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STABILITY OF THE SEXTIC FUNCTIONAL EQUATION IN
VARIOUS SPACES

SHAYMAA ALSHYBANI, S. MANSOUR VAEZPOUR, REZA SAADATI

ABSTRACT. In this paper, we have established generalized Hyers-Ulam stabil-
ity of the following sextic functional equation

fnz +y) + f(nx —y) + fz +ny) + f(z = ny) = (0" +0)[f(@ +y) + fz —y)]
+2(n® —n' —n® +1)[f(2) + fB)],

in non-Achimedean random normed spaces via direct method and in intuition-
istic random normed spaces via direct and fixed point methods.

1. INTRODUCTION

In some situations we cannot associate an exact value as a norm of a vector
and random norm is a suitable substitute in these cases. The concept of a random
normed space, in which the values of the norms are probability distribution func-
tions rather than numbers, was introduced by Sherstnev in [29] and extended by
Alsina, Schweizer and Sklar in [J.

A basic question in the theory of functional equations is as follows: when is it
true that a function, which approximately satisfies a functional equation, must be
close to an exact solution of the equation?

If the problem accepts a unique solution, we say the equation is stable. This
is called the stability problem of functional equations which was raised by Ulam
[36] in 1940. In 1941, Hyers [14] solved the problem of Ulam. This result was
generalized by Aoki [2] for additive mappings and by Rassias [25] for linear map-
pings by considering an unbounded Cauchy difference. The terminology Hyers-
Ulam-Rassias stability originates from this historical background. Several stabil-
ity problems for various functional equations have been investigated by numerous
mathematicians, and there are many interesting results concerning this problem
(see, e.g.,[3L 5L 6, (7, @] 10 (111 [15] [0} 17, 20] 23] 25] B0, B32] B3] B4, 42], 43], [46]). Also
the generalized Hyers-Ulam stability of different functional equations in random
normed spaces, intuitionistic fuzzy normed and various spaces has been studied
by many authors (see, e.g., [, 18, 19, 22| 28| 38, B9, 40, (41l 47, [48]). Saadati,
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Vaezpour, and Park [28] proved the Hyers-Ulam stability of the following cubic
functional equation

fRr+y)+ f(2x —y) =2f(x +y) +2f(z —y) + 12f (), (1.1)

in various spaes. The general solution and the generalized Hyers-Ulam stability of
the quartic functional equations

16f (2 + 4y) + f(4x —y) = 306[9f (2 + )+f( +2y)]
+136f(z —y) — 1394f (2 + y) + 425f(y ) — 1530f (x), (1.2)

was introduced and investigated by Rassias et al., [26] in intuitionistic and non-
Archimedean random normed spaces. The solution and the generalized Hyers-Ulam
stability of quintic functional equation

flz+3y) —5f(z+2y) +10f(z +y)—
10f(z) +5f(x —y) — f(x — 2y) = 120y, (1.3)
and sextic functional equation
f@+3y) —6f(z+2y) +15f(z +y) — 20f(z) + 15f(z — y)
—6f(z —2y) + f(z — 3y) =720/ (y), (1.4)
was investigated in non-Archimeadean fuzzy normed spaces by Xu et al., [37] via
fixed point method.

The general solution and the generalized Hyers-Ulam stability of a sextic func-
tional equation

fna +y) + f(nz —y) + f(z +ny) + f@ —ny) = (" +n®)[f(z +y) + flz - y)]
+2(n® —nt —n® + [f(x) + f(y)], (1.5)

in paranormed spaces was discussed by Ravi and Sabarinathan [27].

In this paper, we present the generalized Hyers-Ulam stability of the sextic func-
tional equation by direct method in non-Archimedean random normed spaces
and by direct and fixed point methods in intuitionistic random normed spaces and
provide some corollaries and illustrative examples related to our results.

2. PRELIMINARIES

In this section we recall some definitions and results which will be used later in
the paper.

Definition 2.1 ([35, 8, 11]). A mapping T : [0,1] x [0,1] — [0,1] is a continuous
triangular norm (briefly a t-norm) if T satisfies the following conditions:
(1) T is commutative and associative;
(2) T is continuous;
(3) T(a,1)=a for alla € [0,1];
(4) T(a,b) < T(c,d) whenewer a < c¢ and b <d. Va,b,c € [0,1]

Example 2.2 ([I1], B5]). The following are the four basic t-norms:

(1) Minimum t-norm Tpy given by Ta(x,y) = min(zx, y),
(2) product t-norm Tp given by Tp(z,y) = x.y,
(3) Lukasiewice t-norm Ty, given by Tr(x,y) = max(x +y — 1,0),
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(4) Weakest t-norm (drastic product) Tp given by

min(r,y)  if max(r,y) = 1,

0 0.W.

TD(xay) = {

If T is a t-norm, then a:(;) is defined for every z € [0,1] and n € N U {0} by
1, ifn = 0and T(z"",2), if n > 1. A t-norm T is said to be of Hadzi¢-type
(denoted by T' € H) if the family {xg?)}neN is equicontinuous at x = 1, that is, for
any € € (0,1), there exists § € (0,1) such that

x>1—6:>acg,7)>1—5 Vn > 1.

