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CHEBYSHEV TYPE INTEGRAL INEQUALITIES FOR
GENERALIZED k-FRACTIONAL CONFORMABLE INTEGRALS

SIDDRA HABIB, SHAHID MUBEEN, MUHAMMAD NAWAZ NAEEM

ABSTRACT. The investigation of inequalities involving the fractional differen-
tial and integral operators is considered to be important due to its renowned
applications among researchers. This paper consigns to the generalizations of
certain fractional integral inequalities. The classical Chebychev type inequal-
ities are generalized by involving k—fractional conformable integrals (kFCI),
which is the k—analogue of the fractional conformable integrals. We present
the main results consisting of the inequalities using one and two fractional pa-
rameters kF'CI by taking into account the extended Chebyshev functional in
the case of synchronous functions. Some certain interesting consequent results
of the main inequalities are also depicted.

1. INTRODUCTION

For two integrable functions f1, fo : [a,b] — R, define the functional, which is
known as Chebychev’s functional in the literature:

b b b
T(fr, fara,b) = ﬁ/ RO o ()t — ﬁ/ fl(t)dt/ hLMd, (1)

provided that the involved integrals exist, f; and f» are synchronous on |[a,b],
(i.e. (f(x) — f(y)) (9(x) — g(y)) > 0, for any x,y € [a,b]). Many studies are present
in the literature involving (1), see for instance [0, [8, 23, [20].

The theory of fractional calculus has recently been given an ever-rising consid-
eration due to its wide applications. In many branches of pure and applied math-
ematics, the fractional differential and integral operators are very helpful tools to
perform the real number or complex number powers of the differentiation and inte-
gration. For a comprehensive description of fractional calculus operators as well as
their properties and applications, we refer the readers to the research manuscripts
by Miller and Ross [I7] and Kiryakova [15]. It is fairly renowned that numer-
ous diverse definitions of fractional integrals along with their applications can be
sought in the literature. Each description has its own advantages and appropriate
for applications to different problems in different subjects of sciences. Recently,
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Jarad et al. [II] contributed one more aspect to the study of fractional operators
by introducing new fractional integral and derivative operators that are based on
the standard fractional calculus iteration procedure on conformable derivatives in-
troduced by Abdeljawad [I]. The topical elaboration of fractional calculus can be
studied in the recent papers [2, [3, 10, 12, 2] 22| 28§].

Inequalities involving fractional integrals are deemed to be crucial as they are
valuable in the study of different differential and integral equations (see [I§]).
This discipline has drawn the attention of many mathematicians during the past
several years. For inequalities involving generalized fractional operators we refer
[4, Bl 7, 23] 24, 25, 26l 27]. A large number of the fractional integral operators are
discussed in the literature for their applications in many fields of sciences.

The k-analogues of different classical and fractional operators have been consid-
ered about a decade ago by some researchers. We describe some k-analogues of
classical operators existing in the literature. The theory of special k-functions was
originated by Diaz and Pariguan in the form of Pochhammer k-symbol (), , the
gamma k-function I'y, and the beta k-function By (see [9]):

(), 1, = u(u+k)(u+2k)..(u+ (n — 1)k), (n € N,k > 0), (2)
and
'y (v) = lim M,k>0 (3)
n—soo (u)n,k

where (u),, ;. is the Pochammer k-symbol for factorial function. The k—gamma
function can also be shown explicitly as the Mellin transform of the exponential

. TLA
function e~ % given by
+oo

Ty (u) = / t“_le%kdt,x > 0.
0
Clearly,
. w1 (U
T(u)= él_)rank (w), T (u) =k*—°T (%)
and

Tr(u+k)=ul'y (u).
Further, k—beta function denoted by By (x,y) is defined as

1
Bu(ey) = ¢ [0 -0k
0

such that By, (z,y) = +B (%,%) and By (z,y) = 7F1’i§21;f;§’)

Mubeen and Habibullah [19] used this special k-functions theory in fractional
calculus for the first time in literature in the form of k-Riemann—Liouville integral.
Recently, many researchers are presenting the new fractional differential and inte-
gral operators and their generalized forms by iteration procedure and by involving
a new parameter k > 0. They also found the relationships of these generalized frac-
tional operators with existing fractional and classical operators under the specific
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values of the parameters involved.

