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STABILITY OF THE SEXTIC FUNCTIONAL EQUATION IN

VARIOUS SPACES

SHAYMAA ALSHYBANI, S. MANSOUR VAEZPOUR, REZA SAADATI

Abstract. In this paper, we have established generalized Hyers-Ulam stabil-
ity of the following sextic functional equation

f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny) = (n4 + n2)[f(x+ y) + f(x− y)]

+ 2(n6 − n4 − n2 + 1)[f(x) + f(y)],

in non-Achimedean random normed spaces via direct method and in intuition-

istic random normed spaces via direct and fixed point methods.

1. Introduction

In some situations we cannot associate an exact value as a norm of a vector
and random norm is a suitable substitute in these cases. The concept of a random
normed space, in which the values of the norms are probability distribution func-
tions rather than numbers, was introduced by Sherstnev in [29] and extended by
Alsina, Schweizer and Sklar in [1].

A basic question in the theory of functional equations is as follows: when is it
true that a function, which approximately satisfies a functional equation, must be
close to an exact solution of the equation?

If the problem accepts a unique solution, we say the equation is stable. This
is called the stability problem of functional equations which was raised by Ulam
[36] in 1940. In 1941, Hyers [14] solved the problem of Ulam. This result was
generalized by Aoki [2] for additive mappings and by Rassias [25] for linear map-
pings by considering an unbounded Cauchy difference. The terminology Hyers-
Ulam-Rassias stability originates from this historical background. Several stabil-
ity problems for various functional equations have been investigated by numerous
mathematicians, and there are many interesting results concerning this problem
(see, e.g.,[3, 5, 6, 7, 9, 10, 11, 15, 16, 17, 20, 23, 25, 30, 32, 33, 34, 42, 43, 46]). Also
the generalized Hyers-Ulam stability of different functional equations in random
normed spaces, intuitionistic fuzzy normed and various spaces has been studied
by many authors (see, e.g., [4, 18, 19, 22, 28, 38, 39, 40, 41, 47, 48]). Saadati,

2000 Mathematics Subject Classification. 39B82, 39B52, 46S40.
Key words and phrases. Hyers-Ulam stability, Random normed spaces, Intuitionistic random

normed spaces, Sextic functional equation, Fixed point.
c©2018 Ilirias Research Institute, Prishtinë, Kosovë.
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Vaezpour, and Park [28] proved the Hyers-Ulam stability of the following cubic
functional equation

f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y) + 12f(x), (1.1)

in various spaes. The general solution and the generalized Hyers-Ulam stability of
the quartic functional equations

16f(x+ 4y) + f(4x− y) = 306[9f(x+
y

3
) + f(x+ 2y)]

+ 136f(x− y)− 1394f(x+ y) + 425f(y)− 1530f(x), (1.2)

was introduced and investigated by Rassias et al., [26] in intuitionistic and non-
Archimedean random normed spaces. The solution and the generalized Hyers-Ulam
stability of quintic functional equation

f(x+ 3y)− 5f(x+ 2y) + 10f(x+ y)−
10f(x) + 5f(x− y)− f(x− 2y) = 120y, (1.3)

and sextic functional equation

f(x+ 3y)− 6f(x+ 2y) + 15f(x+ y)− 20f(x) + 15f(x− y)

− 6f(x− 2y) + f(x− 3y) = 720f(y), (1.4)

was investigated in non-Archimeadean fuzzy normed spaces by Xu et al., [37] via
fixed point method.

The general solution and the generalized Hyers-Ulam stability of a sextic func-
tional equation

f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny) = (n4 + n2)[f(x+ y) + f(x− y)]

+ 2(n6 − n4 − n2 + 1)[f(x) + f(y)], (1.5)

in paranormed spaces was discussed by Ravi and Sabarinathan [27].
In this paper, we present the generalized Hyers-Ulam stability of the sextic func-

tional equation (1.5) by direct method in non-Archimedean random normed spaces
and by direct and fixed point methods in intuitionistic random normed spaces and
provide some corollaries and illustrative examples related to our results.

2. Preliminaries

In this section we recall some definitions and results which will be used later in
the paper.

Definition 2.1 ([35, 8, 11]). A mapping T : [0, 1] × [0, 1] → [0, 1] is a continuous
triangular norm (briefly a t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;
(2) T is continuous;
(3) T (a, 1) = a for all a ∈ [0, 1];
(4) T (a, b) ≤ T (c, d) whenewer a ≤ c and b ≤ d. ∀a, b, c ∈ [0, 1]

Example 2.2 ([11, 35]). The following are the four basic t-norms:

(1) Minimum t-norm TM given by TM (x, y) = min(x, y),
(2) product t-norm TP given by TP (x, y) = x.y,
(3) Lukasiewice t-norm TL given by TL(x, y) = max(x+ y − 1, 0),
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(4) Weakest t-norm (drastic product) TD given by

TD(x, y) =

{
min(x, y) if max(x, y) = 1,

0 o.w.

If T is a t-norm, then x
(n)
T is defined for every x ∈ [0, 1] and n ∈ N ∪ {0} by

1, if n = 0 and T (x
(n−1)
T , x), if n ≥ 1. A t-norm T is said to be of Hadz̆ić-type

(denoted by T ∈ H) if the family {x(n)T }n∈N is equicontinuous at x = 1, that is, for
any ε ∈ (0, 1), there exists δ ∈ (0, 1) such that

x > 1− δ =⇒ x
(n)
T > 1− ε ∀n ≥ 1.

The t-norm TM is a trivial example of Hadz̆ić type but Tp is not of Hadz̆ić type
(see [11, 8]).
Other important triangular norms are (see [12]):

(1) the Sugeno-Weber family {TSWλ }λ∈[−1,∞], defined by TSW−1 = TD, T
SW
∞ =

TP and

TSWλ (x, y) = max

(
0,
x+ y − 1 + λxy

1 + λ

)
, λ ∈ (−1,∞).

