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DISCRETE ANALOGUES OF HILBERT INTEGRAL

INEQUALITIES FOR THREE VARIABLES

TSERENDORJ BATBOLD, LAITH EMIL AZAR

Abstract. In this article, we derive a discrete Hilbert inequality for three
variables. The reverse form and some equivalent forms are also considered.

Moreover, we show that the constants appearing on the right-hand sides of

these inequalities are the best possible.

1. Introduction

Suppose that p > 1, 1p + 1
q = 1, f and g are non-negative functions such that

f ∈ Lp (R+) and g ∈ Lq (R+) then the following inequalities hold∫ ∞
0

∫ ∞
0

f(x)g(y)

x+ y
dxdy <

π

sin(π/p)

(∫ ∞
0

fp(x)dx

) 1
p
(∫ ∞

0

gq(y)dy

) 1
q

, (1.1)∫ ∞
0

(∫ ∞
0

f(x)

x+ y
dx

)p
dy <

(
π

sin(π/p)

)p ∫ ∞
0

fp(x)dx (1.2)

provided that the integrals on the right-hand side in both inequalities are conver-

gent. The constant factors π
sin(π/p) and

(
π

sin(π/p)

)p
are the best possible in (1.1)

and (1.2) respectively. Moreover, (1.1) and (1.2) are equivalent. Inequality (1.1)
was first studied by D. Hilbert at the end of the 19th century, hence, in his honor,
it is referred to as the Hilbert inequality.

The corresponding discrete forms of inequalities (1.1) and (1.2) for two non-
negative sequences of real numbers {am} and {bn} are given as

∞∑
m=1

∞∑
n=1

ambn
m+ n

<
π

sin(π/p)

( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

, (1.3)

∞∑
n=1

( ∞∑
m=1

am
m+ n

)p
<

(
π

sin(π/p)

)p ∞∑
m=1

apm (1.4)
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where {am} ∈ `p and {bn} ∈ `q. The constant factors π
sin(π/p) and

(
π

sin(π/p)

)p
are

also the best possible. Inequalities (1.3) and (1.4) are equivalent (see [5]).
During the last twenty years both of inequalities (1.1) and (1.3) and their equiv-

alent forms were generalized and extended in many different ways (see [1], [4]-[15]).
Recently, a new form of the Hilbert integral inequality for three variables was

obtained in [3], namely

∫ ∞
0

∫ ∞
0

∫ ∞
0

f(x, y)g(z)

(x+ y + z)
λ
dxdydz ≤C

(∫ ∞
0

∫ ∞
0

(x+ y)
2p−λ−pγ−2

fp(x, y)dxdy

) 1
p

×
(∫ ∞

0

zq+qγ−λ−1gq(z)dz

) 1
q

, (1.5)

where λ > 0, γ ∈
(
−λ
p ,

λ
q

)
, f(x, y) is a non-negative function defined on (0,∞)×

(0,∞) , and g(z) > 0 on (0,∞). In addition, the constant C = B
(
λ
p + γ, λq − γ

)
is

the best possible.
In this paper, we obtain the discrete form of inequality (1.5). The reverse form

and some equivalent forms are also considered. Moreover, we show that the con-
stants appearing on the right-hand sides of these inequalities are the best possible.

2. Preliminaries and Lemmas

As it is well-known the Gamma function Γ(θ) and the Beta function B (µ, ν) are
defined respectively by the following improper integrals

Γ(θ) =

∫ ∞
0

tθ−1e−tdt, θ > 0,

B (µ, ν) =

∫ ∞
0

tµ−1

(t+ 1)
µ+ν dt, µ, ν > 0.

Using the definition of the Gamma function above, we may write

1

(x+ y)
λ

=
1

Γ (λ)

∫ ∞
0

tλ−1e−(x+y)tdt. (2.1)

To prove our main results, we need the following two lemmas. The first lemma
(Lemma 2.1) is given in [3] and the second one (Lemma 2.2) is also given in [2].
For completeness we give the proofs of these two lemmas here.