The t-norm T}y is a trivial example of HadZi¢ type but T}, is not of Hadzi¢ type
(see [111 ).
Other important triangular norms are (see [12]):

(1) the Sugeno-Weber family {T{" }ye(—1,00), defined by TV = Tp, TSV =

Tp and
r+y—1+4+ Ay
_— A€ (—1,00).
T ; A€ (-100)

(2) the Domby family {T){D},\E[Om], defined by Tp, if A =0, Ty, if A = co and

1
T (x,y) = =, A€ (0,00).

AP I-yya)

L (5520 + (552

(3) the Aczel-Alsina family {T{} \¢(0,00] defined by Tp, if A = 0, Thy, if A = oo
and

T (2,9) = max <O,

—(11 A4l A %
T (2,y) = e (osel+1losy™) > 1\ € (0, o0),
A t-norm T can be extended (by associativity) in a unique way to an n-array
operation taking for (z1,za,...,x,) € [0,1]™ the value T'(x1,x2, ..., x,) defined by
Tiozlxi =1, T,z =T (Ti":_llxi,xn) =T(x1,x2, ..., Ty).
T can also be extended to a countable operation taking for any sequence {x,, }nen
in [0,1]. Moreover,

T2z = nli_)rnoo T ;. (2.1)

The limit on the right-hand side of (2.1) exists since the sequence {T}2 z;}nen is
nonincreasing and bounded from below.

Proposition 2.3. [12] [11]
1. for T > Ty, the following implication hold:

o0
dim Tz =1+ D (1 —a,) < oo
n=1
2. If T is of Hadzic-type, then lim, o T xpy; = 1 for every sequence
{zp}nen in [0,1] such that

lim =z, =1.
n—oo
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3. If T € {T{M} xe0,00) U {TP }re(0,00), then

oo
n@@ T2 i = 1 = Z:l(l —x,)" < 00.
n—

4. If T € {T/{SVW})\G[,LOO), then

oo
n@m TX Tpti = 1 <= Z(l — ) < 0.
n=1

Let AT denote the spaces of all distribution functions, that is, the spaces of
all mappings f : RU {—o00,4+00} — [0,1] such that f monotone, nondecreasing,
left continuous, f(0) = 0 and f(4+o00) = 1. DV is a subset of AT consisting of all
functions f € AT for which £~ f(+00) = 1, where L~ f(x) denotes the left limit of
the functon f at the point x, that is, L~ f(z) = lim;_,,- f(t). The spaces AT is
partially ordered by the usual point -wise ordering of functions , i.e., F' < G if and
only if F(t) < G(t) for all ¢t € R. The maximal element for AT in this order is the
distribution function Hy given by

0 ift<0
Ho(t) = =%
o(?) {1 ift> 0.

3. NON-ARCHIMEADEAN RANDOM NORMED SPACES

By a non-Archimedean field we mean a field K equipped with a function (valu-
ation) |.| from K in to [0,00) such that

1. |r| = 0 if and only if r = 0;

2. |rs| = Irllsl;
3. |r+ s| < max{|r|,|s|} for all r,s € K.
clearly [1] = | — 1| =1 and |n| <1 for all n > 1. By the trivial valuation, we mean

the mapping |.| taking everything but 0 into 1 and |0] = 0. Let X be a vector space
over a field K with a non-Archimedean nontrivial valuation |.|, that is, there exists
ap € K such that |ag| is not in {0, 1}.
The most important examples of non-Archimedean spaces are P-adic numbers. In
1897, Hensel [13] discovered the P-adic numbers as a number theoretical analogue
of power series in complex analysis. Fix a prime number p.
For any nonzero rational number z, there exsits a unique integer n, € Z such that
r = §P", where a and b are integers not divisible by P. Then |z|p := P™"=
defines a non-Archimedean norm on Q. The completion of Q with respect to the
metric d(x,y) = |z —y|p is denoted by Q,, which is called the P-adic number field.
A function ||.|| : X — [0, 00) is called a non-Archimedean if it satisfies the following
conditions:

1. |||l = 0 if and only if z = 0;

2. for any r € K, z € X, [|rz| = |r|l|z||;

3. the strong triangle inequality (ultrametric), namely,

2 +yll < max{{lz[, lyl[}, Va,yeX
Then (X, |.]]) is called a non-Archimedeam normed space. Due to the fact that

[0 = @m|| < max{|[zj11 — 2] :m < j <n—1}
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for all n,m > 1 with n > m, a sequence {z,} is a cauchy sequence in X if and
only if {z,+1 — x,} converges to zero in a non-Archimedean normed space. By
a complete non-Archimedean normed space, we mean one in which every Cauchy
sequence is convergent.