(2) the Domby family {TDλ }λ∈[0,∞], defined by TD, if λ = 0, TM , if λ =∞ and

TDλ (x, y) =
1

1 +
(

( 1−x
x )λ + ( 1−y

y )λ
) 1
λ

, λ ∈ (0,∞).

(3) the Aczel-Alsina family {TAAλ }λ∈[0,∞],defined by TD, if λ = 0, TM , if λ =∞
and

TAAλ (x, y) = e−(| log x|λ+| log y|λ)
1
λ
, λ ∈ (0,∞).

A t-norm T can be extended (by associativity) in a unique way to an n-array
operation taking for (x1, x2, ..., xn) ∈ [0, 1]n the value T (x1, x2, ..., xn) defined by

T 0
i=1xi = 1, Tni=1xi = T

(
Tn−1i=1 xi, xn

)
= T (x1, x2, ..., xn).

T can also be extended to a countable operation taking for any sequence {xn}n∈N
in [0, 1]. Moreover,

T∞i=1xi = lim
n−→∞

Tni=1xi. (2.1)

The limit on the right-hand side of (2.1) exists since the sequence {Tni=1xi}n∈N is
nonincreasing and bounded from below.

Proposition 2.3. [12, 11]

1. for T ≥ TL the following implication hold:

lim
n−→∞

T∞i=1xn+i = 1⇐⇒
∞∑
n=1

(1− xn) <∞.

2. If T is of Hadz̆ić-type, then limn−→∞ T∞i=1xn+i = 1 for every sequence
{xn}n∈N in [0, 1] such that

lim
n−→∞

xn = 1.
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3. If T ∈ {TAAλ }λ∈(0,∞) ∪ {TDλ }λ∈(0,∞), then

lim
n−→∞

T∞i=1xn+i = 1⇐⇒
∞∑
n=1

(1− xn)α <∞.

4. If T ∈ {TSWλ }λ∈[−1,∞), then

lim
n−→∞

T∞i=1xn+i = 1⇐⇒
∞∑
n=1

(1− xn) <∞.

Let 4+ denote the spaces of all distribution functions, that is, the spaces of
all mappings f : R ∪ {−∞,+∞} −→ [0, 1] such that f monotone, nondecreasing,
left continuous, f(0) = 0 and f(+∞) = 1. D+ is a subset of 4+ consisting of all
functions f ∈ 4+ for which L−f(+∞) = 1, where L−f(x) denotes the left limit of
the functon f at the point x, that is, L−f(x) = limt−→x−f(t). The spaces 4+ is
partially ordered by the usual point -wise ordering of functions , i.e., F ≤ G if and
only if F (t) ≤ G(t) for all t ∈ R. The maximal element for 4+ in this order is the
distribution function H0 given by

H0(t) =

{
0 if t ≤ 0,

1 if t > 0.

3. non-Archimeadean random normed spaces

By a non-Archimedean field we mean a field K equipped with a function (valu-
ation) |.| from K in to [0,∞) such that

1. |r| = 0 if and only if r = 0;
2. |rs| = |r||s|;
3. |r + s| ≤ max{|r|, |s|} for all r, s ∈ K.

clearly |1| = | − 1| = 1 and |n| ≤ 1 for all n ≥ 1. By the trivial valuation, we mean
the mapping |.| taking everything but 0 into 1 and |0| = 0. Let X be a vector space
over a field K with a non-Archimedean nontrivial valuation |.|, that is, there exists
a0 ∈ K such that |a0| is not in {0, 1}.
The most important examples of non-Archimedean spaces are P-adic numbers. In
1897, Hensel [13] discovered the P-adic numbers as a number theoretical analogue
of power series in complex analysis. Fix a prime number p.
For any nonzero rational number x, there exsits a unique integer nx ∈ Z such that
x = a

bP
nx , where a and b are integers not divisible by P . Then |x|P := P−nx

defines a non-Archimedean norm on Q. The completion of Q with respect to the
metric d(x, y) = |x− y|P is denoted by Qp, which is called the P-adic number field.
A function ‖.‖ : X → [0,∞) is called a non-Archimedean if it satisfies the following
conditions:

1. ‖x‖ = 0 if and only if x = 0;
2. for any r ∈ K, x ∈ X, ‖rx‖ = |r|‖x‖;
3. the strong triangle inequality (ultrametric), namely,

‖x+ y‖ ≤ max{‖x‖, ‖y‖}, ∀x, y ∈ X

Then (X, ‖.‖) is called a non-Archimedeam normed space. Due to the fact that

‖xn − xm‖ ≤ max{‖xj+1 − xj‖ : m ≤ j ≤ n− 1}



12 SH. ALSHYBANI, S.M. VAEZPOUR, R. SAADATI

for all n,m ≥ 1 with n > m, a sequence {xn} is a cauchy sequence in X if and
only if {xn+1 − xn} converges to zero in a non-Archimedean normed space. By
a complete non-Archimedean normed space, we mean one in which every Cauchy
sequence is convergent.

Definition 3.1 ([8, 31]). A non-Archimedean random normed space (briefly, non-
Archimedean RN-space) is a triple (X,µ, T ), where X is a Linear space over a
non-Archimedean field K, T is a continuous t-norm, and µ is a mapping from X
into D+ such that the following conditions hold:

(1) µx(t) = H0(t) for all t > 0 if and only if x = 0;

(2) µαx(t) = µx(
t

|α|
) for all x ∈ X, t > 0 and α 6= 0;

(3) µx+y(max{t, s}) ≥ T (µx(t), µy(s)) for all x, y ∈ X and t, s ≥ 0. It is easy
to see that, if (3) holds, then so is

(4) µx+y(t+ s) ≥ T (µx(t), µy(s)).

Example 3.2. As a classical example, if (X, ‖.‖) is a non-Archimedean normed
linear space, then the triple (X,µ, TM ), where

µx(t) =

{
0 if t ≤ ‖x‖;
1 if t > ‖x‖,

is a non-Archimedean RN-space.

