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ON ASYMPTOTICALLY EQUIVALENCE OF ORDER o FOR
SEQUENCE OF SETS USING o

OMER KiSi

ABSTRACT. This paper presents the following definitons which is a natural
combination of the definition for asymptotically equivalent, A-statistical con-
vergence and o-convergence. Two set sequences {Ag} and {By} are said to
be S& ,-asymptotically equivalent (Wijsman sense) of multiple L if for each
£ > 0,’f0r each z € X,
nli>moo é ‘{k‘ €ly: )d (x;Ao-k(m)iBo-k(m)> - L‘ > E}‘ = 0,
5o

uniformly in m = 1,2,3,..., (denoted by {A k)t ~" {Byr(m}) - Also,
we introduce the concept of Sg,e-asymptotically equivalent (Wijsman sense)
of multiple L for the set sequences {Ax} and {By} and give some inclusion
relations. Using the definition of S ,-asymptotically equivalence, we shall
prove Sg’ g-asymptotically equivalent a,nalogues of Fridy and Orhan’s theorems
in [1I] and analogues results of Das and Patel in [8] shall also be presented.

1. INTRODUCTION

Fast [9] presented an interesting generalization of the usual sequential limit which
he called statistical convergence for number sequences.

Mursaleen [29] defined A-statistical convergence by using the A\ sequence. He
denoted this new method by S, and found its relation to statistical convergence,
[C, 1]-summability and [V, A]-summability. The concept of lacunary statistical con-
vergence was defined by Fridy and Orhan [I1]. By using uniform invariant density,
invariant statistical convergence and o—statistically convergence and lacunary o-
statistically convergence were given in [16].

Asymptotic equivalence of sequences was introduced by Pobyvanets [19] ; Marouf’s
work [I4] was extension of Pobyvanets’s work. In, 2003, Patterson [I7] extended
these concepts by presenting an asymptotically statistical equivalent analog of these
definitions and natural regularity conditions for nonnegative summability matrices.
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In [I8], asymptotically lacunary statistical equivalent which is a natural combi-
nation of the definitions for asymptotically equivalent, statistical convergence and
lacunary sequences was studied.

In [23], S, x-asymptotically equivalent analogues of Mursaleen’s theorems in [29]
was proved.

The concept of convergence of sequences of numbers has been extended by several
authors to cenvergence of sequences of sets ( see, Baronti and Papini [5]; Beer([6],
[7); Wijsman [27]; Kuratowski [13]).

The concept of Wijsman statistical convergence which is implementation of
the concept of statistical convergence to sequences of sets presented by Nuray and
Rhoades in 2012. Similar to the concept, the concept of Wijsman lacunary statis-
tical convergence of sequences of sets presented by Ulusu and Nuray [25] in 2012.
In [26], asymptotically lacunary statistical equivalent set sequences was studied. In
addition, they also presented asymptotically equivalent (Wijsman sense) analogs of
theorems in [I§] due to Patterson and Savas.

Kisi and Nuray [12] defined A-statistical convergence for sequence of sets. Also he
presented the definition which is a natural combination of the definitons for asymp-
totically equivalent and A-statistical convergence for sequences of sets. Akin et al.
[2] defined invariant convergence, lacunary invariant convergence, invariant statisti-
cal convergence, lacunary invariant statistical convergence for sequences of sets, also
investigated some relations between lacunary invariant statistical convergence and
invariant statistical convergence for sequences of sets. Mursaleen [29] 0], studied
on invariant matrix methods of summability. Also, asymptotically Z-invariant sta-
tistical equivalence and Z,¢-statistical equivalence of sequences of sets were studied
(see [3], []).

On the other hand in [28] a different direction was given to the study of statistical
convergence where the notion of statistical convergence of order o, 0 < a < 1 was
introduced by replacing n by n® in the denominator in the definition of statistical
convergence.

This paper extends the definitions presented in [23] to a generalized notion of
o-convergence, namely Si-asymptotically equivalent of multiple L. In addition to
these definition, natural inclusion theorems shall also be presented.