Definition 3.1 ([8, B1]). A non-Archimedean random normed space (briefly, non-
Archimedean RN-space) is a triple (X, u,T), where X is a Linear space over a
non-Archimedean field IC, T is a continuous t-norm, and u is a mapping from X
into DT such that the following conditions hold:
(1) pg(t) = Ho(t) for allt > 0 if and only if x = 0;
(2) praz(t) = ;LT(|—) forallz € X, t>0 and a # 0;
e
(3) poty(max{t,s}) > T (uz(t), uy(s)) for all z,y € X and t,s > 0. It is easy
to see that, if (3) holds, then so is

(4) :uery(t +5) > T(pa(2), :uy(s))'

Example 3.2. As a classical example, if (X, ].|]) is a non-Archimedean normed
linear space, then the triple (X, u, Tar), where

0 of t<|xl;
paly = 0=
Loif > ],
is a non-Archimedean RN-space.

Example 3.3. Let (X, ].||) be a non-Archimedean normed linear space. Define
t
pra(t) = =,
t+ ||z
forallz € X andt > 0. Then (X, u, Tar) is a non-Archimedean RN-space.
Definition 3.4 ([8,131]). Let (X,u,T) be a non-Archimedean RN-space. Let {x,}
be a sequence in X.

(1) The sequence {x,} is said to be convergent if there exists x € X such that

lim Mwn—w(t) =1,

n—oo

fort > 0. In this case, the point x is called the limit of the sequence {x,}.
(2) The sequence {x,} in X is called a Cauchy sequence if, for any ¢ > 0 and
t > 0, there exists ng > 1 such that, for alln > ng and p >0

U$n+p—$n (t) >1-—e

(3) If each Cauchy sequence in X 1is convergent, then the random space is said
to be complete and the non-Archimedean RN-space (X, u,T) is called a
non-Archimedean random Banach space.

Remark ([8]). Let (X, u,Ta) be a non-Archimedean RN-space. Then we have

Hap i fy—zr (t) > min{/”’mn+j+17mn+]’ (t) :J=0,1,2,---,P— 1}'

Thus, the sequence {x,} is a Cauchy sequence in X if, for any € > 0 and t > 0,
there exists ng > 1 such that, for all n > ng,

Hapir—z, (t) >1-—e.
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4. HYERS—ULAM STABILITY OF THE SEXTIC FUNCTIONAL EQUATION (1.5)) IN
NON-ARCHIMEDEAN RANDOM NORMED SPACES.

Let K be a non-Archimedean field, X be a vector space over K and (Y, u,T) be
a non-Archimedean random Banach space over K. The functional equation

fnx +y) + f(nz —y) + f(z+ny) + flz —ny) = (n* +n?)[f(x+y) + flz —y)]
+2(nS —n* =02+ 1)[f(z) + f(¥)],

is called the sextic functional equation since the function f(z) = cz% is a solution.

We investigate the stability of the sextic functional equation, where f is a
mapping from X to Y and f(0) = 0. It is well known that a function f satisfies
the above functional equation if and only if it is sextic. Next we define a random
approximately sextic mapping. Let 9 be a distribution function on X x X x [0, 00)
such that ¢ (zx,y,.) is nondecreasing and

t
—) VreX,c#0

1[)(0.%’,Cy,t) > ’(ﬂ(!E,{lﬁ ‘C|

Definition 4.1. A mapping f: X — Y is said to be y-approximately sextic if

LD, f(ay)(t) > U(2,y,t), Vr,yeX,t>0, (4.1)

where

Dsf(x,y) := f(ne +y) + f(nx —y) + f(z +ny) + f(z —ny)
— (' +n?)[f(@+y) + fle—y)] = 2(n° —n' =0 + D[f (@) + ()],

for all z,y € X and t > 0. In this section, we assume that n # 0 ( i.e. the
characteristic of K is not 0).

Theorem 4.2. Let K be a non-Archimedean field, X be a linear space over K and
(Y, 1, T) be a non-Archimedean random Banach space over K. Let f : X — Y be
a Y-approximately sextic function. If, for some a € R with @ > 0 and for some
positive integer k with |n*| < a, n >2,n € N.

a0y, 1) > P(,2,at), (42)
and
. o alt _

forallxz € X andt > 0, then there exists a unique sextic mapping Q : X — Y such
that:

- a'tlt
fif(@)-Q) (t) = T2 M (x, Tl > ; (4.4)
forallz € X andt > 0, where
M(z,t):=T (z/;(:n, 0,t),¥(nx,0,t),- - ,w(nkflx, 0, t)) ,

forallxz € X andt > 0.
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Proof. First we show, by induction on j, that, forallz € X, ¢ >0and j > 1
[ (niz)—nsi f(z) (8) = Mj(@,t) =T (¢(x,0,t),9(22,0,t),- -+ ,(n’"'x,0,t)), (4.5)
putting y = 0 in we have
M2 f (na)—2ns f (=) (1) = (2, 0,1),
then
Lf (na)—ns f(z)(t) > U(2,0,2t) > 9(2,0,t) Vo e X,t>0.