Example 3.3. Let (X, ‖.‖) be a non-Archimedean normed linear space. Define

µx(t) =
t

t+ ‖x‖
,

for all x ∈ X and t > 0. Then (X,µ, TM ) is a non-Archimedean RN-space.

Definition 3.4 ([8, 31]). Let (X,µ, T ) be a non-Archimedean RN-space. Let {xn}
be a sequence in X.

(1) The sequence {xn} is said to be convergent if there exists x ∈ X such that

lim
n→∞

µxn−x(t) = 1,

for t > 0. In this case, the point x is called the limit of the sequence {xn}.
(2) The sequence {xn} in X is called a Cauchy sequence if, for any ε > 0 and

t > 0, there exists n0 ≥ 1 such that, for all n ≥ n0 and p > 0

µxn+p−xn(t) > 1− ε.

(3) If each Cauchy sequence in X is convergent, then the random space is said
to be complete and the non-Archimedean RN-space (X,µ, T ) is called a
non-Archimedean random Banach space.

Remark ([8]). Let (X,µ, TM ) be a non-Archimedean RN-space. Then we have

µxn+p−xn(t) ≥ min{µxn+j+1−xn+j
(t) : j = 0, 1, 2, · · · , P − 1}.

Thus, the sequence {xn} is a Cauchy sequence in X if, for any ε > 0 and t > 0,
there exists n0 ≥ 1 such that, for all n ≥ n0,

µxn+1−xn(t) > 1− ε.
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4. Hyers–Ulam stability of the sextic functional equation (1.5) in
non-Archimedean random normed spaces.

Let K be a non-Archimedean field, X be a vector space over K and (Y, µ, T ) be
a non-Archimedean random Banach space over K. The functional equation

f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny) = (n4 + n2)[f(x+ y) + f(x− y)]

+ 2(n6 − n4 − n2 + 1)[f(x) + f(y)],

is called the sextic functional equation since the function f(x) = cx6 is a solution.
We investigate the stability of the sextic functional equation(1.5), where f is a
mapping from X to Y and f(0) = 0. It is well known that a function f satisfies
the above functional equation if and only if it is sextic. Next we define a random
approximately sextic mapping. Let ψ be a distribution function on X ×X × [0,∞)
such that ψ(x, y, .) is nondecreasing and

ψ(cx, cy, t) ≥ ψ(x, x,
t

|c|
) ∀x ∈ X, c 6= 0

.

Definition 4.1. A mapping f : X → Y is said to be ψ-approximately sextic if

µDsf(x,y)(t) ≥ ψ(x, y, t), ∀x, y ∈ X, t > 0, (4.1)

where

Dsf(x, y) := f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny)

− (n4 + n2)[f(x+ y) + f(x− y)]− 2(n6 − n4 − n2 + 1)[f(x) + f(y)],

for all x, y ∈ X and t > 0. In this section, we assume that n 6= 0 ( i.e. the
characteristic of K is not 0).

Theorem 4.2. Let K be a non-Archimedean field, X be a linear space over K and
(Y, µ, T ) be a non-Archimedean random Banach space over K. Let f : X → Y be
a ψ-approximately sextic function. If, for some α ∈ R with α > 0 and for some
positive integer k with |nk| < α, n ≥ 2, n ∈ N .

ψ(n−kx, n−ky, t) ≥ ψ(x, x, αt), (4.2)

and

lim
n→∞

T∞j=mM

(
x,

αjt

|n|kj

)
= 1, (4.3)

for all x ∈ X and t > 0, then there exists a unique sextic mapping Q : X → Y such
that:

µf(x)−Q(x)(t) ≥ T∞i=1M

(
x,
αi+1t

|n|ki

)
, (4.4)

for all x ∈ X and t > 0, where

M(x, t) := T
(
ψ(x, 0, t), ψ(nx, 0, t), · · · , ψ(nk−1x, 0, t)

)
,

for all x ∈ X and t > 0.
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Proof. First we show, by induction on j, that, for all x ∈ X, t > 0 and j ≥ 1

µf(njx)−n6jf(x)(t) ≥Mj(x, t) = T
(
ψ(x, 0, t), ψ(2x, 0, t), · · · , ψ(nj−1x, 0, t)

)
, (4.5)

putting y = 0 in (6.1) we have

µ2f(nx)−2n6f(x)(t) ≥ ψ(x, 0, t),

then

µf(nx)−n6f(x)(t) ≥ ψ(x, 0, 2t) ≥ ψ(x, 0, t) ∀x ∈ X, t > 0.

This prove (6.5) for j = 1. Assume that (6.5) hold for some j > 1. Replacing y by
0 and x by njx in (6.1) we get

µf(nj+1x)−n6f(njx)(t) ≥ ψ(njx, 0, t), ∀x ∈ X, t > 0. (4.6)

Since |n6| ≤ 1 for n ≥ 2, it follows that

µf(nj+1x)−n6(j+1)f(x)(t) ≥ T
(
µf(nj+1x)−n6f(njx)(t), µn6f(njx)−n6(j+1)f(x)(t)

)
= T

(
µf(nj+1x)−n6f(njx)(t), µf(njx)−n6jf(x)(

t

|n6|
)

)
≥ T

(
µf(nj+1x)−n6f(njx)(t), µf(njx)−n6jf(x)(t)

)
≥ T

(
ψ(njx, 0, t),Mj(x, t)

)
= Mj+1(x, t), ∀x ∈ X, t > 0.

So

µf(njx)−n6jf(x)(t) ≥M(x, t),

holds for all j ≥ 1, in particular, we have

µf(nkx)−n6kf(x)(t) ≥M(x, t), ∀x ∈ X, t > 0. (4.7)

Replacing x by n−(km+k)x in (6.7) and using the inequality (6.2), we have

µ
f

( x

nkm

)
−n6kf

( x

nk+km

)(t) ≥M
( x

nk+km
, t
)
≥M

(
x, αm+1t

)
,

for all x ∈ X, t > 0 and m ≥ 0. Then we have

µ
(n6k)mf

( x

nkm

)
−n6k(n6k)mf

( x

nk(m+1)

)(t) ≥M
(
x,
αm+1t

|n6k|m

)
≥M

(
x,
αm+1t

|nk|m

)
,

for all x ∈ X, t > 0 and m ≥ 0. So

µ
(n6k)mf

( x

nkm

)
−n6k(m+1)f

( x

nk(m+1)

)(t) ≥M
(
x,
αm+1t

|nk|m

)
,

for all x ∈ X and t > 0.

