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DISCRETE ANALOGUES OF HILBERT INTEGRAL
INEQUALITIES FOR THREE VARIABLES

TSERENDORJ BATBOLD, LAITH EMIL AZAR

ABSTRACT. In this article, we derive a discrete Hilbert inequality for three
variables. The reverse form and some equivalent forms are also considered.
Moreover, we show that the constants appearing on the right-hand sides of
these inequalities are the best possible.

1. INTRODUCTION

Suppose that p > 1,% + % =1, f and g are non-negative functions such that
feL,(Ry)and g€ Lq (R4) then the following inequalities hold
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provided that the integrals on the right-hand side in both inequalities are conver-
P
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gent. The constant factors Sl 7P) and (sin(ﬂ 7y ) are the best possible in lb

and respectively. Moreover, and are equivalent. Inequality (1.1)
was first studied by D. Hilbert at the end of the 19th century, hence, in his honor,
it is referred to as the Hilbert inequality.

The corresponding discrete forms of inequalities and for two non-
negative sequences of real numbers {a,,} and {b,} are given as
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where {a,,} € ¢, and {b,} € ¢,. The constant factors sty and (sin(;/p)>p are
also the best possible. Inequalities and are equivalent (see [9]).
During the last twenty years both of inequalities and and their equiv-
alent forms were generalized and extended in many different ways (see [1], [4]-[15]).
Recently, a new form of the Hilbert integral inequality for three variables was
obtained in [3], namely

/ / < flz,y)g dajdydz <C (/ / $+y)2p A—py— 2fp($c y)dxdy>p
x+y+z

- q+gv=A—=1 4 d)q7 1.5

x</0 . g()dz (15)

where A > 0, v € ( 2) , f(z,y) is a non-negative function defined on (0, 00) x

(0,00), and g(z) >
the best possible.

In this paper, we obtain the discrete form of inequality . The reverse form
and some equivalent forms are also considered. Moreover, we show that the con-
stants appearing on the right-hand sides of these inequalities are the best possible.

=2
P
> 0 on (0,00). In addition, the constant C = B (% + ’y,% - ’y) is

2. PRELIMINARIES AND LEMMAS

As it is well-known the Gamma function I'(¢) and the Beta function B (u,v) are
defined respectively by the following improper integrals

F(e):/ t'~letdt, 6 >0,
0

B (p,v) /Oo v d 0
V) = —_dt, p,v>0.
: o (t+1)t K

Using the definition of the Gamma function above, we may write

1 1 > A—1_—(=x
@iy F(A)/o P, @1)

To prove our main results, we need the following two lemmas. The first lemma
(Lemma [2.1)) is given in [3] and the second one (Lemma is also given in [2].
For completeness we give the proofs of these two lemmas here.

Lemma 2.1. Letp > 1,
have

+ =1, andbr>0,thenfort>0and0§9<%we
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Proof. Using Holder inequality, we get

3 e by = 3 r e rge_%tbr
2 O S ALY
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O
Lemma 2.2. Letp > 1, %+% =1, an,m > 0, then fort >0 and 0 < a < %, we
have
o oo p b X ™
(Z )» e‘”’””“w) < (TR —a) 30 3 (man) T e
m=1n=1 m=1n=1

Proof. The proof follows the lines of the proof of Lemma [2.I] Namely, we utilize
Holder inequality, we have

m=1n=1
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The lemma is proved. [

3. MAIN RESULTS

In this section, we introduce the discrete version of inequality (|1.5) with the
same best constant factor given their. Moreover, we obtain the reverse form and
two equivalent forms of this inequality.