This prove (6.5]) for j = 1. Assume that (6.5)) hold for some j > 1. Replacing y by
0 and = by n’z in (6.1) we get

Hf(ni+tlz)—nb f(niz) (t) > ¢(nj31‘,07t), Ve X,t>0. (46)
Since [n8| <1 for n > 2, it follows that
[ (ni+12)—n6G+ £y () = T (g (ni+12) 06 f(niw) ()5 B f () —ns 1) £ () (£))
t
=T (l’“‘f(n”lﬂf)—"f’f(njﬂc)(t)7 Mf(njﬂf)—ne’jf(-@)(w)>
>T (/if(nj‘*'lm)—nﬁf(njw) (t)a Hf(nix)—nbi f(x) (t))
>T (w(njx, 0,t), Mj(x,t))
= j+1<.’17,t), Vre X,t>0.
So
Hf(niw)—nsi f(a) (t) > M (2, 1),

holds for all j > 1, in particular, we have

qu(nkw)_nﬁkf(x)(t) > M(ll?,t), Ve e X,t>0. (47)

Replacing = by n~*7"+k)g in (6.7) and using the inequality (6.2), we have
x
H € €T (t) 2 M (77t) Z M x,aerlt )
() ot (e Y ( )
n n
forall z € X, t > 0 and m > 0. Then we have
am+1t Oém+1t
p x x (t)>M(x’6k7n>>M(x’km)’

(nS*) f<W>—n6k(n6k) f(m) || ||

forall z € X, ¢t >0 and m > 0. So

( ) Oém+1t
(%) f(nTm)*“G“ “)f(m> Il

forall z € X and ¢t > 0.

O s () o)

j+1
m+(p—1) o’
Z T]:m M (‘T7 ’I’Lk|-7t) )

H 6k)m 737 6k(m+p) 71‘
(noF)m™ f nkm - f nk(m+p)
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J+1

for all z € X, t > 0. Since limy, o0 152, M (z, T
[nk 7

t)l,foralleX,t>0,

it follows that {(n%*)™ f < ( ;f) >} is a Cauchy sequence in the non-Archimedean
nt m

random Banach space (Y, i, T). Hence, we can define a mapping @ : X — Y such

that

moo <n6k)mf<(nk)m>—cz(x>

for all x € X, ¢t > 0. It follows that for all m > 1, z € X and t > 0.

H oo e O=n_._, o) (Gk)w(x)“)
(nk)m i=0 (nk)z (nk)iJrl
>7m-l

= *4i=0

K movyis (%) (noRyi+Lf (#) (1))

. aitl
=1t (M (o gt )

and so

() -Qx) (t) =T K t

H T (t)nu xT ( )
f(z)—(nﬁk)mf<W> (n®F)m f( (nk)m )—Q(x)

1 ai+1
>T | T "M —t
= i=0 <1'7 (nk)z ) ’M(nﬁk)mf<

taking m — oo we have

X (t) ’
(nk)m)‘Q(“')

az+1
ff@)-Q)(t) = TiZ M <x Wt) ,

which prove (6.4). Since T is continuous, from a well-known result in probabilistic
metric space (see e.g., [35, Chapter 12]) it follows that

0500 1D f(2y) () =

HQ(na-+y)+Q(nz—y) +Q(z-+ny)+Q(z—ny)— (n4+n2) [Q(z+y) +Q(z—y)]| —2(nb—ni—n2+1)[Q(2)+Q(y)] ()
for all z,y € X, t > 0, where

nr +vy
nkm

DQf(l’,y) :(nﬁk)mf( ) + (nﬁk)mf(%) + (n6k)mf($’r;2y) + (n6k)mf($n—k:y)
+ (02 () D + (-

2(n® — n* —n? + 1)) [f(—) + ()
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On the other hand, replacing z,y by n=*"z, n=*™y in (6.1 and (6.2)) we get
t

‘n6k|m)
t

2 w(nikmx, nikmyv W)

Dg f(w,y) (E) 2 Y(n~Fma, nmkmy,

mi
> Y(z,y, 7|nk|m)’
for all x,y € X, t > 0. Since lim,,_0 ¥(z,y, %) = 1, we show that @ is a sextic
mapping. Finally if Q/ : X — Y is a nother sextic mapping such that
B (2)—f () (t) = M(z,t), Ve X, t>0,
then, for all m € N, x € X and ¢t > 0,

1Q(a)-Q' () (1) Z T(BQa)—(nor)m f(—— ) nokym f(—z—)—qf () (1))-

[nk|m [nk|m

Therefor, we conclude that Q = Q/ this completes the proof. ([l

Corollary 4.3. Let K be a non-Archimedean field, X be a vector space over K
and (Y, 1, T) be non-Archimedean random Banach space over K under the t-norm
TeH. Let f: X =Y be a-approzimately sextic mapping. If, for some a € R
with o > 0, and some positive integer k with [n*| < o, n > 2.

P(n 0y, t) > P(z,y, at),

for all x € X and t > 0. Then there exists a unique sextic mapping Q : X — Y
such that

oit1
Hi@-q@ () 2 TEM (@, 7).
forallz € X andt > 0, where
M(z,t) = T(¢(x,0,t),(nx,0,t), - ,p(n* 1z, 0,t)),
forallxz € X andt > 0.