µ
(n6k)mf

( x

nkm

)
−n6k(m+p)f

( x

nk(m+p)

)(t) ≥ Tm+(p−1)
j=m

µ
(n6k)jf

( x

nkj

)
−n6k(j+1)f

( x

nk(j+1)

)(t)


≥ Tm+(p−1)

j=m M

(
x,
αj+1

|nk|j
t

)
,
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for all x ∈ X, t > 0. Since limm→∞ T∞j=mM

(
x,
αj+1

|nk|j
t

)
= 1, for all x ∈ X, t > 0,

it follows that {(n6k)mf

(
x

(nk)m

)
} is a Cauchy sequence in the non-Archimedean

random Banach space (Y, µ, T ). Hence, we can define a mapping Q : X → Y such
that

lim
m→∞

µ
(n6k)mf

(
x

(nk)m

)
−Q(x)

(t) = 1,

for all x ∈ X, t > 0. It follows that for all m ≥ 1, x ∈ X and t > 0.

µ
f(x)−(n6k)mf

(
x

(nk)m

)(t) = µ∑m−1
i=0 (n6k)if

(
x

(nk)i

)
−(n6k)i+1f

(
x

(nk)i+1

)(t)

≥ Tm−1i=0 (µ
(n6k)if

(
x

(nk)i

)
−(n6k)i+1f

(
x

(nk)i+1

)(t))

≥ Tm−1i=0

(
M

(
x,
αi+1

|nk|i
t

))
,

and so

µf(x)−Q(x)(t) ≥ T

µ
f(x)−(n6k)mf

(
x

(nk)m

)(t), µ
(n6k)mf(

x

(nk)m
)−Q(x)

(t)


≥ T

Tm−1i=0 M

(
x,
αi+1

(nk)i
t

)
, µ

(n6k)mf

(
x

(nk)m

)
−Q(x)

(t)

 ,

taking m→∞ we have

µf(x)−Q(x)(t) ≥ T∞i=1M

(
x,
αi+1

(nk)i
t

)
,

which prove (6.4). Since T is continuous, from a well-known result in probabilistic
metric space (see e.g., [35, Chapter 12]) it follows that

limm→∞ µDQf(x,y)(t) =

µQ(nx+y)+Q(nx−y)+Q(x+ny)+Q(x−ny)−(n4+n2)[Q(x+y)+Q(x−y)]−2(n6−n4−n2+1)[Q(x)+Q(y)](t),

for all x, y ∈ X, t > 0, where

DQf(x, y) =(n6k)mf(
nx+ y

nkm
) + (n6k)mf(

nx− y
nkm

) + (n6k)mf(
x+ ny

nkm
) + (n6k)mf(

x− ny
nkm

)

+ (n4 + n2)(n6k)m[f(
x+ y

nkm
) + (f(

x− y
nkm

)]−

2(n6 − n4 − n2 + 1)(n6k)m[f(
x

nkm
) + f(

y

nkm
)].
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On the other hand, replacing x, y by n−kmx, n−kmy in (6.1) and (6.2) we get

µDQf(x,y)(t) ≥ ψ(n−kmx, n−kmy,
t

|n6k|m
)

≥ ψ(n−kmx, n−kmy,
t

|nk|m
)

≥ ψ(x, y,
αmt

|nk|m
),

for all x, y ∈ X, t > 0. Since limm→∞ ψ(x, y, αmt
|nk|m ) = 1, we show that Q is a sextic

mapping. Finally if Q
′

: X → Y is a nother sextic mapping such that

µQ′ (x)−f(x)(t) ≥M(x, t), ∀x ∈ X, t > 0,

then, for all m ∈ N , x ∈ X and t > 0,

µQ(x)−Q′ (x)(t) ≥ T (µQ(x)−(n6k)mf( x

|nk|m
), µ(n6k)mf( x

|nk|m
)−Q′ (x)(t)).

Therefor, we conclude that Q = Q
′

this completes the proof. �

Corollary 4.3. Let K be a non-Archimedean field, X be a vector space over K
and (Y, µ, T ) be non-Archimedean random Banach space over K under the t-norm
T ∈ H. Let f : X → Y be a ψ-approximately sextic mapping. If, for some α ∈ R
with α > 0, and some positive integer k with |nk| < α, n ≥ 2.

ψ(n−kx, n−ky, t) ≥ ψ(x, y, αt),

for all x ∈ X and t > 0. Then there exists a unique sextic mapping Q : X → Y
such that

µf(x)−Q(x)(t) ≥ T∞i=1M(x,
αi+1

|nk|i
),

for all x ∈ X and t > 0, where

M(x, t) := T (ψ(x, 0, t), ψ(nx, 0, t), · · · , ψ(nk−1x, 0, t)),

for all x ∈ X and t > 0.

Proof. Since

lim
j→∞

M(x,
αjt

|nk|j
) = 1,

for all x ∈ X, t > 0 and T is of Hadz̆ić type, it follows that

lim
m→∞

T∞j=mM(x,
αjt

|nk|j
) = 1,

for all x ∈ X and t > 0. Now, if we can apply Theorem 4.2, then we can get the
conclusion. �

Example 4.4. Let (X,µ, TM ) be a non-Archimedean random normed space in
which

µx(t) =
t

t+ ‖x‖
for all x ∈ X and t > 0 and (Y, µ, TM ) be a complete non-Archimedean random
normed space. Define

ψ(x, y, t) =
t

1 + t
.
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It is easy to see that (6.2) holds for α = 1. Also, since M(x, t) =
t

1 + t
, we have

lim
m→∞

T∞M,j=m(x,
αjt

|n|kj
) = lim

m→∞
( lim
i→∞

T iM,j=mM(x,
t

|n|kj
))

= lim
m→∞

lim
i→∞

(
t

t+ |n|km
) = 1,

for all x ∈ X and t > 0.