2. DEFINITIONS AND NOTATIONS
Let us start with fundamental definitions from the literature.
The natural density of a set K of positive integers is defined by
1
= lim — <n:
0(K) nl;rr;on|{k_n ke K},

where |k < n:k € K| denotes the number of elements of K not exceeding n.
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Definition 2.1. (Fast, [9]) A number sequence x = (xy,) is said to be statistically
convergent to the number L if for every e > 0,

1
lim E\{kﬁn: |z — L] > e}| = 0.

n— oo

Definition 2.2. (Pobyvanets, [19]) Two nonnegative sequences x = (xy) and y =

(yx) are said to be asymptotically equivalent if
lim & =1,
k—oo Yk

(denoted by x ~y).

Let (X, p) be a metric space. For any point 2 € X and any non-empty subset A
of X, we define the distance from x to A by

d(z, A) = inf p(z, A).

Definition 2.3. (Baronti & Papini, [B]) Let (X,p) be a metric space. For any
non-empty closed subsets A, Ay, C X, we say that the sequence {Ay} is Wijsman
convergent to A if

lim d(z, Ag) = d(z, A)
k—o0

for each © € X. In this case we write W-lim Ay = A.

Let (X, p) a metric space. For any non-empty closed subsets A of X, we say
that the sequence {Ay} is bounded if

supd(z, A) < oo
k

for each x € X. In this case we write {A;} € L.

Definition 2.4. Let (X,p) a metric space. For any non-empty closed subsets
A, Ax C X, we say that the sequence { Ay} is Wijsman statistical convergent to A if
{d(z, Ar)} is statistically convergent to d(x, A); i.e., for e > 0 and for each z € X,

1
nh_)ngo EHk <n:|d(z,A;) —d(z,A)| > e} =0.

In this case we write st-limy Ay, = A or A, — A(WS).

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such
that kg = 0 and h, = k, — k._1 — 00 as r — oo. Throughout this paper the
intervals determined by 6 will be denoted by I,. = (k,_1, k..], and ratio kfil will be
abbreviated by ¢, The concept of lacunary statistical convergence was defined by

Fridy and Orhan [I1].

Definition 2.5. (Ulusu and Nuray, [25]) Let (X, p) a metric space and 8 = {k,}
be a lacunary sequence. For any non-empty closed subsets A, A, C X, we say that
the sequence {Ax} is Wijsman lacunary statistical convergent to A if {d(x, Ax)} is
lacunary statistically convergent to d(x, A); i.e., for e > 0 and for each x € X,

1
lim o |{k € I, : [d(, A) - d(z, A)| > £} | = 0.

In this case we write Sy — limy A = A or Ay, — A(WSp).
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Definition 2.6. (Kisi and Nuray [12]) Let (X,d) be a metric space. For any
non-empty closed subsets A, A, C X, we say that the sequence {Ax} is said to be
Wijsman \—statistically convergent or W.Sy—convergent to A if for every € > 0
and for each x € X,

1
lim = [{k € I : |d (z, Ag) — d (&, A)| > e} = 0.

n—oo

In this case we write Sy-limy Ay = A, or {Ax} — A(WS)) and
WS,\ = {{Ak} : A g X, WS,\ — hmAk = A}

Let A = (\,) is a non-decreasing sequence of positive numbers tending to oo
such that A,11 < A, +1, A =1, where I, = [n— A\, + 1,n].

If A\, = n, then Wijsman M-statistically convergence is the same as Wijsman
statistically convergence for the sequences of sets.

Let o be a one-to-one mapping of the set of positive integers into itself such that
o™ (n) = (am’l (n)) ,m=1,23,.... A continuous linear functional ® on I, the
space of real bounded sequences, is said to be an invariant mean or a ¢ mean, if
and only if,

(1) ® (x) > 0, for all sequences x = (x,,) with a,, > 0 for all n;

(2) @ (e) =1, where e = (1,1,1,...);

(3) @ (zp(n)) = @ () for all @ € lo.

The mapping ® are assumed to be one-to-one such that ¢™ (n) # n for all
positive integers n and m, where ¢™ (n) denotes the mth iterate of the mapping o
at n. Thus, ® extends the limit functional on ¢, the space of convergent sequences,
in the sense that ® (z) = limz, for all € ¢. In case o is translation mapping
o (n) = n+1, the 0 mean is often called a Banach limit and V,, the set of bounded
sequences all of whose invariant means are equal, is the set of almost convergent
sequences.