Proof. Since

alt

lim M(x, ——) =1,

i (z, |nk|j)
for all x € X, t > 0 and T is of Hadzi¢ type, it follows that

. o alt _
T M@, Ts) =1

for all x € X and ¢ > 0. Now, if we can apply Theorem then we can get the
conclusion. 0

Example 4.4. Let (X,pu,Ta) be a non-Archimedean random normed space in

which
t

o]
forallz € X and t > 0 and (Y,u,Thr) be a complete non-Archimedean random
normed space. Define

pa(t)

t

w(‘rayat> = m
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t
It is easy to see that holds for a = 1. Also, since M(x,t) = 77 we have
i T35 (L) = b (lm T8, M(z,—)
ml—Igo M;j=m l‘, |n|kj - mE)rtl)o ziglo M,j=m “ |7”L|kj
t
= lim lim(————) =1,

m—o0i—o0 T + |n|km

forallz € X andt > 0.

Let f: X — Y be a y-approximately sextic mapping. Thus all the conditions
of Theorem hold and so there exists a unique sextic mapping @ : X — Y such

that
t

_ t) > ———.
Hi@-e@ ) 2 5

5. INTUITIONISTIC RANDOM NORMED SPACES

In this section we recall some definitions and results which will be used later in
the paper.

Definition 5.1 ([35 8, [11]). A mapping T : [0,1] x [0,1] — [0,1] is a continuous
triangular norm (briefly a t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(3) T(a,1) =a for all a € [0,1];

(4) T(a,b) < T(c,d) whenewer a < c and b < d.
Typical examples of continuous t-norms are Tp(a,b) = ab, Ths(a,b) = min(a, b) and
Ty (a,b) = max(a+b—1,0).

Definition 5.2 ([35, I1). If T is a t-norm, then its dual t-conorm S : [0,1] x
[0,1] — [0,1] is given by

it is obvious that a t-conorm is a commutative, associative, and monotone operation
on [0,1] with unit element 0.

Definition 5.3 ([8, 28, I1]). A measure distribution function is a function p :
R — [0,1] which is monotone, nondecreasing, left continuous, infyecr p(z) = 0
and sup,cp p(x) = 1. We denote by D the collection of all measure distribution
functions, and by H a special element of D defined by

~fo ift<o,
H“y_{l ift>0. (5.1)

If X is a nonempty set, then p : X — D s called a probabilistic measure on X
and p(x) is denoted by p,.

Definition 5.4 ([8, 28| 26]). A non-measure distribution function is a function
v : R — [0,1] which is non-increasing, right continuous, infycrv(z) = 1 and
sup,cg V() = 0. We denote by B the collection of all non-measure distribution
functions, and by G a special element of B defined by

o) = 1 ift <o,
1o dift>o.
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If X is a nonempty set, then v : X — B is called a probabilistic non-measure
on X and v(x) is denoted by v,.

Lemma 5.5. ([]]). Consider the set L* and the operation <p- defined by
L = {(ml,aﬁg) : (1‘1,3?2) S [0, 1]27.’171 + 2 < 1}
(1’1,{172) SL* (ylva) — 1 < Y1,T2 > y?vv(xlva)v (ylva) erL”

then (L*,<p-) is a complete lattice ([44, [45]). We denote the units by 0z = (0,1)
and 1z» = (1,0).

Definition 5.6 ([28]). A triangular norm (t-norm) on L* is a mapping T : (L*)? —
L* satisfying the following conditions:
(1) Ve € L*, 7(z,11-) = x (boundary condition) ;
(2) Y(z,y) € (L*)?, 7(z,y) = 7(y,z) (commutativity) ;
(3) Y(z,y,2) € (L*)3, 7(z,7(y,2)) = 7(7(y, x), 2) (associativity) ;
(4) Y(z, 2’ y,y') € (L), @ <p- o', y <y =>7(2,y) <p~ 7(2',y) (mono-
tonicity).
If (L*,<p«,7) is an Abelian topological monoid with unit 1p«, then T is
said to be a continuous t-norm.

Definition 5.7 ([28]). A continuous t-norm 7 on L* is said to be continuous t-
representable if there exists a continuous t-norm x and a continuous t-conorm ¢ on
[0,1] such that for all x = (x1,22),y = (y1,y2) € L*,

7(2,y) = (z1 % Y1, 72 0 Y2).
For example,
7(a,b) = (a1by, min{as + b2, 1})
and
M(a,b) = (min{ay, by }, max{az, b2 })
foralla = (a1,a2),b = (b1,be) € L* are continuous t-representable. Now, we define
a sequence T recursively by =71 as

(W, 2D = (W L2 ™) 2 Y) yn > 2 2t e LF

Definition 5.8 ([26] 28]). A negator on L* is any decreasing mapping N : L* —
L* satisfying N(0p+) = 1p« and N(13) = 03. If N(N(z)) = « for all x € L*,
then N is called an involutive negator. A negator on [0,1] is a decreasing mapping
N :[0,1) — [0,1] satisfying N(0) = 1 and N(1) = 0. Ny denotes the standard
negator on [0, 1] defined by Ny(xz) =1 — =z, Vz € [0,1].