Let f : X → Y be a ψ-approximately sextic mapping. Thus all the conditions
of Theorem 4.2 hold and so there exists a unique sextic mapping Q : X → Y such
that

µf(x)−Q(x)(t) ≥
t

t+ |nk|
.

5. Intuitionistic random normed spaces

In this section we recall some definitions and results which will be used later in
the paper.

Definition 5.1 ([35, 8, 11]). A mapping T : [0, 1] × [0, 1] → [0, 1] is a continuous
triangular norm (briefly a t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;
(2) T is continuous;
(3) T (a, 1) = a for all a ∈ [0, 1];
(4) T (a, b) ≤ T (c, d) whenewer a ≤ c and b ≤ d.

Typical examples of continuous t-norms are Tp(a, b) = ab, TM (a, b) = min(a, b) and
TL(a, b) = max(a+ b− 1, 0).

Definition 5.2 ([35, 11]). If T is a t-norm, then its dual t-conorm S : [0, 1] ×
[0, 1] −→ [0, 1] is given by

S(x, y) = 1− T (1− x, 1− y).

it is obvious that a t-conorm is a commutative, associative, and monotone operation
on [0,1] with unit element 0.

Definition 5.3 ([8, 28, 11]). A measure distribution function is a function µ :
R −→ [0, 1] which is monotone, nondecreasing, left continuous, infx∈R µ(x) = 0
and supx∈R µ(x) = 1. We denote by D the collection of all measure distribution
functions, and by H a special element of D defined by

H(t) =

{
0 if t ≤ 0,

1 if t > 0.
(5.1)

If X is a nonempty set, then µ : X −→ D is called a probabilistic measure on X
and µ(x) is denoted by µx.

Definition 5.4 ([8, 28, 26]). A non-measure distribution function is a function
ν : R −→ [0, 1] which is non-increasing, right continuous, infx∈R ν(x) = 1 and
supx∈R ν(x) = 0. We denote by B the collection of all non-measure distribution
functions, and by G a special element of B defined by

G(t) =

{
1 if t ≤ 0,

0 if t > 0.
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If X is a nonempty set, then ν : X −→ B is called a probabilistic non-measure
on X and ν(x) is denoted by νx.

Lemma 5.5. ([8]). Consider the set L∗ and the operation ≤L∗ defined by

L∗ = {(x1, x2) : (x1, x2) ∈ [0, 1]2, x1 + x2 ≤ 1}
(x1, x2) ≤L∗ (y1, y2)⇐⇒ x1 ≤ y1, x2 ≥ y2,∀(x1, x2), (y1, y2) ∈ L∗

then (L∗,≤L∗) is a complete lattice ([44, 45]). We denote the units by 0L∗ = (0, 1)
and 1L∗ = (1, 0).

Definition 5.6 ([28]). A triangular norm (t-norm) on L∗ is a mapping τ : (L∗)2 −→
L∗ satisfying the following conditions:

(1) ∀x ∈ L∗, τ(x, 1L∗) = x (boundary condition) ;
(2) ∀(x, y) ∈ (L∗)2, τ(x, y) = τ(y, x) (commutativity) ;
(3) ∀(x, y, z) ∈ (L∗)3, τ(x, τ(y, z)) = τ(τ(y, x), z) (associativity) ;
(4) ∀(x, x′, y, y′) ∈ (L∗)4, x ≤L∗ x′, y ≤L∗ y′ =⇒τ(x, y) ≤L∗ τ(x′, y′) (mono-

tonicity).
If (L∗,≤L∗ , τ) is an Abelian topological monoid with unit 1L∗ , then τ is
said to be a continuous t-norm.

Definition 5.7 ([28]). A continuous t-norm τ on L∗ is said to be continuous t-
representable if there exists a continuous t-norm ∗ and a continuous t-conorm � on
[0, 1] such that for all x = (x1, x2), y = (y1, y2) ∈ L∗,

τ(x, y) = (x1 ∗ y1, x2 � y2).

For example,
τ(a, b) = (a1b1,min{a2 + b2, 1})

and
M(a, b) = (min{a1, b1},max{a2, b2})

for all a = (a1, a2), b = (b1, b2) ∈ L∗ are continuous t-representable. Now, we define
a sequence τn recursively by τ1 = τ as

τn(x(1), ..., x(n+1)) = τ(τn−1(x(1), ..., x(n)), x(n+1)), ∀n ≥ 2, xi ∈ L∗.

Definition 5.8 ([26, 28]). A negator on L∗ is any decreasing mapping N : L∗ −→
L∗ satisfying N (0L∗) = 1L∗ and N (1∗L) = 0∗L. If N (N (x)) = x for all x ∈ L∗,
then N is called an involutive negator. A negator on [0, 1] is a decreasing mapping
N : [0, 1] −→ [0, 1] satisfying N(0) = 1 and N(1) = 0. Ns denotes the standard
negator on [0, 1] defined by Ns(x) = 1− x, ∀x ∈ [0, 1].

Definition 5.9 ([8]). Let µ and ν be measure and non-measure distribution func-
tions from X× (0,+∞) to [0, 1] such that µx(t)+νx(t) ≤ 1 for all x ∈ X and t > 0.
The triple (X, ρµ,ν , τ) is said to be an intuitionistic random normed spaces (briefly
IRN-spaces) if X is a vector spaces, τ is a continuous t-representable, and ρµ,ν is
a mapping X × (0,+∞) −→ L∗ satisfying the folowing conditions: for all x, y ∈ X
and t, s > 0,

(1) ρµ,ν(x, 0) = 0L∗ ;
(2) ρµ,ν(x, t) = 1L∗ if and only if x = 0;
(3) ρµ,ν(αx, t)= ρµ,ν(x, t

|α| ) for all α 6= 0;

(4) ρµ,ν(x+ y, t+ s) ≥L∗ τ(ρµ,ν(x, t), ρµ,ν(y, s)).
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In this case, ρµ,ν is called an intuitionistic random norm. Here ρµ,ν(x, t) = (µx(t), νx(t)).