It can be shown that

V, = {x = (2y) : limt,,, (z) = L, uniformly in m, L =0 — limx} ,
n

where
Tm + To(m) + To2(m) + -+ + Ton(m)

n+1

tmn () =

Definition 2.7. (Akwn et al. [2]) Let (X,p) a metric space For any non-empty
closed subsets A, A C X, we say that {Ax} is Wijsman strongly invariant conver-
gent to A, for each x € X,

1y
nh_{l(;t() ” é ‘d(vagk(m)) - d(x7A)| =0,

uniformly in m.

In this case we write A — A([WV,]).
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Definition 2.8. (Akin et al. [2]) Let (X,p) a metric space and 0 = {k.} be a
lacunary sequence. For any mon-empty closed subsets A, A, C X, we say that
{Ax} is Wigsman strongly lacunary invariant convergent to A, for each x € X,

1
. ;; (2, Agr(my) — d(w, A)| = 0.
e T

uniformly in m.
In this case we write A — A([W Nyg)).

Definition 2.9. (Akwn et al. [2]) Let (X, p) be a metric space. For any non-empty
closed subsets Ay, B, C X, we say that the sequences { Ay} and {By} are Wijsman
lacunary invariant statistically convergent to A, if for each € > 0, for each x € X,

lim = [{k <n:|d(x, Agriny) — d(z, A)| > e}| =0,

n—oo n

uniformly in m =1,2,3, ...,
In this case we write A, — A([WS,]).

Definition 2.10. (Akwn et al. [2]) Let (X, p) be a metric space. For any non-empty
closed subsets Ay, Br, C X, we say that the sequences {Ax} and {By} are Wijsman
lacunary invariant statistically convergent to A, if for each € > 0, for each x € X,

lim hi kel :|dx, Aprmy) —d(z, A)| > e}| =0,

=00
uniformly in m =1,2,3, ...,
In this case we write Ay — A([W Ss0]).

Definition 2.11. (Ulusu and Nuray [20]) Let (X, d) be a metric space. For any

non-empty closed subsets Ay, B C X such that d (x, Ax) > 0 and d (x, B) > 0 for

each x € X. We say that the sequences { A} and { By} are asymptotically equivalent
(Wijsman sense) if for each x € X,

- d(z, Ay)

lim ———= =1

koo d (z, Br)

(denoted by Ay ~ By) .

As an example, consider the following sequences of circles in the (z,y)-plane.

Ap={(z,y) eR*: 2 +y* + 2ky = 0}

and
By = {(z,y) e R%: 2?42 kay:O}.
Since
. d(z, Ag)
lim ——"£ =1
koo d (x, By)

the sequences {Ay} and {By} are asymptotically equivalent (Wijsman sense). i.e.
Ay ~ By.
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3. MAIN RESULTS

For non-empty closed subsets Ay and By of X, define d (m; Agk(m)s Bo.k(m)) as
follows:

d ($, A[,k(m))

, if, x ¢ Ao.k(m) U Bo.k,(m)
d(x;Aak(m),ng(m)) = d(m’Bﬂk(m))

L , if, z e Ao.k(m) U Bak(m).

Definition 3.1. Let (X, p) be a metric space. For any non-empty closed subsets
Ak, Br € X such that d(z, Ay) > 0 and d(z, Bi) > 0 for each © € X, we say that
the sequences { Ay} and {By} are S,-asymptotically equivalent (Wijsman sense) of
order a, where 0 < a <1 of multiple L if for each € > 0, for each x € X,

1
lim o {the number of k < n : ’d (x;Aa-k(m),Bo-k(m)) — L‘ > 5} =0,

n—oo
uniformly in m = 1,2,3,... (denoted by { Ay (m)} § {Bok(m)})-

Definition 3.2. Let (X, p) be a metric space. For any non-empty closed subsets
Ay, B C X such that d(x, Ax) > 0 and d(x, Bx) > 0 for each x € X, we say that
the sequences {Ar} and {By} are Sy x-asymptotically equivalent (Wijsman sense)
of order a;, where 0 < o <1 of multiple L if for each € > 0, for each x € X,
1
lim — [{k € I, : |d(2; Agr(m), Bor(m)) — L| > e} =0,

n— oo /\%

5o
uniformly in m = 1,2,3,..., (denoted by {Agk ()} Koy {Bok(m) })-

Definition 3.3. Let (X, p) be a metric space. For any non-empty closed subsets
Ak, B, C X such that d(x, Ax) > 0 and d(x, Bi) > 0 for each x € X, we say that
the sequences {Ax} and {By} are strong (o, A)-asymptotically equivalent (Wijsman
sense) of order a, where 0 < a < 1 of multiple L if for each € > 0, for each x € X,