Definition 5.9 ([8]). Let u and v be measure and non-measure distribution func-
tions from X x (0, +00) to [0, 1] such that ., (t)+v.(t) <1 for allz € X andt > 0.
The triple (X, pu,u,T) is said to be an intuitionistic random normed spaces (briefly
IRN-spaces) if X is a vector spaces, T is a continuous t-representable, and p,, , is
a mapping X x (0,4+00) — L* satisfying the folowing conditions: for all z,y € X
and t,s >0,

(1) pp,y(l',o) =0p~;
(2) puv(z,t)=1p« if and only if = 0;
( (ax,t)= pu.(z, ﬁ) for all a # 0;
(4) pup(@+y,t+5) >0 T(puw(@:t), puu(y, s))-
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In this case, p,,,, is called an intuitionistic random norm. Here p,, ,(x,t) = (12 (t), v (t)).

Example 5.10 ([]]). Let (X, ||.||) be a normed space. Let 7(a,b) = (a1b1, min(as +
b2, 1)) Va = (a1,a2),b = (b1,b2) € L* and p,v be measure and non-measure
distribution functions defined by

t ]
t el ¢+ =]

P (@) = (12 (), ve (1) = ( );

vVt € R. Then (X, py,T) is an IRN-space.

Definition 5.11 ([28]). Let (X, p,,.,T) be an IRN-space.

(1) A sequence {x,} in X is said to be convergent to a point x € X denoted by
{zn } 25 2) if, P (Tn —x,t) — 1« as n — oo for every t > 0.

(2) A sequence {x,} in X is called a Cauchy sequence if, for every e > 0 and
t > 0, there exists a positive integer ng € N such that p,, ,(xn — Tm,t) >+
(Ns(€),€) Yn,m > ng where Ny is a standard negator.

3) An IRN-space (X, p, ., T) is said to be complete if and only if every Cauchy
Py,
sequence in X s convergent to a point in X.

6. HYERS-ULAM STABILITY OF THE SEXTIC FUNCTIOAL EQUATION(|L.5) BY
DIRECT METHOD

In this section, using the direct method, we prove the generalized Hyers-Ulam
stability of the sextic functional equation (1.5 in complete IRN-spaces.

Theorem 6.1. Let X be a real linear space and (Y, py.,7) be a complete IRN-
space and f : X — Y be a mapping with f(0) = 0 for which there is a map
€ :X?2 — Dt and a map ¢ from X? to the space of non-measure distribution

functions. £(z,y) is denoted by &y, ((x,y) is denoted by (y,y and (&zy(t), Czy(t))
denoted by Q¢ ¢(z,y,t) with the property

pu,V(Dsf(zvy)vt) ZL Qgﬁg(l‘,y,t), (61)
where
(Dsf(z,y),t) = (f(nz +y) + f(nz —y) + f(z + ny) + f(z — ny)
— () [f(@ +y) + fle—y)] = 2(0° = n* =0 + D[f(z) + f(y)], 1),
forallz,y € X andt > 0. If

lim 72 (Qe e (n™ 12, 0,205 157) = 1. (6.2)
j—o0
and
lim Q¢ ¢(n™x,n™y,n®"t) = 1, (6.3)
m—» 00

for all x,y € X and t > 0, then there exists a unique sextic mapping S : X — Y
satisfying equation (L.5)) and the inequality

Puv(f(x) —S(x),t) >~ 72, (n e, 0, 2n°'), (6.4)
forallxz € X andt > 0.
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Proof. Letting y = 0 in (6.1]) we get

pml/(f(nx) - nt(l‘),t) 2L Q&C(l‘vo’ 2t), (6.5)
for all x € X. Then we get
f(nz
oo 2 f0), 1) 210 Qe 0,200%), (6.6
therefore,
f0*12)  f(nta)
plhl’( n6k+6 - nﬁk 7t) ZL* Qé,((nkxvov2n6k+6t)v (67)
that is
f0Me)  fha) ¢
Pu,v nbk+6 6k nk+1) 2L QéyC(nkI7072n5(k+l)t)v (6.8)

for every k € N, t > 0, n positive integer, n > 1. As

1>t Ly 4]
n n2 n3 7 nk’

by the triangle inequality for z € X, t > 0, n > 1 it follows:

-1
f(n™mz) f(n™z) <~ !
pu,u( nbm - f(x)at) g pM,V( nom - f(ﬂ?), kZ;O nk+1 t)
m— fMle)  fnba) 1
> Tt | e T By S )
nOk+ n nk+
2L TIT:BI (QE’C (nkx7 0, 2n5k+5t))
=7 (Qe.c(n''2,0,2n°1)) . (6.9)
In order to prove the convergence of the sequence {f (;if”) 1, we replace x with n/z

and multiply the left hand of by o7,

P (f(nm"r]l‘) . f(nja?)7t) > 7-7;?11 (Qg’c(nj-i-i—lx’072n6j+5it)) ) (610)

n6m+6j nbJ

Since the right hand side of the inequality (6.10) tends to 1 as m and j tend to
f(n? )

infinity, the sequence {*;