Example 5.10 ([8]). Let (X, ‖.‖) be a normed space. Let τ(a, b) = (a1b1,min(a2 +
b2, 1)) ∀a = (a1, a2), b = (b1, b2) ∈ L∗ and µ, ν be measure and non-measure
distribution functions defined by

ρµ,ν(x, t) = (µx(t), νx(t)) = (
t

t+ ‖x‖
,
‖x‖

t+ ‖x‖
),

∀t ∈ R. Then (X, ρµ,ν , τ) is an IRN-space.

Definition 5.11 ([28]). Let (X, ρµ,ν , τ) be an IRN-space.

(1) A sequence {xn} in X is said to be convergent to a point x ∈ X denoted by

({xn}
ρµ,ν−→x) if, ρµ,ν(xn − x, t) −→ 1L∗ as n −→∞ for every t > 0.

(2) A sequence {xn} in X is called a Cauchy sequence if, for every ε > 0 and
t > 0, there exists a positive integer n0 ∈ N such that ρµ,ν(xn− xm, t) >L∗
(Ns(ε), ε) ∀n,m ≥ n0 where Ns is a standard negator.

(3) An IRN-space (X, ρµ,ν , τ) is said to be complete if and only if every Cauchy
sequence in X is convergent to a point in X.

6. Hyers-Ulam Stability of the sextic functioal equation(1.5) by
direct method

In this section, using the direct method, we prove the generalized Hyers-Ulam
stability of the sextic functional equation (1.5) in complete IRN-spaces.

Theorem 6.1. Let X be a real linear space and (Y, ρµ,ν , τ) be a complete IRN-
space and f : X −→ Y be a mapping with f(0) = 0 for which there is a map
ξ : X2 −→ D+ and a map ζ from X2 to the space of non-measure distribution
functions. ξ(x, y) is denoted by ξx,y, ζ(x, y) is denoted by ζx,y and (ξx,y(t), ζx,y(t))
denoted by Qξ,ζ(x, y, t) with the property

ρµ,ν(Dsf(x, y), t) >L∗ Qξ,ζ(x, y, t), (6.1)

where

(Dsf(x, y), t) := (f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny)

− (n4 + n2)[f(x+ y) + f(x− y)]− 2(n6 − n4 − n2 + 1)[f(x) + f(y)], t),

for all x, y ∈ X and t > 0. If

lim
j−→∞

τ∞i=1(Qξ,ζ(n
i+j−1x, 0, 2n6j+5it) = 1L∗ , (6.2)

and

lim
m→∞

Qξ,ζ(n
mx, nmy, n6mt) = 1L∗ , (6.3)

for all x, y ∈ X and t > 0, then there exists a unique sextic mapping S : X −→ Y
satisfying equation (1.5) and the inequality

ρµ,ν(f(x)− S(x), t) ≥L∗ τ∞i=1(ni−1x, 0, 2n5it), (6.4)

for all x ∈ X and t > 0.
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Proof. Letting y = 0 in (6.1) we get

ρµ,ν(f(nx)− n6f(x), t) ≥L∗ Qξ,ζ(x, 0, 2t), (6.5)

for all x ∈ X. Then we get

ρµ,ν(
f(nx)

n6
− f(x), t) ≥L∗ Qξ,ζ(x, 0, 2n6t), (6.6)

therefore,

ρµ,ν(
f(nk+1x)

n6k+6
− f(nkx)

n6k
, t) ≥L∗ Qξ,ζ(nkx, 0, 2n6k+6t), (6.7)

that is

ρµ,ν(
f(nk+1x)

n6k+6
− f(nkx)

n6k
,

t

nk+1
) ≥L∗ Qξ,ζ(nkx, 0, 2n5(k+1)t), (6.8)

for every k ∈ N , t > 0, n positive integer, n > 1. As

1 >
1

n
+

1

n2
+

1

n3
+ ...+

1

nk
,

by the triangle inequality for x ∈ X, t > 0, n > 1 it follows:

ρµ,ν(
f(nmx)

n6m
− f(x), t) ≥L∗ ρµ,ν(

f(nmx)

n6m
− f(x),

m−1∑
k=0

1

nk+1
t)

≥L∗ τm−1k=0

(
ρµ,ν(

f(nk+1x)

n6k+6
− f(nkx)

n6k
,

1

nk+1
t)

)
≥L∗ τm−1k=0 (Qξ,ζ(n

kx, 0, 2n5k+5t))

= τmi=1

(
Qξ,ζ(n

i−1x, 0, 2n5it)
)
. (6.9)

In order to prove the convergence of the sequence { f(n
jx)

n6j }, we replace x with njx

and multiply the left hand of (6.9) by n6j

n6j ,

ρµ,ν

(
f(nm+jx)

n6m+6j
− f(njx)

n6j
, t

)
≥L∗ τmi=1

(
Qξ,ζ(n

j+i−1x, 0, 2n6j+5it)
)
. (6.10)

Since the right hand side of the inequality (6.10) tends to 1 as m and j tend to

infinity, the sequence { f(n
jx)

n6j } is a Cauchy sequence. Therefore, we may define

S(x) = lim
j−→∞

f(njx)

n6j
,

for all x ∈ X.
Replacing x, y with nmx and nmy, respectively, in (6.1) then multiplying the

right hand side by n6m

n6m , it follows that:

ρµ,ν(
1

n6m
Dsf(nmx, nmy), t) ≥L∗ Qξ,ζ(nmx, nmy, n6mt),

for all x, y ∈ X, and positive integer n, n > 1. Taking the limit as m→∞ we find
that S satisfies (1.5), that is, S is a sextic mapping. To prove (6.4) take the limit
as m→∞ in (6.9).
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Finally, to prove the uniqueness of the sextic function S, let us assume that there
exists a sextic function r which satisfies (6.4) and equation (1.5). Therefore

ρµ,ν(r(x)− S(x), t) =ρµ,ν(r(x)− f(njx)

n6j
+
f(njx)

n6j
− S(x), t) ≥L∗

τ(ρµ,ν(r(x)− f(njx)

n6j
,
t

2
), ρµ,ν(

f(njx)

n6j
− S(x),

t

2
)).

