,

mrb(3, 4)−mrb3,4 = max{3, 4}p + |3− 4|p − 1 = 4p + 1− 33.

Therefore,

(mrb(x, y)−mrbx,y
) > (mrb(x, u)−mrbx,u

)+(mrb(u, v)−mrbu,v
)+(mrb(v, y)−mrbv,y

).

Hence, (X,mrb) is not rectangular M -metric space.

In a rectangular Mb-metric space, the concepts of basic topological notions, such
as: Cauchy sequence, convergent sequence and complete rectangular Mb-metric
space can be easily adopted as under.
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Definition 3.2. A sequence {xn} in (X,mrb) is said to be mrb-convergent to x ∈ X
if and only if

lim
n→∞

(mrb(xn, x)−mrbxn,x
) = 0.

Definition 3.3. A sequence {xn} in (X,mrb) is said to be mrb-Cauchy if and only
if

lim
n,m→∞

(mrb(xn, xm)−mrbxn,xm
) and lim

n,m→∞
(Mrbxn,xm

−mrbxn,xm
)

exists and finite.

Definition 3.4. A rectangular Mb-metric space (X,mrb) is said to be a mrb-
complete if every mrb-Cauchy in X is mrb-convergent to some point in X.

Firstly, we present the following lemma which is needed in the sequel.

Lemma 3.1. Let (X,mrb) be a rectangular Mb-metric space with coefficient s ≥ 1
and f : X → X a self mapping on X. If there exists λ ∈ [0, 1s ) such that

mrb(fx, fy) ≤ λmrb(x, y) (3.1)

and consider the sequence {xn} define by xn+1 = fxn. If xn → x as n→∞, then
fxn → fx as n→∞.

Proof. If mrb(fxn, fx) = 0, then mrbfxn,fx
≤ mrb(fxn, fx) = 0, which implies that

mrb(fxn, fx)−mrbfxn,fx
→ 0 as n→∞ and fxn → fx as n→∞.

Otherwise, ifmrb(fxn, fx) > 0, then by (3.1), we havemrb(fxn, fx) ≤ λmrb(xn, x).
Here, we distinguish two cases as under:

Case 1. If mrb(x, x) ≤ mrb(xn, xn), then using (3.1), one can easily show
that mrb(xn, xn) → 0 as n → ∞, which implies that mrb(x, x) = 0 and since
mrb(fx, fx) < mrb(x, x) = 0, we obtain that mrb(fx, fx) = 0. By the definition of
mrb-convergent of a sequence {xn}, which converges to x, we have

lim
n→∞

(mrb(xn, x)−mrbxn,x
) = 0.

Since mrbxn,x = min{mrb(xn, xn),mrb(xn, xn)} so that mrbxn,x → 0 as n→∞ and
henceforth mrb(xn, x) → 0 as n → ∞. Thus, mrb(fxn, fx) < mrb(xn, x) → 0 as
n → ∞. Therefore, mrb(fxn, fx)−mrbfxn,fx → 0 as n → ∞ and thus fxn → fx
as n→∞.
Case 2. If mrb(x, x) ≥ mrb(xn, xn), then again mrb(xn, xn)→ 0 as n→∞, which
implies that mrbxn,x → 0 as n → ∞. Hence, mrb(xn, x) → 0 as n → ∞. As
mrb(fxn, fx) < mrb(xn, x)→ 0 as n→∞, we have mrb(fxn, fx)−mrbfxn,fx → 0
so that fxn → fx as n→∞. �

Now, we state and prove our main result as follows:

Theorem 3.2. Let (X,mrb) be a rectangular Mb-metric space with coefficient s ≥
1. Suppose f : X → X satisfies the following conditions:

(i) for all x, y ∈ X, we have

mrb(fx, fy) ≤ λmrb(x, y) (3.2)

where λ ∈ [0, 1s ),
(ii) (X,mrb) is mrb-complete.

Then f has a unique fixed point x such that mrb(x, x) = 0.
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Proof. Assume that x0 ∈ X and construct an iterative sequence {xn} by:

x1 = fx0, x2 = f2x0, x3 = f3x0, ..., xn = fnx0, ...

Now, we assert that lim
n→∞

mrb(xn, xn+1) = 0. On setting x = xn and y = xn+1 in

(3.2), we get

mrb(xn, xn+1) = mrb(fxn−1, fxn)

≤ λmrb(xn−2, xn−1)

≤ λn−1mrb(x0, x1),

which on making n→∞, gives rise

lim
n→∞

mrb(xn, xn+1) = 0.

Similarly, from condition (3.2), we get

mrb(xn, xn) = mrb(fxn−1, fxn−1) ≤ λmrb(xn−1, xn−1) ≤ ... ≤ λn−1mrb(x0, x0).

