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NEW FIXED POINT RESULTS WITH αqsp-ADMISSIBLE

CONTRACTIONS ON b-BRANCIARI METRIC SPACES

MARYAM ESHRAGHI SAMANI, S. MANSOUR VAEZPOUR, MEHDI ASADI∗

Abstract. In this paper, αqsp -admissible contractions on b-Branciari metric

spaces are introduced and some results on the existence and uniqueness of fixed
point associated with these contractions are proved. The results presented in

this paper improve and extend some recent results in the literature.

1. Introduction

One of the recent generalization of metric space is b-Branciari metric space. This
space is combination of two well known space including b-metric spaces (introduced
by Czerwik [7] and Bakhtin [1]), and Branciari metric space(defined by Branciari
[5]). Subsequently, many fixed point theorems through contractive mappings were
proved on b-Branciari metric spaces[8, 9, 17].
Now we present some notations and definitions which will be used in sequel.

Definition 1.1. Let X be a non-empty set and d : X ×X → [0,∞) be a mapping
such that for all x, y, z ∈ X and for some real number s ≥ 1,

(i) d(x, y) = 0 ⇐⇒ x = y;
(ii) d(x, y) = d(y, x);

(iii) d(x, y) ≤ s[d(x, z) + d(z, y)].

Then (X, d) is called a b-metric space with parameter s ≥ 1.

Definition 1.2. Let X be a non-empty set and d : X ×X → [0,∞) be a mapping
such that for all x, y ∈ X and for all distinct points u, v ∈ X, each of them different
from x and y, and for some real number s ≥ 1, one has

(i) d(x, y) = 0 ⇐⇒ x = y;
(ii) d(x, y) = d(y, x);

(iii) d(x, y) ≤ s[d(x, u) + d(u, v) + d(v, y)].

Then (X, d) is called b-Branciari metric space.

When s = 1 the definition of Branciari metric space is attained.
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Definition 1.3. Let (X, d) be a b-Branciari metric space and {xn} be a sequence
in X and x ∈ X.

(a) A sequence {xn} in X is said to converge to x ∈ X if for every ε > 0 there
exists n0 ∈ N such that d(xn, x) < ε, for all n > n0. The convergence is
also represented as follow,

lim
n→∞

xn = x or xn → x asn→∞.

(b) A sequence {xn} in X is said to be a Cauchy sequence if for every ε > 0
there exists n0 ∈ N such that d(xn, xn+p) < ε for all n > n0, p > 0 or
equivalently, if limn→∞ d(xn, xn+p) = 0 for all p > 0.

(c) (X, d) is complete if and only if every Cauchy sequence in X converges to
some element in X.

(d) A mapping T : X → Xis ssaid to be continuous with respect to theBranciari
b-metric d if, for any sequence {xn} ∈ X wich converges to some x ∈ X,
that is limn→∞ d(xn, x) = 0 we have limn→∞ d(Txn, Tx) = 0.

It should be noted some warnings about b-Branciari metric spaces:

(1) The limit of the sequence in a b-Branciari metric spaces is not necessarily
unique.

(2) A convergent sequence in a Branciari or a b-Branciari metric spaces may
not be a Cauchy sequence.

(3) A Branciari b-metric may not be continuous.

Proposition 1.1. [14] Let {xn} be a Cauchy sequence in a Branciari metric space
(X, d) such that limn→∞ d(xn, x) = 0, where x ∈ X. Then limn→∞ d(xn, y) =
d(x, y), for all y ∈ X. In particular, the sequence {xn} dose not converge to y if
y 6= x.

Remark. If we replace Branciari metric by b-Branciari metric in proposition (1.1)
, the proposition is still valid.

Definition 1.4. A mapping T ;X → X is called α-admissible if for all x, y ∈ X,
α(x, y) ≥ 1 implies that α(Tx, Ty) ≥ 1.

Definition 1.5. Let (X, d) be a b-Branciari metric space with parameter s ≥ 1,
and let α : X×X → [0,∞) be a function. A mapping T : X → X is αqsp-admissible
if α(x, y) ≥ qsp implies α(Tx, Ty) ≥ qsp, for all x, y ∈ X, q ≥ 1 and p ≥ 1.