Lemma 2.1. Let p > 1, 1
p + 1

q = 1, and br > 0, then for t > 0 and 0 ≤ θ < 1
p we

have

∞∑
r=1

e−rtbr ≤ tθ−
1
pΓ(1− θp)

1
p

( ∞∑
r=1

rθqe−rtbqr

) 1
q

.



68 TS. BATBOLD, L. E. AZAR

Proof. Using Hölder inequality, we get

∞∑
r=1

e−rtbr =

∞∑
r=1

{
r−θe−

rt
p

}{
rθe−

rt
q br

}

≤

( ∞∑
r=1

r−θpe−rt

) 1
p
( ∞∑
r=1

rθqe−rtbqr

) 1
q

≤
(∫ ∞

0

x−θpe−txdx

) 1
p

( ∞∑
r=1

rθqe−rtbqr

) 1
q

= tθ−
1
pΓ(1− θp)

1
p

( ∞∑
r=1

rθqe−rtbqr

) 1
q

.

�

Lemma 2.2. Let p > 1, 1
p + 1

q = 1, an,m > 0, then for t > 0 and 0 ≤ α < 2
q , we

have( ∞∑
m=1

∞∑
n=1

e−(n+m)tan,m

)p
≤
(
tαq−2Γ(2− αq)

) p
q

∞∑
m=1

∞∑
n=1

(m+ n)
αp
e−(n+m)tapn,m.

Proof. The proof follows the lines of the proof of Lemma 2.1. Namely, we utilize
Hölder inequality, we have( ∞∑

m=1

∞∑
n=1

e−(n+m)tan,m

)p

=

( ∞∑
m=1

∞∑
n=1

{
(m+ n)−αe−

(n+m)t
q

}{
(m+ n)αe−

(n+m)t
p an,m

})p

≤

( ∞∑
m=1

∞∑
n=1

(m+ n)−αqe−(n+m)t

) p
q ∞∑
m=1

∞∑
n=1

(m+ n)αpe−(n+m)tapn,m

≤
(∫ ∞

0

∫ ∞
0

(x+ y)
−αq

e−(x+y)tdxdy

) p
q
∞∑
m=1

∞∑
n=1

(m+ n)αpe−(n+m)tapn,m

=
(
tαq−2Γ(2− αq)

) p
q

∞∑
m=1

∞∑
n=1

(m+ n)αpe−(n+m)tapn,m.

The lemma is proved. �

3. Main Results

In this section, we introduce the discrete version of inequality (1.5) with the
same best constant factor given their. Moreover, we obtain the reverse form and
two equivalent forms of this inequality.

Theorem 3.1. Let p > 1, 1p+ 1
q = 1, λ > 0, max{λq−1,−λp } ≤ γ ≤ min

{
λ
q , 2−

λ
q

}
,

suppose that am,n is a non-negative double sequence and br is also a non-negative
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sequence. If
∑∞
m=1

∑∞
n=1 (m+ n)

2p−λ−pγ−2
apm,n < ∞ and

∑∞
r=1 r

γq+q−λ−1bqr <
∞, then

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

(m+ n+ r)
λ

≤ C

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

, (3.1)

where the constant C = B
(
λ
q − γ,

λ
p + γ

)
is the best possible. In particular:

1) for λ = 1, γ = 0, p = q = 2, we have

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr
m+ n+ r

≤ π

( ∞∑
m=1

∞∑
n=1

(m+ n) a2m,n

) 1
2
( ∞∑
r=1

b2r

) 1
2

.

2) for λ = 2, γ = 0, p = q = 2, we have

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

(m+ n+ r)
2 ≤

( ∞∑
m=1

∞∑
n=1

a2m,n

) 1
2
( ∞∑
r=1

b2r
r

) 1
2

.