!
nlinéogkz; |d (25 Agr (mys Bor(my) — L| =0,
el,

uniformly in m =1,2,3, ..., (denoted by {Asn ()} Veal® {Borm)})-

Theorem 3.1. Let (X, p) be a metric space, Ay, By be non-empty closed subsets
of X, then
. [Vo,a]™ Soa
(7’) It {Aok(m)} ~ {Bok(m)} then {Aok(m)} ~ {Bak(m)}v
g
(ZZ) Ifd(x, Ao-k(m)> =0 (d(:m Bak(m))) and {Agk(m)} o {ng(m)} then {Aak(m)}

{Bo.k(m)}7 and hence {Ao.k(m)} D" {ng(m)}.

[Vo,al”

Proof. (i) Let € > 0 and {Ag» ()} Ve {Bok(m)}- Then we can write

> |d (3 Ak (mys Bormy) — L] 2 )D |d (5 A (mys Bok(my) — L|
kely k€Ln&|d(w:A k(1) Bok (my)—L|>€

> €. ’{k € In : |d(.’E;Agk(m),Bok(m)) — L| > 6}|
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and SO

Ma > |d (25 Agr s B my) — L| > Aia [{k € In : |d (x; Aok (m), Bor(my) — L| > €}].
n ]CEIH n

e

go
Hence we have {4, ()} o {Bok(m) }-

SOL
(i1) Suppose that d(z, A, () = O (d(z, Byr(mm))) and {Agk ()} 0 {Bor(m)}-
If d(x, Agr () = O (d(z, Byr(1m))), then there is a M such that

| (25 Agkmys Borm)) = L| < M

for each x € X and all £ and m.
Given € > 0, we get

5 2 |d (@5 Ay, Bor(my) — L]
kel,

= 3% )y |d (3 Ags () Borm)) — L]
k€Ln&|d(w5A k() Bok (my ) —L|>€
oy ) |d (2 Aoy Bor(m)) — L]

" REL&|d(53A k() Bk (my ) — L] <e

< )\%a |{I€ el,: |d (.’E;Ao.k(m),Bo.k(m)) —L| > €}| +e.

Therefore {Agr ()} Vesl®

%g( (: Agr(mys Bok(m)) — L)

Byt }. Further, we have
(m)

A ;_:1 (e (3 Agt(m)s Bormy) = L)
+aw 2o (d (%5 Agkmy, Boromy) — L)
kel,
1 n—>An
<sg 2 (d(@Aerm), Borgm) — L)

+ /\1’(1 (d (Z‘; Ao-k(m), Bak(m)) — L)

< 5 2 (d(@ Agkm) Borm)) — L) -

[Va X]

Hence {4, k(m)} {B k(m)} since {A, k(m)} {Ba’“(m)}' .

Theorem 3.2.

5o L S5,
{Aak(m)} ~ {Bak(m)} implies {Aak(m)} < {Bak(m)}
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1
lim inf o 0 (3.1)

n

Proof. For given € > 0 we have

{k < |d (@5 Aok s Bor(my) = L 2 €} 2 {k € I [d (5 Aok () Borm)) = L] = €} -

Therefore
x| 1k < nt|d (23 Agk(my Bor(m)) — L| > €}

> L[ € ot [d (05 Agray, Borin) 1] 2 <}

3

v
> )\,, |{k€] | (:L’;Aak(m),Bak(m))—L| ZEH
Taking the limit as n — oo and using (3.1), we get desired result. This completes
the proof. O