The key purpose of this manuscript is to introduce the fractional conformable
integrals reported in [II] in the framework of k£ > 0 as well as its existence. We also
generalize the Chebyshev-type integral inequalities given in [27] for two synchro-
nous functions involving our newly introduced k-fractional conformable integrals
(kFCT). We have presented the inequalities and related results involving one and
two fractional parameters. The details of the work concerned to the inequalities,
their applications and stability we refer the readers to [13} 14} 16}, 29].

Abdeljawad [I] introduced the left and right fractional conformable derivatives
for a differentiable function f in the form:

I f(T) = (T =)' =2 f(T), (4)

- f(T) = =T f(T). (5)

The corresponding left and right fractional conformable integrals for 0 < o < 1, by
N dt

T s = [ 10— (6)
/ dt

T t@) = [ 1= @

1.1. Definition. The left fractional conformable integral operator (FCI) of order
B € C, Re(B) > 0, introduced by Jarad et al. [II] is obtained by iterating the left
integral in relation (3) S times then by interchanging the order of integrals and
result as

r z—a)® —(t—a)*\" !
Tt = [ () o ©

1.2. Definition. The right fractional conformable integral operator (F'CT) of order
B € C,Re(B) > 0, introduced by Jarad et al. [II] is is obtained by iterating the
right integral in relation (4) § times then by interchanging the order of integrals
and result as

b
N 1 (b—2) — (b—t)*\"! dt
57;’f($):1“(5)/( o ) f(t)m- 9)

x

where I' (§) is the Gamma function of 5 and defined as

—+oo

I (8) = / Py, (10)

0
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2. Main results

2.1. Generalized k-fractional Conformable Integrals. In this section, we in-
troduce the generalized left and right fractional conformable integrals in the frame-
work of a new parameter k£ > 0 which generalizes Riemann-Liouville, Hadamard,
Katugampola and generalized fractional integrals as

2.1.1. Definition. Let f be a continuous function on a finite real interval [a, b].
Then generalized left kFCI of order 5 € C, Re(8) > 0 is defined as

oo = s [ ()T o e o

a

where Ty, is the Euler k—gamma function, k& > 0, € R\{0}.

2.1.2. Definition. Let f be a continuous function on a finite real interval [a, b].
Then generalized right kF'CT of order 8 € C, Re(8) > 0 is defined as

=@

b —1
0 = [ ()T rog=fee el (2

x

where I'y, is the Euler k—gamma function, k£ > 0, € R\{0}.
Now, we present that the integrals defined in (11) and (12) are well-defined.

2.1.1.Theorem. Let g € Ly [a,b],a € R\{0} and k¥ > 0. Then fAZ‘Jrg(x) (',[:Ag‘_g(x))
exists for any z € [a,b], Re (8) > 0.

Proof. Let A" :=[a,b] x [a,b] and P": A" - R
such that

’

P (a,t) = ((z - a)® — (t —a)®)F ™" (t — a)* 1.

Clearly, it can be seen that

P =P, + P,
where
B8 _
/ (@—a)—(t—a))F (t—a)l, a<t<a<b
P, (z,t) =
0, a<z<t<bd
and
(t-a) — (z—a)*) (@ —a)!, a<t<a<b,
P_(z,t) :=
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. / . ’ . .
since P is measurable on A , then it can be written as

8

/bP/(x,t)dt:/mPl(m,t)dt = /((x—a)a—(t—a)a)rl (t—a)* tdt

ak aB
— —(x—a) &
3 (z —a)
By using the double integral, we get
b /b b b
[ [Pl )i = [la@l( [ Poa) i
) b
o a8
= — [(@—a)¥|g(x)|ds
5
b
ak

IN

To-F / l9(@)|dz

a

i.e.,
b b

b b
/ /P’(x,t)|g(x)|dt do = /|g(x)\ /P/(ac,t)dt do
O b - ) % lg@) oy < oc.

B

IA

So, the function Q" : A" — R such that Q' (z,t) := P (z,t)g(x) is integrable over A
b
by Tonelli’s theorem. Hence, by Fubibni’s theorem [ P’ (z,t)g(x)dxz is an integrable

function over [a, b], as a function of ¢ € [a, b]. i.e.f.AZﬂrg(gc) exists.

The existence of the right k-fractional conformable integral f AP g(x) can be proved
in the similar manner.