By taking limit as n→∞, we get

lim
n→∞

mrb(xn, xn) = 0. (3.3)

Firstly, we show that xn 6= xm for any n 6= m. Let on contrary that, xn = xm
for some n > m, then we have xn+1 = fxn = fxm = xm+1. On using (3.2) with
x = xm and y = xm+1, we have

mrb(xm, xm+1) = mrb(xn, xn+1) < mrb(xn−1, xn) < ... < mrb(xm, xm+1),

a contradiction. This in turn yields that xn 6= xm for all n 6= m.

Now, we show that {xn} is a Cauchy sequence in (X,mrb). In doing so, we dis-
tinguish two cases as under:

Case 1. Firstly, let p is odd, that is p = 2m + 1 for any m ≥ 1. Now using
(4mrb) for any n ∈ N, we have

mrb(xn, xn+p) ≤ s[mrb(xn, xn+1) +mrb(xn+1, xn+2) +mrb(xn+2, xn+p)]

−mrb(xn+1, xn+1)−mrb(xn+2, xn+2)

≤ s[λnmrb(x0, x1) + λn+1mrb(x0, x1)] + smrb(xn+2, xn+2m+1)

−λn+1mrb(x0, x0)− λn+2mrb(x0, x0)

= s(λn + λn+1)mrb(x0, x1) + smrb(xn+2, xn+2m+1)

−(λn+1 + λn+2)mrb(x0, x0)

≤ s(λn + λn+1)mrb(x0, x1) + s2(λn+2 + λn+3)mrb(x0, x1) + ...+

sm(λn+2m−2 + λn+2m−1)mrb(x0, x1) + smλn+2mmrb(x0, x1)

−(λn+1 + λn+2 + λn+3 + ...)mrb(x0, x0)

=
(
sλn(1 + sλ2 + s2λ4 + ...) + sλn+1(1 + sλ2 + s2λ4 + ...)

)
mrb(x0, x1)

=
1 + λ

1− sλ2
sλnmrb(x0, x1)− λn+1

1− λ
mrb(x0, x0),

yielding thereby

mrb(xn, xn+2m+1) ≤ 1 + λ

1− sλ2
sλnmrb(x0, x1)− λn+1

1− λ
mrb(x0, x0). (3.4)
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Letting n→∞ in equation (3.4), we conclude that

lim
n,m→∞

mrb(xn, xn+2m+1) = 0.

Case 2. Secondly, assume that p is even, that is p = 2m for any m ≥ 1. Then

mrb(xn, xn+p) ≤ s[mrb(xn, xn+1) +mrb(xn+1, xn+2) +mrb(xn+2, xn+p)]

−mrb(xn+1, xn+1)−mrb(xn+2, xn+2)

≤ s[λnmrb(x0, x1) + λn+1mrb(x0, x1)] + smrb(xn+2, xn+2m)

−λn+1mrb(x0, x0)− λn+2mrb(x0, x0)

= s(λn + λn+1)mrb(x0, x1) + smrb(xn+2, xn+2m)

−(λn+1 + λn+2)mrb(x0, x0)

≤ s(λn + λn+1)mrb(x0, x1) + s2(λn+2 + λn+3)mrb(x0, x1) + ...+

sm−1(λn+2m−4 + λn+2m−3)mrb(x0, x1) + sm−1λn+2m−2mrb(x0, x2)

+sm−1λn+2m−2mrb(x0, x2)− (λn+1 + λn+2 + λn+3 + ...)mrb(x0, x0)

=
(
sλn(1 + sλ2 + s2λ4 + ...) + sλn+1(1 + sλ2 + s2λ4 + ...)

)
mrb(x0, x1)

=
1 + λ

1− sλ2
sλnrξ(x0, x1) + sm−1λn+2m−2mrb(x0, x2)− λn+1

1− λ
mrb(x0, x0),

so that

mrb(xn, xn+2m) ≤ 1 + λ

1− sλ2
sλnmrb(x0, x1)+sm−1λn+2m−2mrb(x0, x2)− λ

n+1

1− λ
mrb(x0, x0).

(3.5)
Taking the limit as n→∞, in (3.5), we conclude that

lim
n,m→∞

mrb(xn, xn+2m) = 0.

Therefore, in both the cases, we have

lim
n,m→∞

(mrb(xn, xm)−mrbxn,xm
) = 0.

On the other hand, without loss of generality we may assume that

Mrbxn,xm
= mrb(xn, xn).

Hence, we obtain

Mrbxn,xm
−mrbxn,xm

≤ Mrbxn,xm

= mrb(xn, xn)

≤ λnmrb(x0, x0).

Taking the limit of the above inequality as n→∞, we deduce that

lim
n,m→∞

(Mrbxn,xm
−mrbxn,xm

) = 0.