Definition 3.4. Let (X, p) be a metric space and 0 be a lacunary sequence. For
any non-empty closed subsets Ay, By, C X such that d(z, Ax) > 0 and d(x, Br) >0
for each x € X, we say that the sequences {Ar} and {By} are S, g-asymptotically
equivalent (Wijsman sense) of order «, where 0 < « < 1 of multiple L if for each
e >0, for each x € X,

lim f‘{kGI ’d(l‘;Aak(m),Bak(m)) —L‘ ZE}‘ =0,

7"—)00

SQ
uniformly in m = 1,2,3, ..., (denoted by {Agk ()} ! {Bok(m) })-

Definition 3.5. Let (X, p) be a metric space and 0 be a lacunary sequence. For any
non-empty closed subsets Ay, By, C X such that d(x, Ar) > 0 and d(z, B) > 0 for
each x € X, we say that the sequences { A} and {By} are strong o-asymptotically
lacunary equivalent (Wijsman sense) of order «, where 0 < o < 1 of multiple L if
for each € > 0, for each x € X,

[NU,G]a

uniformly in m = 1,2,3,..., (denoted by {Asrm)} =~ {Borm)}) and simply
strong (o, 0)-asymptotically quivalent (Wijsman sense) if L =1.

Theorem 3.3. Let (X, p) be a metric space, = {k,} be a lacunary sequence and
Ay, Br be non-empty closed subsets of X, then

(i) If {A(,k(m)} Negl® {Bk(m} then {A k() < Ty {B Km) b
{B(”) If]fi(x, Aa’“(m)) =0 (d(lL’, Bok(m))) and {Aa’”(m)} < {Bak(m)} then {A, k(m)}
ak(m) .
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ae]“

Proof. (i) Let € > 0 and {A, k(m)}

> |d (a3 Aok (mys Bow(my) — L|
kel,.

{Bs#(m)}- Then we can write

> > |d (25 Aot (my, Bot(m)) — L
keIT&|d(m;Aak(m),ng(m))—L|zs

> €. ’{k‘ el : }d (I;Ao.k(m),Bo.k(m)) - L| > 5}|
which yields the result.

5o
(i1) Suppose that d(x, Ak () = O (d(@, Byr(m))) and {Ayr ()} 2’ {Bor(m)}-
If d(z, Agk(m)) = O (d(x, Bak(m))), then there is a M such that

| (25 At m)s Bk my) = L < M

for each x € X and all £ and m.
Given € > 0, we get

Z |d(17 Ao.k o.k(7n)) L’

= % Z | ((ﬂ Aak(m)v ak(m)) - L|
ke[r&|d(m;Aak(vn)7Bok(7n))_L|ZE

“r% Z |d(l‘;Aak(m),ng(m)) —L|
kelr&‘d(x;Aok(m),ng(m>)—L|<s

<%{{kel'|d(xu4k Byrim)) — L| > e}| +e

> h? ro- y gk (m)s Pok(m) el .

[No' )

Therefore, we have { Ak ()} {B k(m)}- O

Lemma 3.4. Suppose for given €1 > 0 and every € > 0, there exist ng and mg
such that;

nio‘ |{0 <k<n-1: ‘d(m;Agk(m),Bak(m)) —L’ > 8}’ <eq,

for all n > ng and m > mg, then {Ayx ()} 2 {Bor(m)}-
Proof. Let 1 > 0 be given. For evey € > 0, choose ny, mg such that,
1 €1
o<k <n—1:]d(w; Agkm), Bormy) = L] Z e} < 5 (1.1)

for all n > ng and m > myg. It is enough to prove that there exists n{, such that
for n > ng and 0 < m < my,

nia |{O <k<n-1: ‘d(x7A0'k(m)>Bak(m)) - L’ > 5}’ < é€1. (12)

Since taking ng = max (n{,ng), (1.2) will hold for n > ny and for all m, which
gives result. Once mg has been choosen, 0 < m < mg, mg is fixed. So put

= [0 k< mo—1:[d (@5 Agkim) Borimy) — L] = €}
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Now taking 0 < m < mo and n > mo, by (1.1) we have
ar ({0 <k <n—1:|d (2 Apriny, Borgmy) — L] = €}|
< e [{0<k <mo— 1+ |d (23 Agk(mys Bor(my) — L| = €}
tos [{mo <k <n—1:d (23 Agkmy, Bor(my) — L] = €}
< o [{mo <k <n—1:d (25 Agkmg), Bormy) — L| = €}|
<K+ 5
Thus for n sufficiently large

nia’{ogk’gn—l : ‘d(l‘;Agk(m),Bak(m)) —L’ 25}‘ < n£a+% < ej.