3. k-FRACTIONAL CONFORMABLE INTEGRAL INEQUALITIES

This section refers to the proofs of Chebychev type inequalities involving the
generalized k-fractional conformable integrals ng . defined in (11).

3.1. Theorem. Let f1, fo be two synchronous on [0, co], then for all0 < a < z, 8 >
0,7~ > 0, the following inequalities for k-fractional conformable integrals f A%, hold
true:

(142) upolo) ( —— (a2) h@) (A2 R 1)

pAz ) (1)

(P42 ) i) QAS) (1) + (AR fifala) (A5 ) ()
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> (£42) 1@) GAS) @) + (JAL) S@) GAZ) ). (14)

Proof. since the functions f; and f; are synchronous on [0, 00), then for all p, 7 > 0,
we have

(fi(p) = f1(7)) (f2(p) — fa(7)) > 0.
f1(p) f2(p) + f1(7) f2(T) > fi(p) fo(T) + fi(7) f2(p). (15)

« N
Multiplying both sides of (15) by kal(ﬁ) ((w_a) —(p—a) )k (p_al)l,a, then inte-

[e3

grating the resulting inequality w.r.t p from a to x, we get

kI‘kl(ﬁ)a/((x_a)a;([)—a)a)k—lW

+krk1(ﬁ) / (@: -

a

dﬂ

—x

x

)
> <(x_a ) -gp
)

a

*kr:w) / ((x =

a

dp

“a

(16)

(P42 ) Ap@+ 0 LE) (A ) (1) 2 f2(0) (242) @)+ (JAL ) f(@).
()

(Tial)l,a, then inte-

[e3%

B_
Multiplying both sides of (17) by kal(B) ((ac—a) —(r—a) )k
grating the resulting inequality w.r.t 7 from a to x, we get

(R4 ) A falw) (A% ) () + (242 ) (1) (RA2) fufala)

> (A2) @) (RA2 ) folo) + (P420) fola) (P4 ) fi().

1

(45) £ foto) 2 Ge)o (145) 51 (142.) e,

kY tat

i.e.

Hence inequality (13) is proved.

(@—a)*—(r—a) ) (N
(

o Tfa)l_()t’

To prove the second result, multiplying both sides of (17) by krkl(w) (

then integrating the resulting inequality w.r.t 7 from a to x, we get

(RA2) fifo(@) A3 () + (FAS) (1) GAS:) fifa(a)
> (P A2 ) @) GAZ) L) + (AR fa(a) (242 ) A,

The proof is completed.
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3.2. Theorem. Let fi, fo be two synchronous on [0,00], f3 > 0 then for all 0 <
a<z,B>0,7> 0, the following inequalities for k—fractional conformable integrals

PA%, hold true:

(RAs ) fifefal@) QAR D+ (PA% ) (O QAT fifafale) = (FAS ) fifs(a) (AR fo(a)

+(045) o fal@) GAG) Fi@)— (P4 ) fa(@) GAS) fufa(@)— (A ) o) GAG) f(w)
+ (42 ) @) QAR fofs@) + (FAS) £@) GAZ) fifs@). (18)

Proof. since the functions f; and fs are synchronous on [0,00) and f5 > 0, then
for all p,7 > 0, we have

(f1(p) = f1(1)) (f2(p) — f2(7)) (f3(p) + f5(7)) = 0.
Expanding the left hand side of above inequality, we get

fi(p)fa(p) f3(p) + f1(7) fa(7) f3(7) = fi(p) fa(7) f3(p) + f1(7) f2(p) f3(p)
—f[1(T)f2(7) fs(p) = f1(p) f2(p) f3(7) + f1(p) f2(7) fs(T) + f1(7) fa(p) f3(T).  (19)

N oy 21
Multiplying both sides of (19) by kr:(ﬁ) ((a‘;a) —(p—a) )k (p_al)l,u, then inte-

[e3

grating the resulting inequality w.r.t p from a to z, we get

1 [ (@=a)—(p—a)*\* ' £1(0) fa(p) fa(p)dp
kL' (5)/( a > (p—a)

(@ —a)* — (p—a)*\ * " fi(7) fol(7) fo(7)dlp

*kr:w) / ( a ) p—a)y "
( )

> kF:(ﬁ) i/x (x — a)™ ; (p—a)*\* ' fy (p()pfi(:l))f:s(p)dp
- / ((x —0—lp=ar ) : fl(T()pfz_(/;))fs(p)dp
e / CELEETAY f1<T(>[)fi<Z>){3?)dp
kpkl(ﬁ) / ((m oo ) Py (P()pfz_(i)){S(:)dp
+krk1<m / <(x —a)® - (p— a>a> g f1(p()p f2<72) hy(r)dy
T / ((x SO >> f1<7(>pf2<2>){3<;)dp. 0

i.e.