We introduce the following properties:
Let (X, d) be a complete Branciari b-metric space with parameter s ≥ 1 and α :
X ×X → [0,∞) be a function, then

(H1) If {xn} is a sequence in X such that xn → x ∈ X as α(xn, xn+1) ≥ qsp,
then there exists a subsequence {xnk

} of {xn} such that α(xnk
, xn+1) ≥ qsp

for all k ∈ N .
(H2) If x y were two fixed point of map T , we have α(x, y) ≥ qsp.

2. Main result

In this section, we represent and prove our main result.
First we denote by φ the set of all fungtions ϕ : [0,∞) → [0,∞), satisfying the
following conditions:
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(1) for every {tn} ⊂ (0,∞) and non-constant; lim
n→∞

ϕ(tn) = 0 ⇐⇒ lim
n→∞

tn =

0.

(2) for every {tn} ⊂ (0,∞), that tn → 0+, lim sup
n→∞

n
√
ϕ(tn) < 1⇒

∞∑
1

tn <∞,

Theorem 2.1. Let (X, d) be a complete b-Branciari metric space with a constant
s ≥ 1. Suppose that T : X → X be a αqsp-admissible map, satisfying the following
conditions:

(i) There exists x0 ∈ X such that α(x0, Tx0) ≥ qsp and α(x0, T
2x0) ≥ qsp,

(ii) either T is continuous, or property H1 is satisfied,

and there exist a function ϕ ∈ φ, and k ∈ (0, 1) such that

α(x, y)ϕ(d(Tx, Ty)) ≤ kϕ(d(x, y)), (2.1)

then T has a unique fixed point. More over if property H2 is satisfied then T has a
unique fixed point.

Remark. Note that ϕ(0) is not necessary zero.

Proof. Regarding the condition (iii) we choose x0 ∈ X such that α(x0, Tx0) ≥ qsp,
and α(x0, T

2x0) ≥ qsp. We define the sequence {xn} by xn = Tnx = Txn−1.
If there exists n0 ∈ X such that xn0

= xn0−1, then xn0
is a fixed point of T and we

have nothing to prove, thus we assume that xn 6= xn+1 for every n ∈ N ∪ {0} and
d(xn, xn+1) > 0 for all n.
Since T is αqsp -admissible, condition (iii) implies that

α(x0, x1) = α(x0, Tx0) ≥ qsp ⇒ α(Tx0, Tx1) = α(x1, x2) ≥ qsp, (2.2)

continuing in this way,

α(xn, xn+1) ≥ qsp, for all n ∈ N. (2.3)

In a similar way, starting with

α(x0, x2) = α(x0, T
2x0) ≥ qsp ⇒ α(Tx0, Tx2) = α(x1, x3) ≥ qsp, (2.4)

then

α(xn, xn+2) ≥ qsp, for all n ∈ N (2.5)

Now we show that limn→∞ d(xn, xn+1) = 0. Since T satisfies (2.1), for all n ∈ N
we have

qspϕ(d(xn, xn+1)) ≤ α(xn, xn+1)ϕ(d(xn, xn+1)) ≤ k.ϕ(d(xn−1, xn)),

Since k
qsp ∈ (0, 1), we have

ϕ(d(xn, xn+1)) ≤ k

qsp
ϕ(d(xn−1, xn)) < ϕ(d(xn−1, xn)), ∀n ∈ N (2.6)

Thus {ϕ(d(xn+1, xn))} is a decreasing sequence, hence it is convergent and

lim
n→∞

ϕ(d(xn+1, xn)) = r ≥ 0.

Now we show that r = 0. From (2.10), we have

0 < ϕ(d(xn+1, xn)) ≤ k

qsp
ϕ(d(xn, xn−1)) ≤ ... ≤ (

k

qsp
)
n

ϕ(d(x1, x0)), (2.7)
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we have

0 < ϕ(d(xn+1, xn)) ≤ (
k

qsp
)
n

ϕ(d(x1, x0)) ∀n ∈ N. (2.8)

Since 0 < k
qsp < 1, as n→∞ we obtain

lim
n→∞

ϕ(d(xn+1, xn)) = 0.

Then using condition (i),

lim
n→∞

d(xn+1, xn) = 0.