Thus (1.2) holds. This yields the result. O

Theorem 3.5. 57, = 5% for every lacunary sequence 6.

Proof. Let {Ax} € S g, then from the definiton assures us that, given £1 > 0, then
there exists € and L such that

hio‘ HO S k S h,« —1: |d($;Aok(m),ng(m)) —L| Z EIH S €1

forr>rpand m=k._1+1+u, u>0.
Let n > h,., write n = th,. + t where 0 <t < h,., and 7 an integer. Since n > h,.,
1 > 0. We have the following:

n% HO <k<n-1: ’d(w;Agk(m)7ng(m)> —L| > €}|

IN

LHO<k<(i+1) hy —1:|d (2 Agr(my, Borgmy) — L| > €}

= LS R < B < G+ 1) A — 12 |d (2 Agr gy Boromy) — L] > €}
=0

< (iﬁl)'h”el < 2i'}1{"51 for i > 1.

For % < 1, since iff < 1. Therefore

SOk < 12 |d (5 Aty Boiy) — ] 2 €}] < 220

Then by lemma (1), Sy, C S3. It is also clear that Sg C 53, for every lacunary
sequence . This completes the proof. ([l

Theorem 3.6. Let 6 = {k,} be a lacunary sequence with limsup, ¢% < oo, then

g o s
{ALY 2 {By) implies {Ay} < {By}.

Proof. If limsup,. ¢ < oo then without any loss of generality we can assume that
there exists a 0 < M < oo such that ¢¢ < M for all » > 1. Suppose that
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SOC
{Ax} %" {By}, and €; > 0. There exists R > 0 and ¢ > 0 such that for every
J=zR

Aj = hio‘ {k S Ij : |d($;Aak(m)7Bo.k(m)) — L| 2 6} <eé€q, for all m.
J

We can also find K > 0 such that A; < K for all j = 1,2,.... Now let n be any
integer with k,._1 < n < k, where r > R. Then

1
— H{k = nld (@ Ak Bor(m) = L| 2 €}

1

<
ki

[{k < ke s |d (3 Aok (m), Bor(m) — L] 2 €} |

1
a

o |1k € s |d (23 Aok )y Borgm)) = L] 2 €}

r—1

1

R

|{]€ el |d($;Agk(m),ng(m)) - L| > {;‘H

1
k;oz

r—1

+...+

[{k € I+ |d (25 Aot (m) Bor(m) = L] 2 €}

_ k1
k2 hg

[{k € I+ |d (5 Ao m) Bormy) = | = €}|

(ko — k)™ 1

o [{k € I |d (2 Agh(m)s Bok(m)) — L| > €}
kr—l h2

(kr - kr—l)a

+... + R

1
5 |1k € I 2 [d (23 Aoy, Borm)) — L] 2 €}

o
1

(ko — k1)® (kp — kp_1)®
_ My Ag 4. 4 B = Brm1)
e N A

Ay

ka k?z . ka
< {sup,>, 4;} kTRl + {sup;>r 4} TlR

(0%

k
<KL 41eM.

«
kr—l

This completes the proof. (I

Theorem 3.7. Let 6 = {k,} be a lacunary sequence with liminf, ¢ > 1, then

s S 53,
{A} < {By} implies {Ax} % {By}.
Proof. Suppose first that liminf, ¢¢ > 1, then there exists a ¢ > 0 such that
g > 1+ o for sufficiently large r, which implies that
he o

ke T 140
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SOL
If {Ax} ~ {By}, then for every € > 0, for each € X and for sufficiently large r,
we have

1
o 1k <k o |d (23 Agk s Bor(m)) = L] = €}

v

1
kfa |{k cl,: |d (l’;Agk(m),ng(m)) — L’ > €}|

s 1

> 55 e k€ 1ot d (5 Aonny, Borny) = L] 2 2}

This completes the proof.

Theorem 3.8. Let 0 = {k,} be a lacunary sequence with 1 < liminf, ¢& <
lim sup,. ¢ < oo, then

(1]
2]

(3]

(4]
(5]
(6]
(7]
(8]

(9]
[10]

(11]
(12]
[13]
(14]

[15]
[16]

(17)
(18]

(19]

S e s&
{Ar} ~ {Bx} = {4k} < {Bi}.
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