Theorem 3.1. Letp > 1, %+% =1,A>0, max{gfl,f%} << min{%,? — %},

suppose that an, , s a non-negative double sequence and b, is also a non-negative
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sequence. If >°_ 5% (m+ O R ab, , < oo and Y07 rrITaTATIpE <

oo, then

=

<C (i i (m + n)2p—A—p'y—2 afn n) (i T'Y4+q—)\—1bg> q |
r=1

m=1n=1

where the constant C' = B (% -, % + ’y) is the best possible. In particular:
1) for A\=1,7v=0,p=q =2, we have

Nl=
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m=1n=1
1
o0 2 2
T
r=1

Proof. By using (2.1) and applying Holder inequality, we have

2) for A\=2,7=0,p=q =2, we have
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By Lemma [2.1] and Lemma [2.2] we obtain respectively
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where, 0 < a < % and 0 < 6 < % Putting these two inequalities in |D we get
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a,d = .
’ L(A)

Now, set a = % and 6 = % we get inequality l) with the constant
C2p-py-r gv-r+q = C. It remains to show that the constant factor C' in GD is

pra 7 rq
the best possible. For sufficiently small positive € define the sequence G, , =

)\75+ A

(m+n)"7 772 for m,n > 1 and the sequence b, =+~ 7 ~'~% (7 >1) . Suppose

that the constant C' is not the best possible, then there exist 0 < K < C such that
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On the other hand, if we estimate the left hand side we find (set © = u(m + n))

D
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Obviously, when ¢ — 07 from the above two estimates we obtain a contradiction.
Therefore, the proof of the theorem is completed. O

Now, we give a reverse form of inequality (3.1). The resulting inequality includes
the same constant C defined in Theorem [B.11

Theorem 3.2. Let 0 < p < 1,%+% =1, A>0, max{%f ,f%} << %, suppose
that am n s a non-negative double sequence and b, is also a non-negative sequence.
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IFSoe S0 (m+n)P PPl < oo and Y002 r19HaTATIbE < oo, then

oo o0 o0
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g

m= r=1 (m+n+7’))‘
0o oo 5 00 :
-0 (Z S (e m) (Z wq+q—k—1bz> R
m=1n=1 r=1

where the constant C' is the best possible.

Proof. We follow the same procedure as in the proof of the previous theorem, except
that we use the reverse Holder inequality instead of Hélder inequality. O

Next, we give some equivalent forms of the obtained inequalities in Theorem [3.1]
and Theorem [3.2]

Theorem 3.3. Under the assumptions of the Theorem[3_1], the following inequali-

ties hold
P
(p—1)A—yp-1 Gm,n
r
Z <mZ:1nZ:1 m+n+r) )
ZZ (m+n)P P20 (3.4)
and

oo oo oS q
Z Z m+n) (q—1)A+~q—2 (Z b, ))\)

— (m+n+r

<1y Aty (3.5)
r=1

Both of the inequalities and are equivalent to and the constants
C? and C? are the best possible.

Proof. To prove (3.4) we set

b—r(P1>\WI<ZZ am”)>_.

m=1n=1 m+n+r
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Applying inequality (3.1)) we find
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Multiplying both sides of the above inequality by
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we obtain inequality (3.4). On the other hand, by virtue of Holder inequality and

(3.4), we find
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To prove the equivalence relation between and ., we set
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By inequality (3.1) we get
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From the last inequality we obtain (3.5). On the other hand using Hélder inequality

and (3.5)), we have

e 00
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Thus, the equivalence relation between (3.5)) and (3.1) is proved. Moreover, since
the constant in (3.1)) is the best possible we may conclude that the constants in both
inequalities (3.4]) and (3.5]) are also the best possible. The theorem is proved. O

The next theorem gives the reverse forms of (3.4) and (3.5)). Since the proofs of
these forms are similar to the proofs of (3.4)) and (3.5 here we omit it.
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Theorem 3.4. Under the assumptions of the Theorem[3.3, the following inequali-

ties hold
[ee] [e'e) [e's) p
(p—1)A—yp—1 m,n
r
2 D) By
203 S e, a0
m=1n=1
and
oo 00 oo b q
(m +n)(q71))\+’7(J72 T
22 2 P
> 1y ATyl (3.7)
r=1

Both of the inequalities (@ and are equivalent to and the constants
C? and C? are the best possible.
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