Now we show that d(xn, xn+2)→ 0 as n→∞. From (2.1), we have

qspϕ(d(xn, xn+2)) ≤ α(xn, xn+2)ϕ(d(xn, xn+2)) ≤ k.ϕ(d(xn−1, xn+1)),

Hence

ϕ(d(xn, xn+2)) ≤ k

qsp
ϕ(d(xn−1, xn+1)). (2.9)

Since k
qsp ∈ (0, 1), we have

ϕ(d(xn, xn+2)) ≤ k

qsp
ϕ(d(xn−1, xn+1)) < ϕ(d(xn−1, xn+1)), ∀n ∈ N (2.10)

Thus {ϕ(d(xn+2, xn))} is a decreasing sequence, hence it is convergent. Again
we have

0 < ϕ(d(xn+2, xn)) ≤ k

qsp
ϕ(d(xn+1, xn−1)) ≤ ... ≤ (

k

qsp
)
n

ϕ(d(x2, x0)), (2.11)

therefore

0 < ϕ(d(xn+2, xn)) ≤ (
k

qsp
)
n

ϕ(d(x2, x0)) ∀n ∈ N. (2.12)

Since 0 < k
qsp < 1, as n→∞ we obtain

lim
n→∞

ϕ(d(xn+2, xn)) = 0.

Then using condition (i),

lim
n→∞

d(xn+2, xn) = 0.

Therefore d(xn+2, xn)→ 0 as n→∞ .
Now we want to show that {xn} is a Cauchy sequence. From (2.8) we have

n
√
ϕ(d(xn+1, xn)) ≤ k

qsp
n
√
ϕ(d(x1, x0)) ∀n ∈ N

Thus

lim sup
n→∞

n
√
ϕ(d(xn+1, xn)) ≤ k

qsp
< 1 (2.13)

Put tn = d(xn+1, xn), using (2.13) and condition (ii) of ϕ, we get

∞∑
1

tn <∞. (2.14)
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Now we consider two cases
1. If m = 2p+ 1, p ≥ 1, then

d(xn, xn+m) ≤ sp[d(xn, xn+1) + d(xn+1, xn+2) + ...+ d(xn+2p, xn+2p+1)]

= sp
n+2p+1∑

n

tn < sp
∞∑
n

tn.

2. If m = 2p, p ≥ 2, then

d(xn, xn+m) ≤ sp−1[d(xn, xn+2) + d(xn+2, xn+3) + ...+ d(xn+2p−1, xn+2p)]

≤ sp−1
n+2p+1∑

n

tn < sp
∞∑
n

tn.

Thus, combining these two cases and using (2.14),when n→∞ we have

d(xn, xn+m) ≤ sp
∞∑
n

tn → 0 as n→∞.

Thus, we deduce that {Tnx} is a Cauchy sequence. From the completeness of X,
there exists z ∈ X such that Tnx→ z as n→∞.

Now we want to show that z is a fixed point of T . If T be a continuous map, we
have

z = lim
n→∞

Tn+1x = lim
n→∞

T (Tnx) = T ( lim
n→∞

Tnx) = Tz

we obtain z = Tz, that is z is a fixed point of T .
If T is not continuous, from (2.1) and condition (iv) we have

qspϕ(d(Txn, T z)) ≤ α(Txn, T z)ϕ(d(Txn, T z)) ≤ kϕ(d(xn, z)).

Hence

ϕ(d(Txn, T z)) ≤
k

qsp
ϕ(d(xn, z)).

Since d(xn, z)→ 0 hence ϕ(d(xn, z))→ 0, and therefore limn→∞ ϕ(d(xn+1, T z)) =
0 as n→∞. Again by (i),

lim
n→∞

d(xn+1, T z) = 0.

d(z, Tz) ≤ s[d(z, xn) + d(xn, xn+1) + d(xn+1, T z)].

Thus z = Tz and hence z is a fixed point of T .