} is a Cauchy sequence. Therefore, we may define

S() = lim 17

j—00 n6j

9

for all x € X.
Replacing z,y with n™xz and n™y, respectively, in 6.1) then multiplying the

m

right hand side by Zzﬁ, it follows that:

1
pth(ngimDsf(nmxa nmy)’ t) > Q&C (nmx’ nmy’ nﬁmt)v

for all z,y € X, and positive integer n, n > 1. Taking the limit as m — oo we find
that S satisfies (L.5)), that is, S is a sextic mapping. To prove (6.4) take the limit
6.9).

as m — oo in |
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Finally, to prove the uniqueness of the sextic function S, let us assume that there
exists a sextic function r which satisfies (6.4) and equation (L.5)). Therefore

J0s) | ()

NG néi S(@),t) 21

(P (r(z) — f(;ff) , %)mu,y(f(:;jw) ~ S(x), %))

Taking the limit as j — oo, we find p,, , (r(x) —S(x),t) = 1p-. Thereforer =S5. O

P (r(@) = 5(2),t) =pp(r(z) —

Corollary 6.2. Let (X, p;L,W/,T) be an IRN-space and (Y, p,.,T) be a complete
IRN-space. If f : X — Y be a mapping satisfying

pp,u(Dsf(xay)vt) >L* P;Lgu/ (SC + y7t)a (611)
forall z,y € X, t > 0 in which

Tim 72 (P s (2,0, 2087 ) = 1. (6.12)

J—>0Q

forallz,y € X andt > 0. Then there exists a unique sextic mapping S : X — Y
such that

pP«,V(f(x) - S(l‘), t) 21’4* Tioil (pij,’,u’ (.’IJ, Oa 2n4i+1t>)7
for everyx € X, and t > 0.

Proof. 1t is enough to put,

Q&C((L‘,y,t) = P;u,y/ (LU + yvt)v

for all z,y € X and ¢t > 0, the corollary immediate from Theorem O
Example 6.3. Let (X,|.[[) be a Banach algebra space and (X,pl, ., M) be an
IR N-space in which

t 12(n? +n* —2n8)|(||z|| + 1) )
t+12(n2 +nt —2n8)|(J|lz|| + 1) t +|2(n2 + n* — 2n8)|(||z] + 1)
forall z,y € X andt >0 and let (Y, pp, M) be a complete IRN-space in which

t ] )

t )l e+ flf

for all x,y € X and t > 0. Define the mapping f : X — Y by f(x) = 25 + 2
for all x € X where xg is a unit vector in X. A straightforward computation shows
that

P (@) = (

pu,u(xv t) = (

pMV(DSf(x?y)’t) ZL* p;ﬂ,u’ (l‘ + yat)a
forall x,y € X andt > 0. Also we have

i M (P (00,2085 0) =l T M (0, 202720

— 1 : ro 5455
e 020 0)

= lim p), . (2,0,2n°"578)) = 1p.,
j—>00 ’

for allz € X and t > 0. Therefore, there exists a unique sextic mapping S : X —
Y such that

pu,l/(f(x) - S(x)v t) g p;/,z/’(xa 0, 2n5t)
forallxz € X andt > 0.
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7. HYERS-ULAM STABILITY OF THE SEXTIC FUNCTIOAL EQUATION(|L.5) BY
FIXED POINT METHOD

In this section, using the fixed point method, we prove the generalized Hyers-
Ulam stability of the sextic functional equation in complete IRN-spaces. Also,
we present some corollaries related to our result. Before giving the main result, we
present a definition and a theorem will be used later.

Definition 7.1 ([9]). Let X be a set. A function d : X x X — [0, 00] is called a
generalized metric on X if d satisfies

(1) d(z,y) =0 if and only if v = y;
(2) d(z,y) =d(y,z) for all z,y € X;
(3) d(z,z) <d(z,y) + d(y, z) for all z,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 7.2 ([9, B]). Let (X,d) be a complete generalized metric spaces and let
J: X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then
for each given element x € X, either

d(J"z, J" T r) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J" z) < 0o, Vn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X|d(J™z,y) < oo};
(4) d(y,y*) < 15d(y, Jy) forally €Y.

Now we present the main result in this section

Theorem 7.3. Let X be a real liner space and (Y, p,., M) be a complete IRN-
space and f : X — Y be a mapping with f(0) = 0 for which there is a map
£:X?2 — Dt and a map ¢ from X? to the space of non-measure distribution

functions. £(x,y) is denoted by &z, ((x,y) is denoted by (py and (€z,y(t), Cuy(t))
is denoted by Qe ¢(z,y,t) with the property

Qe c(nz,ny, at) >« Qeclr,y,t), 0<a<n®
and
Puv(Dsf(2,y), 1) Z1- Qec(@,y,1) (7.1)
forallz,y € X , andt > 0. Where
(Dsf(x,y),t) := (f(nx +y) + fne —y) + [z +ny) + f(z —ny)
— (' +0?)[f(e+y) + fl@—y)] - 20° —n' —n® + [f(2) + (). 1)

for all x;y € X and t > 0. Then there exists a unique sextic mapping g : X —
Y such that