Taking the limit as j →∞, we find ρµ,ν(r(x)−S(x), t) = 1L∗ . Therefore r = S. �

Corollary 6.2. Let (X, ρ′µ′,ν′ , τ) be an IRN-space and (Y, ρµ,ν , τ) be a complete
IRN-space. If f : X −→ Y be a mapping satisfying

ρµ,ν(Dsf(x, y), t) >L∗ ρ
′
µ′,ν′(x+ y, t), (6.11)

for all x, y ∈ X, t > 0 in which

lim
j−→∞

τ∞i=1(ρ′µ′,ν′ , (x, 0, 2n
4i+5j+1t)) = 1L∗ , (6.12)

for all x, y ∈ X and t > 0. Then there exists a unique sextic mapping S : X −→ Y
such that

ρµ,ν(f(x)− S(x), t) >L∗ τ
∞
i=1(ρ′µ′,ν′(x, 0, 2n

4i+1t)),

for every x ∈ X, and t > 0.

Proof. It is enough to put,

Qξ,ζ(x, y, t) = ρ′µ′,ν′(x+ y, t),

for all x, y ∈ X and t > 0, the corollary immediate from Theorem 6.1. �

Example 6.3. Let (X, ‖.‖) be a Banach algebra space and (X, ρ′µ′,ν′ ,M) be an
IRN-space in which

ρ′µ′,ν′(x, t) = (
t

t+ |2(n2 + n4 − 2n6)|(‖x‖+ 1)
,
|2(n2 + n4 − 2n6)|(‖x‖+ 1)

t+ |2(n2 + n4 − 2n6)|(‖x‖+ 1)
),

for all x, y ∈ X and t > 0 and let (Y, ρµ,ν ,M) be a complete IRN-space in which

ρµ,ν(x, t) = (
t

t+ ‖x‖
,
‖x‖

t+ ‖x‖
),

for all x, y ∈ X and t > 0. Define the mapping f : X −→ Y by f(x) = x6 + x0
for all x ∈ X where x0 is a unit vector in X. A straightforward computation shows
that

ρµ,ν(Dsf(x, y), t) ≥L∗ ρ′µ′,ν′(x+ y, t),

for all x, y ∈ X and t > 0. Also we have

lim
j−→∞

M∞i=1(ρ′µ′,ν′(x, 0, 2n
4i+5j+1t)) = lim

j−→∞
lim

m−→∞
Mm
i=1(ρ′µ′,ν′(x, 0, 2n

4i+5j+1t))

= lim
j−→∞

lim
m−→∞

ρ′µ′,ν′(x, 0, 2n
5+5jt))

= lim
j−→∞

ρ′µ′,ν′(x, 0, 2n
5+5jt)) = 1L∗ ,

for all x ∈ X and t > 0. Therefore, there exists a unique sextic mapping S : X −→
Y such that

ρµ,ν(f(x)− S(x), t) ≥L∗ ρ′µ′,ν′(x, 0, 2n5t)
for all x ∈ X and t > 0.
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7. Hyers-Ulam Stability of the sextic functioal equation(1.5) by
fixed point method

In this section, using the fixed point method, we prove the generalized Hyers-
Ulam stability of the sextic functional equation (1.5) in complete IRN-spaces. Also,
we present some corollaries related to our result. Before giving the main result, we
present a definition and a theorem will be used later.

Definition 7.1 ([9]). Let X be a set. A function d : X ×X −→ [0,∞] is called a
generalized metric on X if d satisfies

(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

We recall a fundamental result in fixed point theory.

Theorem 7.2 ([9, 5]). Let (X, d) be a complete generalized metric spaces and let
J : X −→ X be a strictly contractive mapping with Lipschitz constant α < 1. Then
for each given element x ∈ X, either

d(Jnx, Jn+1x) =∞

for all nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx, Jn+1x) <∞, ∀n ≥ n0;
(2) the sequence {Jnx} converges to a fixed point y∗ of J ;
(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X|d(Jn0x, y) <∞};
(4) d(y, y∗) 6 1

1−αd(y, Jy) for all y ∈ Y .

Now we present the main result in this section

Theorem 7.3. Let X be a real liner space and (Y, ρµ,ν ,M) be a complete IRN-
space and f : X −→ Y be a mapping with f(0) = 0 for which there is a map
ξ : X2 −→ D+ and a map ζ from X2 to the space of non-measure distribution
functions. ξ(x, y) is denoted by ξx,y, ζ(x, y) is denoted by ζx,y and (ξx,y(t), ζx,y(t))
is denoted by Qξ,ζ(x, y, t) with the property

Qξ,ζ(nx, ny, αt) ≥L∗ Qξ,ζ(x, y, t), 0 < α < n6

and

ρµ,ν(Dsf(x, y), t) >L∗ Qξ,ζ(x, y, t) (7.1)

for all x, y ∈ X , and t > 0. Where

(Dsf(x, y), t) := (f(nx+ y) + f(nx− y) + f(x+ ny) + f(x− ny)

− (n4 + n2)[f(x+ y) + f(x− y)]− 2(n6 − n4 − n2 + 1)[f(x) + f(y)], t)

for all x, y ∈ X and t > 0. Then there exists a unique sextic mapping g : X −→
Y such that

ρµ,ν(f(x)− g(x), t) >L∗ Qξ,ζ(x, 0, 2(n6 − α)t) (7.2)

for all x ∈ X and t > 0. Moreover, we have

g(x) = lim
m−→∞

f(nmx)

n6m
.
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Proof. Let y = 0 in (7.1) we get

ρµ,ν(2f(nx)− 2n6f(x), t) ≥L∗ Qξ,ζ(x, 0, t), (7.3)

for all x ∈ X and t > 0 and hence

ρµ,ν(
f(nx)

n6
− f(x), t) ≥L∗ Qξ,ζ(x, 0, 2n6t). (7.4)

Consider the set

E := {g : X → Y : g(0) = 0},
and the mapping dG defined on E × E by

dG(g, h) = inf
{
ε > 0 : ρµ,ν(g(x)− h(x), εt) ≥L∗ Qξ,ζ(x, 0, 2n6t)

}
,

for all x ∈ X, t > 0. Then (E, dG) is a complete generalized metric space (see the
proof of [18, lemma 2.1]). Now, let us consider the linear mapping J : E → E
defined by

Jg(x) =
g(nx)

n6
.