Proof. By using (2.1) and applying Hölder inequality, we have

I =

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

(m+ n+ r)
λ

=
1

Γ (λ)

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

(∫ ∞
0

tλ−1e−(m+n+r)tdt

)

=
1

Γ (λ)

∫ ∞
0

(
t
λ−1
p +γ

∞∑
m=1

∞∑
n=1

e−(m+n)tam,n

)(
t
λ−1
q −γ

∞∑
r=1

e−rtbr

)
dt

≤ 1

Γ (λ)

(∫ ∞
0

tλ−1+pγ

( ∞∑
m=1

∞∑
n=1

e−(m+n)tam,n

)p
dt

) 1
p

×

(∫ ∞
0

tλ−1−qγ

( ∞∑
r=1

e−rtbr

)q
dt

) 1
q

. (3.2)

By Lemma 2.1 and Lemma 2.2, we obtain respectively( ∞∑
m=1

∞∑
n=1

e−(m+n)tam,n

)p
≤
[
tαq−2Γ(2− αq)

] p
q

∞∑
m=1

∞∑
n=1

(m+ n)
αp
e−(m+n)tapm,n,

( ∞∑
r=1

e−rtbr

)q
< tθq−q+1Γ(1− θp)

q
p

∞∑
r=1

rθqe−rtbqr,
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where, 0 ≤ α < 2
q and 0 ≤ θ < 1

p . Putting these two inequalities in (3.2) we get

I <
Γ(2− αq)

1
q Γ(1− θp)

1
p

Γ (λ)

×

( ∞∑
m=1

∞∑
n=1

(m+ n)
αp
apm,n

(∫ ∞
0

tpγ+λ+αp−2p+1e−(m+n)tdt

)) 1
p

×

( ∞∑
r=1

rθqbqr

∫ ∞
0

tλ+θq−q−γqe−rtdt

) 1
q

.

Since∫ ∞
0

tλ+pγ+pα−2p+1e−(m+n)tdt = (m+ n)
−λ−pγ−pα+2p−2

Γ (λ+ pγ + pα− 2p+ 2)

and ∫ ∞
0

tλ−qγ+qθ−qe−rtdt = r−1−λ+qγ−qθ+qΓ (λ− qγ + qθ − q + 1) ,

it follows that

I ≤ Cα,θ

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
( ∞∑
r=1

rqγ+q−1−λbqr

) 1
q

where

Cα,θ =
Γ(2− αq)

1
q Γ(1− θp)

1
pΓ (λ+ pγ + pα− 2p+ 2)

1
p Γ (λ− qγ + qθ − q + 1)

1
q

Γ(λ)
.

Now, set α = 2p−pγ−λ
pq and θ = qγ−λ+q

pq we get inequality (3.1) with the constant

C 2p−pγ−λ
pq , qγ−λ+qpq

= C. It remains to show that the constant factor C in (3.1) is

the best possible. For sufficiently small positive ε define the sequence ãm,n =

(m+ n)
λ−ε
p +γ−2

for m,n ≥ 1 and the sequence b̃r = r
λ−ε
q −γ−1 (r ≥ 1) . Suppose

that the constant C is not the best possible, then there exist 0 < K < C such that

I ≤ K

( ∞∑
m=1

∞∑
n=1

(m+ n)
−ε−2

) 1
p
( ∞∑
r=1

r−ε−1

) 1
q

= K

( ∞∑
m=1

1

(m+ 1)2+ε
+

∞∑
n=2

1

(n+ 1)2+ε
+

∞∑
m=2

∞∑
n=2

(m+ n)−ε−2

) 1
p
( ∞∑
r=1

r−ε−1

) 1
q

< K

(∫ ∞
0

(x+ 1)−ε−2dx+

∫ ∞
1

(1 + x)
−ε−2

dx+

∫ ∞
1

∫ ∞
1

(x+ y)−ε−2dxdy

) 1
p

×
(

1 +

∫ ∞
1

x−ε−1dx

) 1
q

= K

(
1

ε+ 1
+

1

2ε+1 (ε+ 1)
+

1

ε2ε(1 + ε)