Finally we have to show that z is a unique fixed point of T . Suppose that there
is u 6= z such that T (u) = u. clearly d(z, u) = d(Tz, Tu) > 0.
So we can apply condition (2.1) for the pair (z, u), then we have

qspϕ(d(Tz, Tu)) ≤ α(Tz, Tu)ϕ(d(Tz, Tu)) ≤ kϕ(d(z, u)).

hence

ϕ(d(Tz, Tu)) ≤ k

qsp
ϕ(d(z, u)) < ϕ(d(z, u)).

which is a contradiction; means z is unique fixed point of T . �

Example 2.1. Let X = { 12 ,
1
3 ,

1
4 ,

1
5} ∪ [1, 3]. Define d : X ×X → [0,∞) as bellow

(1) d(x, y) = 0 ⇐⇒ x = y;
(2) d(x, y) = d(y, x) for all x ∈ X;
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(3) d( 1
2 ,

1
3 ) = d( 1

4 ,
1
5 ) = 0.0002;

(4) d( 1
2 ,

1
4 ) = d( 1

3 ,
1
5 ) = 0.07;

(5) d( 1
2 ,

1
5 ) = d( 1

3 ,
1
4 ) = 0.0005;

(6) d(x, y) = ‖x− y‖2 otherwise.

Easily we can see that (X, d) is a b-Branciary metric space with coefficient s = 4.
But (X, d) is not a metric space or a Branciary metric space. We definef : X → X
be defined as

Tx =

{
1
2 , x ∈ { 12 ,

1
3 ,

1
4 ,

1
5};

1
3 , x ∈ [1, 3];

Now we define ϕ : [0,∞)→ [0,∞) as ϕ(t) =
√
t, and α : X ×X → [0,∞) be given

by α(x, y) = 2s. Thus by theorem (2.1), T has a unique fixed point.

Corollary 2.2. Let (X, d) be a complete b-Branciari metric space and T : X → X
be a given map. Suppose that there exist k ∈ (0, 1) and a function ϕ : [0,∞) →
[0,∞), satisfying the following conditions:

(i) for every {tn} ⊂ (0,∞) and non-constant; lim
n→∞

ϕ(tn) = 0 ⇐⇒ lim
n→∞

tn =

0.

(ii) for every {tn} ⊂ (0,∞), that tn → 0+, lim sup
n→∞

n
√
ϕ(tn) < 1⇒

∞∑
1

tn <∞.

such that
ϕ(d(Tx, Ty)) ≤ kϕ(d(x, y)), (2.15)

then T has a unique fixed point.

Proof. For proving this theorem, it’s sufficient we put α(x, y) = 1 in theorem the-
orem (2.1). �

Corollary 2.3. Let (X, d) be a complete b-Branciari metric space and f : X → X
be a given map, Suppose that there exists k ∈ (0, 1) and θ : (0,∞)→ (1,∞)) (that
is non-decreasing, for each sequence tn ⊂ (0,∞),

lim
n→∞

θ(tn) = 1 ⇐⇒ lim
n→∞

tn = 0

and there exists r ∈ (0, 1) and l ∈ (0,∞] such that limn→0+
θ(t)−1
tr = l), such that

d(fx, fy) 6= 0⇒ θ(d(fx, fy)) ≤ [θ(d(x, y))]k ∀x, y ∈ X.
Then f has a unique fixed point.

Proof. We put α(x, y) = 1 and ϕ(t) = ln(θ(t)) for each t ∈ [0,∞), we show that
ϕ ∈ φ and then apply Theorem 2.1.
It’s easy to show that ϕ satisfies condition (i) of φ.

lim
n→∞

ϕ(tn) = lim
n→∞

ln(θ(tn)) = ln(1) = 0 ⇐⇒ lim
n→∞

tn = 0

Now we want to show that ϕ satisfies condition (ii) of φ. From condition of θ, there
exists r ∈ (0, 1) and l ∈ (0,∞] such that

lim
t→0+

θ(t)− 1

tr
= l

suppose that l < ∞. In this case, let B = l/2 > 0. From the definition of limit,
there exists δ > 0 such that

|θ(t)− 1

tr
− l| ≤ B, for all t, 0 < t < δ
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This implies that

θ(t)− 1

tr
≥ l −B = B, for all 0 < t < δ

then we have
Btr + 1 ≤ θ(t) for all 0 < t < δ,

therefore
Btr < θ(t), for all 0 < t < δ.

In case l =∞, Let B > 0 be an arbitrary positive number. From definition of limit,
there exists δ > 0 such that

θ(t)− 1

tr
≥ B, for all 0 < t < δ.

Again we obtain
Btr < θ(t), for all 0 < t < δ.