P (f(x) = 9(2), 1) 2L+ Qe c(2,0,2(n° — a)t) (7.2)
for allx € X and t > 0. Moreover, we have

g(z) = lim f(n"z)

m—oo nbm
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Proof. Let y =0 in (|7.1) we get

P (2f (n) — 208 f(@),1) 1+ Qec(,0,1), (73)
for all z € X and ¢ > 0 and hence
nx
p%u(% — f(z),t) >~ Q§7<(x,0,2n6t). (7.4)

Consider the set
E={g9:X—->Y: ¢g(0)=0}

and the mapping dg defined on E x E by

dg(g, h) = inf {e >0:puu(g(z) — h(z), et) >0+ Qe c(x,0, 2n6t)} ,

for all x € X, ¢t > 0. Then (E,dg) is a complete generalized metric space (see the
proof of [I8, lemma 2.1]). Now, let us consider the linear mapping J : E — E
defined by

Jg(x) = %.

Now, we show that J is a strictly contractive self-mapping of E with the Lipschitz
costant k = 5. Indeed, let g, h € E be the mappings such that dg(g,h) < e. Then
we have

pM,V(g(x) - h(.]f), Ct) ZL* Qf,(('xa Oa 2’)’),61‘,‘)’
for all x € X and ¢ > 0 and hence

eat g(nx hinz) eat
pu,u(Jg(x) - Jh(@), F> - p%l’( (nG ) (nﬁ )

— pulg(nz) — h(na), act)
ZL* Q&,((nxa Oa QQnﬁt)7

for all z € X and ¢ > 0. Since

Qg,g(nx,ny,at) > Q&,C(I7y7t)a 0<a< 77'6’

we have

eat

Puv(Jg(x) — Jh(x), F) > Qec(x,0, 2n5t),
that is,
da(g,h) < € = da(Jg, Jh) < %6,
This means that
de(Jg. Th) < ~sda(g.h),

for all g,h € E. Next, from

Pu,v (f(nw) - f($)7t> >Lx Q£7C(-r70;2n6t)7

nb

follows that da(f, Jf) < 1. Using the Theoreme (7.1)), there exists a fixed point of
J, that is, there is a mapping g : X — Ysuch that g(nx) = n®g(x) for all x € X.
Since, for all x € X and ¢t > 0,

2nb¢
do(u,0) < € = P (ul(e) = v(a),t) 21 Qec(w,0, 7).
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fnma) _

It follows from dg(J" f,9) — 0 that lim,, o “oem= = g(z) for all 2 € X. Also
from

1
=%

1
d < ——d(f,J
G(fag> - 1-L (f’ f)»
for all g,h € E. Then dg(f,9) < . It immediately follows that

nﬁ
pr (900) = £@), 5 1) 210 Qegl0,20%),

for all z € X and ¢ > 0. This means that

p/t,l)(g(:r) - f(x)at) 2L Q&,C(xa Oa 2(n6 - Ol)t),

for all z € X and ¢t > 0. Finally, the uniqueness of g follows from the fact that g is
the unique fixed point of J such that there exists C € (0, 00) such that

puw(g(x) — f(2),Ct) 21 Qg c(x,0,2n%),
for all x € X and ¢t > 0. This completes the proof. O

Corollary 7.4. Let (X, p:/,l,,, M) be an IRN-space and (Y, p,..,, M) be a complete
IRN-space and f : X — Y be a mapping satisfying
t lz +yll
Pp,v Dsf z,y 7t ZL- ( ’ ) 7.5
R U P R PR (79
for all x;y € X, t > 0. Then there exists a unique sextic mapping S : X —

Y satisfying (1.5) and

2(n® — )t Izl
P (f(x) = 5(x),1) >L- (2(n6 — )t ||zl 2(n® — a)t + ||x||> ’

for every x € X, t > 0, and n positive integer. Moreover, we have

S()= tim L8

m—oo nom

Proof. 1t is enough to put,
t [z + yll )

Q,m%wz( ,
¢ t+ lz+yl t+ [z +yl

for all x € X, and ¢ > 0 in Theorem [7.3| Then we can choose n < a < n% and so
we get the desired result. ([l

Corollary 7.5. Let (X, p;,yl,,, M) be an IRN-space and (Y, p,,..,, M) be a complete
IRN-space and f : X — Y be a mapping satisfying

o+l '
pya)ﬂ%yxw>L*<1— 1 ,
i t+ [l + yl| t+ llz +yll

forallx,y € X, andt > 0. Then there exists a unique sextic mapping S : X — Y

satisfying (1.5) and
] 2(n® — a)t )
J(f(x) = S(x),t) 2 [1— ,1— ,
a0 = 50,021 (1 g~ T e e T
for every x € X, t > 0, and n positive integer. Moreover, we have

S(z) = lim f(nmx)

m—oo nbm
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Proof. 1t is enough to put,

Qeclz,y,t) = (1 _ eyl ! )

t+lle+yl’ e+l

for all z,y € X, and ¢ > 0 in Theorem Then we can choose n < a < n® and so
we get the desired result. (I
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