) 1
p
(

1 +
1

ε

) 1
q
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On the other hand, if we estimate the left hand side we find (set x = u(m+ n))

I =

∞∑
m=1

∞∑
n=1

∞∑
r=1

ãm,nb̃r

(m+ n+ r)
λ

=

∞∑
m=1

∞∑
n=1

∞∑
r=1

(m+ n)
λ−ε
p +γ−2r

λ−ε
q −γ−1

(m+ n+ r)
λ

=

∞∑
m=1

∞∑
n=1

(m+ n)
λ−ε
p +γ−2

( ∞∑
r=1

r
λ−ε
q −γ−1

(m+ n+ r)
λ

)

≥
∞∑
m=1

∞∑
n=1

(m+ n)
λ−ε
p +γ−2

(∫ ∞
1

x
λ−ε
q −γ−1

(m+ n+ x)
λ
dx

)

=

∞∑
m=1

∞∑
n=1

(m+ n)−ε−2

 ∞∫
1

m+n

u
λ−ε
q −γ−1

(u+ 1)
λ
du


=

∞∑
m=1

∞∑
n=1

(m+ n)−ε−2

[∫ ∞
0

u
λ−ε
q −γ−1

(u+ 1)
λ
du−

∫ 1
m+n

0

u
λ−ε
q −γ−1

(u+ 1)
λ
du

]

= B

(
λ− ε
q
− γ, λ

p
+ γ +

ε

q

) ∞∑
m=1

∞∑
n=1

(m+ n)−ε−2

−
∞∑
m=1

∞∑
n=1

(m+ n)−ε−2
∫ 1

m+n

0

u
λ−ε
q −γ−1

(u+ 1)
λ
du

≥
B
(
λ−ε
q − γ,

λ
p + γ + ε

q

)
ε2ε(1 + ε)

−
∞∑
m=1

∞∑
n=1

(m+ n)−ε−2
∫ 1

m+n

0

u
λ−ε
q −γ−1du

=
B
(
λ−ε
q − γ,

λ
p + γ + ε

q

)
ε2ε(1 + ε)

− q

λ− ε− γq

∞∑
m=1

∞∑
n=1

(m+ n)γ−
λ
q−

ε
p−2

=
B
(
λ−ε
q − γ,

λ
p + γ + ε

q

)
ε2ε(1 + ε)

−O(1).

Obviously, when ε → 0+ from the above two estimates we obtain a contradiction.
Therefore, the proof of the theorem is completed. �

Now, we give a reverse form of inequality (3.1). The resulting inequality includes
the same constant C defined in Theorem 3.1.

Theorem 3.2. Let 0 < p < 1, 1p + 1
q = 1, λ > 0, max{λq −1,−λp } ≤ γ ≤

λ
q , suppose

that am,n is a non-negative double sequence and br is also a non-negative sequence.
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If
∑∞
m=1

∑∞
n=1 (m+ n)

2p−λ−pγ−2
apm,n <∞ and

∑∞
r=1 r

γq+q−λ−1bqr <∞, then

∞∑
m=1

∞∑
n=1

∞∑
r=1

am,nbr

(m+ n+ r)
λ

≥ C

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

, (3.3)

where the constant C is the best possible.

Proof. We follow the same procedure as in the proof of the previous theorem, except
that we use the reverse Hölder inequality instead of Hölder inequality. �

Next, we give some equivalent forms of the obtained inequalities in Theorem 3.1
and Theorem 3.2.

Theorem 3.3. Under the assumptions of the Theorem 3.1, the following inequali-
ties hold

∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p

≤ Cp
∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n (3.4)

and

∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q

≤ Cq
∞∑
r=1

rγq−λ+q−1bqr. (3.5)

Both of the inequalities (3.4) and (3.5) are equivalent to (3.1) and the constants
Cp and Cq are the best possible.