Now we suppose that lim supn→∞(ln θ(tn))1/n < 1, Then we have

⇒ infk≥1supn≥k(ln θ(tn))1/n < 1,

⇒ β = supn≥k(ln θ(tn))1/n < 1,

⇒ (ln θ(tn))1/n ≤ β < 1,

⇒ ln θ(tn) ≤ βn < 1,

⇒ θ(tn) ≤ eβ
n

< 1,

⇒ lim sup
n→∞

(θ(tn))1/n ≤ lim
n→∞

e(1/n.β
n) < 1

On the other hand we obtained that Btr < θ(t), then we have

lim sup
n→∞

(Btr)1/n < lim sup
n→∞

(θ(tn))1/n ≤ lim
n→∞

e(1/n.β
n) < 1

Hence lim supn→∞(tn)1/n < 1, thus ϕ satisfies in condition (ii) of φ. There fore
using Theorem 2.1 this corollary is proved. �

From Corollary (2.3), we can easily conclude the following result (due to Jleli
and Samet [11]).

Corollary 2.4. ([11, M. Jleli and B. Samet 2014]) Let (X, d) be a complete Bran-
ciari metric space and f : X → X be a given map, Suppose that there exists
k ∈ (0, 1) and θ : (0,∞) → (1,∞)) (that is non-decreasing, for each sequence
tn ⊂ (0,∞),

lim
n→∞

θ(tn) = 1 ⇐⇒ lim
n→∞

tn = 0

and there exists r ∈ (0, 1) and l ∈ (0,∞] such that limn→0+
θ(t)−1
tr = l),such that

d(fx, fy) 6= 0⇒ θ(d(fx, fy)) ≤ [θ(d(x, y))]k ∀x, y ∈ X.
Then f has a unique fixed point.

Denote by Λ the set of all functions λ : [0,+∞)→ [0,+∞) satisfying the follow-
ing hypotheses:

(i) λ is a lebegue integrable mapping on each compact subset of [0,+∞),
(ii) for every ε > 0, we have

∫ ε
0
λ(s)ds > 0,

(iii) ||λ|| ≤ 1, where ||λ|| = sup{λ(t) : t ∈ [0,∞)}.
Now, we have the following result.
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Corollary 2.5. Let (X, d) be a complete b- Branciari metric space and T : X → X
be a mapping such that:∫ d(Tx,Ty)

0

λ(s)ds ≤ k
∫ d(x,y)

0

λ(s)ds (2.16)

where λ ∈ Λ and k ∈ (0, 1). Then T has a unique fixed point.

Proof. We put α(x, y) = 1 define ϕ : [0,+∞) → [0,+∞) by ϕ(t) =
∫ t
0
λ(s)ds.

Condition (i) is clear, so it is sufficient that we prove (ii). If

lim sup
n→∞

n
√
ϕ(tn) < 1

so by Root Test we have,
∑∞
n=1 ϕ(tn) <∞. On the other hand

ϕ(tn) = |ϕ(tn)| =
∣∣∣∣∫ tn

0

λ(s)ds

∣∣∣∣ ≤ ∫ tn

0

|λ(s)|ds ≤ ||λ||tn < tn

for any n, and

lim
n→∞

ϕ(tn)

tn
≤ lim
n→∞

tn
tn

= 1.

By limit comparison test and convergence of
∑∞
n=1 ϕ(tn) we get

∑∞
n=1 tn < ∞.

Therefore ϕ satisfies all the conditions of ϕ in Theorem 2.1. So T has a unique
fixed point.

�

We denote by Ψ the set of all fungtions ψ : [0,∞) → [0,∞), satisfying the
following conditions:

(1) for every {tn} ⊂ (0,∞) and non-constant; lim
n→∞

ψ(tn) = 0 ⇐⇒ lim
n→∞

tn =

0.
(2) ψ is continuous and nondecreasing.

Theorem 2.6. Let (X, d) be a complete b-Branciari metric space with a constant
s ≥ 1. Suppose that T : X → X be a αqsp-admissible map,satisfies the following
conditions

(i) There exists x0 ∈ X such that α(x0, Tx0) ≥ qsp and for every m ≥ 2,
α(x0, T

mx0) ≥ qsp,
(ii) either T is continuous, or property H1 is satisfied,

and there exists a function ψ ∈ Ψ, and k ∈ (0, 1) such that

ϕ(sα(x, y)d(Tx, Ty)) ≤ kϕ(d(x, y)), (2.17)

then T has a fixed point. More over if property H2 is satisfied then T has a unique
fixed point.