(P42 ) 1 ofale) + A R0 F(0) (P42 ) (1) = L) (A% ) i fs(a)
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+11(r) (A2 Fafo(@) = L) () (DA ) f(@) = F3(r) (RAS) Fua(e)

() fs(r) (RAL) Fi@) + Fu0) fo(r) (2422 Falo). (21)

[e3%

g1
Tt ; 1 (x—a)*—(r—a)* \ * 1 ;
Multiplying both sides of (21) by o) ( z—a T—a ) A, then inte-
grating the resulting inequality w.r.t 7 from a to x, we get

(RAG) fufafo(@) GAZ) O+ (FAS) (D) GAG) o) = (RAG) fufs(e) GAS.) fola)
+(PA%) o fs(@) QAG) Fi(@)= (A% ) fa(@) QAT fife(@)= (A% ) Fia(@) QAG) Fo(a)

+ (P45 ) @) QA Fofs(@) + (A% ) @) (AR Fifa(a).

Hence inequality (18) is proved.

3.3. Corollary. Let fi, fo be two synchronous on [0, 0], f3 > 0 then for all 0 <
a <z, > 0, the following inequalities for k-fractional conformable integrals f AgL
hold true:

(P422) fifatola) (PAz) (0 2 (242 ) fufs() (PA2: ) fala)

+ (A2 ) ofal@) (RA2) @) = (A%) B@) (FA%) @) (22)

Proof. The proof can be made by replacing v with 3 in Theorem 3.2, as (22) is
the inequality involving only one fractional parameter.

3.4. Theorem. Let f1, fo and f5 be three monotonic functions defined on [0, o]
satisfying the following condition:

(f1(p) = f1(7)) (f2(p) = fo(7)) (f3(p) — f3(7)) >0,

for all p,7 > 0, then for all 0 < a < z,8 > 0,7 > 0, the following inequalities for
k—fractional conformable integrals f Ag, hold true:

(P2 ) fufafal@) GAz) (= (A% ) (D) QAR Fifafo(@) = (JAS) fifa(@) (A fola)
(P42 ) Fafo(@) QAT Fu@)= (PA% ) (@) QAG) i fal@) (DA% ) frfa(@) (LA ()

- (42) £@) GAZ) fofale) = (FAZ) o) GAZ) ufale). (23)

Proof. The proof is similar to that given in Theorem 3.2.
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3.5. Theorem. Let f; and f2 be two functions on [0, 00|, then for all 0 < a <
z,8 > 0,7 > 0, the following inequalities for k—fractional conformable integrals
’,ng+ hold true:

(PAs ) f2@) Q) O+ (2422 ) () Az @) = 2 (A% ) A(@) (LA Fala).

(24)
(FA2) £ @) Gz @)+ (P42 ) FR(w) QAR (@) 2 2 (F A2 ) Frfale) GAZ) Fufole).
(25)
Proof. since for all p,7 > 0,
(filp) = f2(7)* > 0,
then we have
Fp) + F3(1) = 2f1(p) f2(T). (26)

« a\7-1
Multiplying both sides of (26) by kal(ﬁ) ((w_a) —(p=a) )k (p_al)l,a, then inte-

o
grating the resulting inequality w.r.t p from a to x, we get

1 j((m—a)%@—a)ﬂ)fl F2(p)dp

kL' (B) J « (p— a)l’a
- ’“F:(ﬁ) / (<m_a>a;(p_a)a)kl W~ (27)
(P2 @)+ 130 (A2) () 2 2800 (JA3) Aile). (28)

«

a @ 71
Multiplying both sides of (28) by kr:(ﬁ) (wﬂl) —(r=a) >k (7—411)1*‘1’ then inte-
grating the resulting inequality w.r.t 7 from a to x, we get
(PAs ) f2@) Q) W+ (2422 ) () Az @) = 2 (A% ) Ai(@) (LA Fala).
which completes the proof of first part. To obtain the second part, we have