Therefore, the sequence {xn} is mrb-Cauchy in X. Since X is mrb-complete, there
exists x ∈ X such that xn → x. Now, we show that fx = x. By Lemma 3.1, we
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have

lim
n,m→∞

(mrb(xn, x)−mrbxn,x) = 0

= lim
n,m→∞

(mrb(xn+1, x)−mrbxn+1,x)

= lim
n,m→∞

(mrb(fxn, x)−mrbfxn,x
)

= lim
n,m→∞

(mrb(fx, x)−mrbfx,x
).

Hence, we find mrb(fx, x) = mrbx,fx
. Since mrbx,fx

= min{mrb(x, x),mrb(fx, fx)}.
Therefore, mrbx,fx

= mrb(x, x) ormrbx,fx
= mrb(fx, fx) which implies that fx = x.

Next, we show the uniqueness of the fixed point of f . Assume that f has two fixed
points x, y ∈ X, that is, fx = x and fy = y. Thus

mrb(x, y) = mrb(fx, fy) ≤ λmrb(x, y) < mrb(x, y),

which implies that mrb(x, y) = 0 and hence, x = y.
Finally, we show that if x is a fixed point, then mrb(x, x) = 0. To accomplish this,
let x be a fixed point of f then

mrb(x, x) = mrb(fx, fx)

≤ λmrb(x, x)

< mrb(x, x),

yielding thereby mrb(x, x) = 0. This concludes the proof. �

Now, we present an example which illustrates the utility of our newly proved
result:

Example 3.2. Let X = {1, 3, 5, 7}. Define mrb(x, y) =
(
x+y
2

)2
with s = 3, for all

x, y ∈ X. Firstly, we show that (X,mrb) is a rectangular Mb-metric space. It is
easy to see that the conditions (1mrb)-(3mrb) are satisfied. Now, to verify condition
(4mrb), we distinguish five cases as under:
Case 1. If x = 1, y = 3, u = 5 and v = 7, then we have

mrb(x, y)−mrbx,y
= (2)2 − 12 = 3,

3[mrb(x, u)−mrbx,u
+mrb(u, v)−mrbu,v

+mrb(v, y)−mrbv,y
] = 105,

mrb(u, u) +mrb(u, u) = (5)2 + (7)2 = 74.

Case 2. If x = 1, y = 5, u = 3 and v = 7, then we have

mrb(x, y)−mrbx,y = (3)2 − 12 = 8,

3[mrb(x, u)−mrbx,u +mrb(u, v)−mrbu,v +mrb(v, y)−mrbv,y ] = 90,

mrb(u, u) +mrb(u, u) = (3)2 + (7)2 = 58.

Case 3. If x = 1, y = 7, u = 3 and v = 5, then we have

mrb(x, y)−mrbx,y
= (4)2 − 12 = 15,

3[mrb(x, u)−mrbx,u
+mrb(u, v)−mrbu,v

+mrb(v, y)−mrbv,y
] = 63,

mrb(u, u) +mrb(u, u) = (3)2 + (5)2 = 34.

Case 4. If x = 3, y = 5, u = 7 and v = 1, then we have

mrb(x, y)−mrbx,y
= (4)2 − (3)2 = 7,

3[mrb(x, u)−mrbx,u
+mrb(u, v)−mrbu,v

+mrb(v, y)−mrbv,y
] = 117,
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mrb(u, u) +mrb(u, u) = (7)2 + (1)2 = 50.

Case 5. If x = 3, y = 7, u = 1 and v = 5, then we have

mrb(x, y)−mrbx,y
= (3)2 + (2)2 = 16,

3[mrb(x, u)−mrbx,u +mrb(u, v)−mrbu,v +mrb(v, y)−mrbv,y ] = 66,

mrb(u, u) +mrb(u, u) = (1)2 + (5)2 = 26.

Then (X,mrb) is a mrb-complete rectangular Mb-metric space. Consider a mapping
f : X → X defined by:

f =

(
1 3 5 7
1 1 1 3

)
.

In particular, if we take x, y ∈ {1, 3, 5}, then fx = fy = 1 and hence one can
easily check that condition (3.2) satisfy (for some λ ∈ [0, 13 ))

mrb(fx, fy) ≤ λmrb(x, y).

Now, by taking x ∈ {1, 3, 5} and y = 7, then (by (3.2)), we have(
1 + 3

2

)2

≤ λ
(
x+ 7

2

)2

,

therefore
mrb(fx, fy) ≤ λmrb(x, y).

Observe that, all the conditions of Theorem 3.2 are satisfied and x = 1 is a unique
fixed point of the involved map f .

The following corollary deduced form Theorem 3.2 remains a new result which
is genuinely sharpened version of Theorem 2.1 due to Özgür et al. [5].

Corollary 3.3. Let (X,mrb) be a rectangular Mb-metric space with coefficient
s = 1 and f : X → X satisfying the following condition:

(i) for all x, y ∈ X, we have

mrb(fx, fy) ≤ λmrb(x, y)

where λ ∈ [0, 1),
(ii) (X,mrb) is mrb-complete.

Then f has a unique fixed point x such that mrb(x, x) = 0.
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