Proof. Regarding the condition (iii) we choose x0 ∈ X such that α(x0, Tx0) ≥ qsp,
and for every k ≥ 2, α(x0, T

kx0) ≥ qsp. We define the sequence {xn} by xn =
Tnx = Txn−1.
If there exists n0 ∈ X such that xn0

= xn0−1, then xn0
is a fixed point of T and we

have nothing to prove, thus we assume that xn 6= xn+1 for every n ∈ N ∪ {0} and
d(xn, xn+1) > 0 for all n.
Since T is αqsp -admissible, condition (iii) implies that

α(x0, x1) = α(x0, Tx0) ≥ qsp ⇒ α(Tx0, Tx1) = α(x1, x2) ≥ qsp, (2.18)



NEW FIXED POINT RESULTS WITH αqsp -ADMISSIBLE CONTRACTIONS 109

continuing in this way,

α(xn, xn+1) ≥ qsp, for all n ∈ N. (2.19)

In a similar way, starting with

α(x0, xm) = α(x0, T
mx0) ≥ qsp ⇒ α(Tx0, Txm) = α(x1, xm+1) ≥ qsp, (2.20)

then
α(xn, xn+m) ≥ qsp, for all n ∈ N (2.21)

Now we show that limn→∞ d(xn, xn+1) = 0. Since T satisfies (2.17), for all n ∈ N
we have

ϕ(sqspd(xn, xn+1)) ≤ ψ(sα(xn, xn+1)d(xn, xn+1)) ≤ k.ψ(d(xn−1, xn)), (2.22)

on the other hand

kψ(d(xn−1, xn)) ≤ kψ(sqspd(xn−1, xn)) ≤ kψ(sα(xn−1, xn)d(xn−1, xn)) ≤ k2ψ(d(xn−2, xn−1)),

continuing this way, we have

ϕ(sα(xn, xn+1)d(xn, xn+1)) ≤ knψ(d(x0, x1)) (2.23)

Using (2.22) Since k ∈ (0, 1), we have

ψ(d(xn, xn+1)) ≤ ψ(sα(xn, xn+1)d(xn, xn+1)) ≤ k.ψ(d(xn−1, xn)) < ψ(d(xn−1, xn)),
(2.24)

Thus {ψ(d(xn+1, xn))} is a decreasing sequence, hence it is convergent and

lim
n→∞

ψ(d(xn+1, xn)) = r ≥ 0.

Now we show that r = 0. From (2.24), we have

0 < ψ(d(xn, xn+1)) ≤ ψ(sα(xn, xn+1)d(xn, xn+1)) ≤ knψ(d(x0, x1)) (2.25)

Since 0 < k < 1, as n→∞ we obtain

lim
n→∞

ψ(d(xn+1, xn)) = 0.

Then using condition (i),
lim
n→∞

d(xn+1, xn) = 0.

Now we show that d(xn, xn+2)→ 0 as n→∞. Again from (2.17), we have

ψ(d(xn, xn+2)) ≤ ψ(sα(xn, xn+2)d(xn, xn+2)) ≤ k.ψ(d(xn−2, xn)) < ψ(d(xn−1, xn+1)),
(2.26)

Since k ∈ (0, 1), we have Thus {ψ(d(xn+2, xn))} is a decreasing sequence, hence it
is convergent. Again we have

0 < ψ(d(xn, xn+2)) ≤ ψ(sα(xn, xn+2)d(xn, xn+2)) ≤ ... ≤ knψ(d(x0, x2)) (2.27)

Since 0 < k < 1, as n→∞ we obtain

lim
n→∞

ϕ(d(xn+2, xn)) = 0.

Then using condition (i),
lim
n→∞

d(xn+2, xn) = 0.