Proof. To prove (3.4) we set

br = r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p−1
.
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Applying inequality (3.1) we find

∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p

=

∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p−1 ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

=

∞∑
r=1

∞∑
m=1

∞∑
n=1

am,nbr

(m+ n+ r)
λ

≤ C

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apn,m

) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

= C

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apn,m

) 1
p

×

( ∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p) 1
q

.

Multiplying both sides of the above inequality by

( ∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p)− 1
q

we obtain inequality (3.4). On the other hand, by virtue of Hölder inequality and
(3.4), we find

∞∑
r=1

∞∑
m=1

∞∑
n=1

an,mbr

(m+ n+ r)
λ

=
∞∑
r=1

(
r
λ
q−γ−

1
p

∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)(
r

−λ
q +γ+ 1

p br

)

≤

( ∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

≤

(
Cp

∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

.

To prove the equivalence relation between (3.1) and (3.5), we set

am,n = (m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q−1
.
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By inequality (3.1) we get

∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q

=

∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q−1( ∞∑
r=1

br

(m+ n+ r)
λ

)

=

∞∑
r=1

∞∑
m=1

∞∑
n=1

am,nbr

(m+ n+ r)
λ

≤ C

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

= C

( ∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q) 1
p

×

( ∞∑
r=1

rγq+q−λ−1bqr

) 1
q

.

From the last inequality we obtain (3.5). On the other hand using Hölder inequality
and (3.5), we have

∞∑
r=1

∞∑
m=1

∞∑
n=1

am,nbr

(m+ n+ r)
λ

=

∞∑
m=1

∞∑
n=1

[
(m+ n)

− (q−1)λ+γq−2
q am,n

] [
(m+ n)

(q−1)λ+γq−2
q

∞∑
r=1

br

(m+ n+ r)
λ

]

≤

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p

×

( ∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q) 1
q

≤

( ∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n

) 1
p
(
Cq

∞∑
r=1

rγq+q−λ−1bqr

) 1
q

.

Thus, the equivalence relation between (3.5) and (3.1) is proved. Moreover, since
the constant in (3.1) is the best possible we may conclude that the constants in both
inequalities (3.4) and (3.5) are also the best possible. The theorem is proved. �

The next theorem gives the reverse forms of (3.4) and (3.5). Since the proofs of
these forms are similar to the proofs of (3.4) and (3.5) here we omit it.
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Theorem 3.4. Under the assumptions of the Theorem 3.2, the following inequali-
ties hold

∞∑
r=1

r(p−1)λ−γp−1

( ∞∑
m=1

∞∑
n=1

am,n

(m+ n+ r)
λ

)p

≥ Cp
∞∑
m=1

∞∑
n=1

(m+ n)
2p−λ−pγ−2

apm,n (3.6)

and

∞∑
m=1

∞∑
n=1

(m+ n)
(q−1)λ+γq−2

( ∞∑
r=1

br

(m+ n+ r)
λ

)q

≥ Cq
∞∑
r=1

rγq−λ+q−1bqr. (3.7)

Both of the inequalities (3.6) and (3.7) are equivalent to (3.3) and the constants
Cp and Cq are the best possible.
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[14] B. Yang, I. Brnetić, M. Krnić and J. Pečarić, Generalization of Hilbert and Hardy-Hilbert

integral inequalities, Math. Ineq. and Appl. 8(2)(2005) 259–272.

[15] B. Yang and T. M. Rassias, On the way of weight coefficients and research for the Hilbert-type
inequalities, Math. Inequal. Appl. 6 (2003), 625–658.



76 TS. BATBOLD, L. E. AZAR

Tserendorj Batbold

Department of Mathematics, National University of Mongolia, P.O. Box 46A/104, Ulaan-

baatar 14201, Mongolia
E-mail address: tsbatbold@hotmail.com

Laith Emil Azar
Department of Mathematics, Al al-Bayt University, P.O. Box 130095, Mafraq, Jordan

E-mail address: azar1@aabu.edu.jo