Now, we show that J is a strictly contractive self-mapping of E with the Lipschitz
costant k = α

n6 . Indeed, let g, h ∈ E be the mappings such that dG(g, h) < ε. Then
we have

ρµ,ν(g(x)− h(x), εt) ≥L∗ Qξ,ζ(x, 0, 2n6t),
for all x ∈ X and t > 0 and hence

ρµ,ν(Jg(x)− Jh(x),
εαt

n6
) = ρµ,ν(

g(nx)

n6
− h(nx)

n6
,
εαt

n6
)

= ρµ,ν(g(nx)− h(nx), αεt)

≥L∗ Qξ,ζ(nx, 0, 2αn6t),

for all x ∈ X and t > 0. Since

Qξ,ζ(nx, ny, αt) ≥L∗ Qξ,ζ(x, y, t), 0 < α < n6,

we have

ρµ,ν(Jg(x)− Jh(x),
εαt

n6
) ≥L∗ Qξ,ζ(x, 0, 2n6t),

that is,

dG(g, h) < ε =⇒ dG(Jg, Jh) <
α

n6
ε.

This means that

dG(Jg, Jh) <
α

n6
dG(g, h),

for all g, h ∈ E. Next, from

ρµ,ν

(
f(nx)

n6
− f(x), t

)
≥L∗ Qξ,ζ(x, 0, 2n6t),

follows that dG(f, Jf) ≤ 1. Using the Theoreme (7.1), there exists a fixed point of
J , that is, there is a mapping g : X −→ Y such that g(nx) = n6g(x) for all x ∈ X.
Since, for all x ∈ X and t > 0,

dG(u, v) < ε =⇒ ρµ,ν(u(x)− v(x), t) ≥L∗ Qξ,ζ(x, 0,
2n6t

ε
).
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It follows from dG(Jnf, g) −→ 0 that limm−→∞
f(nmx)
n6m = g(x) for all x ∈ X. Also

from

dG(f, g) ≤ 1

1− L
d(f, Jf),

for all g, h ∈ E. Then dG(f, g) ≤ 1
1− α

n6
. It immediately follows that

ρµ,ν

(
g(x)− f(x),

n6

n6 − α
t

)
>L∗ Qξ,ζ(x, 0, 2n

6t),

for all x ∈ X and t > 0. This means that

ρµ,ν(g(x)− f(x), t) >L∗ Qξ,ζ(x, 0, 2(n6 − α)t),

for all x ∈ X and t > 0. Finally, the uniqueness of g follows from the fact that g is
the unique fixed point of J such that there exists C ∈ (0,∞) such that

ρµ,ν(g(x)− f(x), Ct) >L∗ Qξ,ζ(x, 0, 2n
6t),

for all x ∈ X and t > 0. This completes the proof. �

Corollary 7.4. Let (X, ρ′µ′,ν′ ,M) be an IRN-space and (Y, ρµ,ν ,M) be a complete
IRN-space and f : X −→ Y be a mapping satisfying

ρµ,ν(Dsf(x, y), t) >L∗
(

t

t+ ‖x+ y‖
,
‖x+ y‖

t+ ‖x+ y‖

)
, (7.5)

for all x, y ∈ X, t > 0. Then there exists a unique sextic mapping S : X −→
Y satisfying (1.5) and

ρµ,ν(f(x)− s(x), t) >L∗
(

2(n6 − α)t

2(n6 − α)t+ ‖x‖
,

‖x‖
2(n6 − α)t+ ‖x‖

)
,

for every x ∈ X, t > 0, and n positive integer. Moreover, we have

S(x) = lim
m−→∞

f(nmx)

n6m
.

Proof. It is enough to put,

Qξ,ζ(x, y, t) =

(
t

t+ ‖x+ y‖
,
‖x+ y‖

t+ ‖x+ y‖

)
,

for all x ∈ X, and t > 0 in Theorem 7.3. Then we can choose n < α < n6 and so
we get the desired result. �

Corollary 7.5. Let (X, ρ′µ′,ν′ ,M) be an IRN-space and (Y, ρµ,ν ,M) be a complete
IRN-space and f : X −→ Y be a mapping satisfying

ρµ,ν(Dsf(x, y), t) >L∗
(

1− ‖x+ y‖
t+ ‖x+ y‖

, 1− t

t+ ‖x+ y‖

)
,

for all x, y ∈ X, and t > 0. Then there exists a unique sextic mapping S : X −→ Y
satisfying (1.5) and

ρµ,ν(f(x)− S(x), t) >L∗
(

1− ‖x‖
2(n6 − α)t+ ‖x‖

, 1− 2(n6 − α)t

2(n6 − α)t+ ‖x‖

)
,

for every x ∈ X, t > 0, and n positive integer. Moreover, we have

S(x) = lim
m−→∞

f(nmx)

n6m
.
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Proof. It is enough to put,

Qξ,ζ(x, y, t) =

(
1− ‖x+ y‖

t+ ‖x+ y‖
, 1− t

t+ ‖x+ y‖

)
,

for all x, y ∈ X, and t > 0 in Theorem 7.3. Then we can choose n < α < n6 and so
we get the desired result. �
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