Here we will show that, {xn} is a Cauchy sequence.
Suppose that {xn} don’t be a Cauchy sequence. Then there exists ε > 0, for which
we can find subsequences {xmk

} and {xnk
} of {xn} with nk > mk > k, such that

d(xmk
, xnk

) ≥ ε.
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Further, corresponding to mk, we can choose nk in such a way that, it is smallest
integer with nk > mk and satisfying d(xmk

, xnk
) ≥ ε then d(xmk

, xnk−1) < ε.
Then from the rectangular inequality, we have

ε ≤ d(xnk
, xmk

)

≤ s[d(xnk
, xnk−2) + d(xnk−2, xnk−1) + d(xnk−1, xmk

)]

≤ s[d(xnk
, xnk−2) + d(xnk−2, xnk−1) + ε].

Taking upper limit as k →∞ we have

ε ≤ lim sup
k→∞

d(xnk
, xmk

) ≤ sε. (2.28)

By the properties of b-Branciari metric spaces, we can write

d(xnk
, xmk

) ≤ s[d(xnk
, xnk−1) + d(xnk−1, xmk−1) + d(xmk−1, xmk

)], (2.29)

and

d(xnk−1, xmk−1) ≤ s[d(xnk
, xnk−1) + d(xmk

, xnk
) + d(xmk−1, xmk

)]. (2.30)

Combining (2.29) and (2.30) and taking upper limit as k →∞,

ε/s ≤ lim sup
k→∞

d(xnk−1, xmk−1) ≤ s2ε. (2.31)

Using inequality (2.17), we have

ψ(qspd(xmk
, xnk

)) ≤ ψ(sα(xmk
, xnk

)d(xmk
, xnk

)) ≤ kψ(d(xmk−1, xnk−1)).

Taking upper limit as k →∞, since ψ is continuous,

ϕ(qsp+1ε) ≤ kψ(s2ε) < ψ(s2ε),

which is a contradiction.Thus {xn} is a Cauchy sequence.
Now we want to show that z is a fixed point of T . From (2.17) and condition

(iv) we have

ψ(qsp+1(d(Txn, T z)) ≤ ψ(sα(Txn, T z)d(Txn, T z)) ≤ kψ(d(xn, z)).

Hence

ψ(qsp+1d(Txn, T z)) ≤ kψ(d(xn, z)).

Since d(xn, z)→ 0 hence ψ(d(xn, z))→ 0, as n→∞ and therefore

lim
n→∞

ψ(qsp+1d(xn+1, T z)) = 0.

Again by (i),

lim
n→∞

qsp+1d(xn+1, T z) = 0 ⇒ lim
n→∞

d(xn+1, T z) = 0.

d(z, Tz) ≤ s[d(z, xn) + d(xn, xn+1) + d(xn+1, T z)].

Thus z = Tz and hence z is a fixed point of T .

Finally we have to show that z is a unique fixed point of T . Suppose that there
is u 6= z such that T (u) = u. clearly d(z, u) = d(Tz, Tu) > 0.
So we can apply condition (2.1) for the pair (z, u), then we have

ψ(qsp+1d(Tz, Tu)) ≤ ψ(sα(Tz, Tu)d(Tz, Tu)) ≤ kψ(d(z, u)).
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hence

ψ(qsp+1d(Tz, Tu)) ≤ ψ(sα(z, u)d(z, u)) ≤ kψ(d(z, u)) < ψ(d(z, u)).

therefore

ψ(qsp+1d(z, u)) ≤ ψ(sα(z, u)d(z, u)) ≤ kψ(d(z, u)) < ψ(d(z, u)).

which is a contradiction, since ϕ is nondecreasing; means z is unique fixed point of
T .

�

Now we get the immediately conclude the fixed point theorem of integral type
due to Branciari [5].

Corollary 2.7. Let (X, d) be a complete b-Branciari metric space, c ∈ (0, 1) and
let T : X → X be a mapping such that for each x, y ∈ X,∫ d(Tx,Ty)

0

α(s)ds ≤ c
∫ d(x,y)

0

α(s)ds,

where α : [0,+∞) → [0,+∞) is a Lebesgue-integrable mapping which is summable
(i.e., with finite integral) on each compact subset of [0,+∞), nonnegative, and such
that for each ε > 0,

∫ ε
0
α(s)ds > 0; Then T has a unique fixed point a ∈ X such

that for each x ∈ X, limn→∞ Tnx = a.

Proof. Put α(x, y) = 1 and ψ(t) =
∫ t
0
α(s)ds for each t ∈ [0,∞) and apply Theorem

2.6. �
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