(f1(p) fo(T) = f1(7) f2(p))* > 0,

then we have

FL () fZ(T) + F(1)f3 (p) = 2f1(p) f1(7) f2(p) fa(T).- (29)

« ay 71
Multiplying both sides of (29) by kal(ﬁ) ((Z_a) ;(p_a) )k (p_al)l,a, then inte-

grating the resulting inequality w.r.t p from a to x, we get

1 [ (=) —(p—a)\ L f2(0) f2(r)dp
kL' (5)/( a ) (p—a)' ™

+ka1(B)/((x_a)a;(p_a)a)k_lW

a
x

1 (@ —a)® — (p—a)®\ F 71 f1(p) falp) fr(7) fo(7)dp
2y [ () el R

a

(30)
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i.e.

B (JA2) 2@ + 120 (PA2) £2@) 2 200 H(0) (A fubale). (1)

I a\ 71
Multiplying both sides of (31) by kal(y) ((w—a) —(r—a) )k (T,al)lfaa ther inte.

[

grating the resulting inequality w.r.t 7 from a to x, we get (25).

3.6. Corollary. Let f; and fa be two functions on [0, 00], then for all 0 < a <
z,8 > 0,7 > 0, the following inequalities for k—fractional conformable integrals
ngJr hold true:

(Faz ) ) [(RA5) £20) + (3420 £3@)] = 2 (P42) i) (RAS) foto).
(32)
(242 £20) (P 30) = [(RA2) fi o] ()
Proof. The proof of both inequalities can be made by replacing v with 5 in both

inequalities of previous theorem as (32) and (33) are the inequalities involving only
one fractional parameter.

3.7. Theorem. Let f: R — R and defined by

f(ac):/(t]i(i))(?_a;o<a<x7aeﬂ%\{0}

then for all 0 < £ < 8

() @) = ¢ (742 ) T, (34

Proof. By definition of generalized k—fractional conformable integrals, we have
PAT(z) = kF:(ﬁ)/Cm_a)a;(t_a)a)k1f(t)(t—(it)1—a

ol (e ——a N\ 1 [ fu)du

- krkw)a/ (=) <t—a>1—aa/ (u=ay

1 [ fw  [{(r—a)—(—-a)\F

) krkw)a/ (u—a)l—au/ ( a ) e

R S O At et P L )

- ka(ﬁ)/( a ) w—ara

I SR AUt et 0 G N ()

- rk</3+k>a/( a )l

= (7)) f@).

which completes the proof.
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To present the next result, we recall the generalized Cauchy-Buniakovsky-Schwarz
inequality as follows:

3.8. Lemma. Let f1, fo, f3 : [a,b] — (0,00) be three functions 0 < a < b, then
2

(/fZ AT )(/Jz AT ) (/Jz 01 fl)).

(35)
where m,n,r, s are arbitrary real numbers.
Proof. We have

b [ b 2
[ |monone J [ wswnd- fé‘(t)f:?(t)fl(t)J Vroson | | f%"(t)f§(t)f1(t)dt] at > 0,

b b 2

S £ F (1) / SR FE O FL Ot + [0 (0 f1 / ) £ )fl(t)dt] dt

Se—_

a

2ty f \l/f2 () f1 () fult dt\l/f #)dt > 0,

(/b AT )(/b RO )

22(/bf;2+”(t)f§ N/fz OO A dtJ/bf

which can be written in the form of required inequality.

3.9. Theorem. Let f € Ly [a,b], then

((FF ) ) (6 ) o) = () fT”<x>)2.

o ey 21
Proof. By taking fo(t) = (W) Cfi(t) = &%l))em) and f3(t) = f(t)
in (35), we get

ey 22
(e e

mE (1) e ’
(m /<_ ) (1)<J;—a(>tl)ﬁ)

=@
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which can be written as (36).

3.10. Remark: For k£ =1 in (36), we get the following inequality:
(o) 1) (00 ) (5000 ) )

3.11. Remark: If we take kK = 1, the above results reduce to the Chebyshev in-
equalities involving fractional conformable integrals # ALy

3.12. Remark: The above inequalities and results can be obtained for the gener-
alized k—fractional conformable integrals QAO‘_ defined in (12).
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