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STRUCTURAL PROPERTIES OF H-J MATRICES

FATMA AYDIN AKGUN, BILLY E. RHOADES

ABSTRACT. In a previous paper [§] the second author showed that there exists
no conservative Hausdorff matrix with certain structural properties such as a
band matrix with band width greater than one, or which has any column with
only a finite number of nonzero entries. In this paper these restrictions are
shown to also hold for the class of generalized Hausdorff matrices which we
call H-J matrices.

1. INTRODUCTION

A Hausdorff matrix is a lower triangular matrix with nonzero entries of the form

n
hnk: = (k) An_k:u/k:a

where {p,,} is a real or complex sequence, and A is the forward difference operator
defined by Aug = pi — prr1 and A"y = A(A™)py, for n > 1.

There are at least two well-known generalizations of Hausdorff matrices. The
first of these was defined by Hausdorff [6]. An H-J matrix is defined as follows. Let
{An} be a sequence satisfying

0< Ao <AL <o <Ay <eee (1.1)

with lim,, \,, = co and such that

> Ai = 0. (1.2)
k=1"F

The nonzero entries of an H-J matrix are defined by

Fon e (A5 1) = Ajeg1 - - - Anlfoes b1y - - - 5 M) (1.3)
where [-] is the symmetric difference operator defined by
Mk — Hk+1
[he, prey1] = m,

and, for n > 1,

o [Mka"'?,u‘n]7[Nk+17"',/ln+l]
[:U'kv'-'vﬂn+l] = .
)\n+1 - )\k
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Hausdorff considered those methods for which Ay = 0, and Jakimovski [7] inves-
tigated such matrices for which Ay > 0.

The other generalization we shall consider is the class of E-J matrices, which
were defined independently by Jakimovski [7] and Endl [3].

The nonzero entries of an E-J matrix are

n+a\ ,,_
hS) = <n B k)A s

where « is a fixed nonnegative real number. Thus, the H-J matrices reduce to the
E-J matrices by setting A\, = n + «, and the choice A\, = n yields the ordinary
Hausdorff matrices.

An infinite matrix is called conservative if it maps each convergent sequence into
a convergent sequence. Necessary and sufficient conditions for an infinite matrix A
to be conservative are the familiar Silverman-Toeplitz conditions

JA]| == sup Y ank| < oo, (1.4)
"ok
t:= limz Gk exists, (1.5)
"%
and
ap := lima,; exists for each k. (1.6)

If an infinite matrix maps each convergent sequence into a convergent sequence
with the same limit, then it is called regular. The Silverman-Toeplitz conditions
for a regular matrix are ||A|| < 0o,t =1, and aj = 0 for each k.

Each sequence of values {\,} satisfying (1.1) and (1.2) gives rise to an integral
domain of operators. Thus the concepts of unit, divisibility, and prime can be
defined. Moreover, for any two different sequences {\,} and {\,,} satisfying (1.1)
and (1.2), the only H-J matrices in common are the identity matrix and the zero
matrix. An H-J matrix is called a unit if it only assigns limits to convergent
sequences. An H-J matrix is called prime if its convergence domain is ¢ @ z for
some unbounded divergent sequence x, where ¢ denotes the space of convergent
sequences.

It follows from some results of Silverman and Tamarkin [9] that every sequence
of the form
n—a
n+b’

i = R(a), R(b) > 0

generates a Hausdorff prime.

Given any unbounded divergent sequence x, Zeller [10] provided a technique for
constructing a triangle (that is, a lower triangular matrix with all of the elements
on the main diagonal nonzero) with convergence domain ¢ & z. If the sequence x
has all nonzero entries and satisfies the condition that ¢ := limsup |z, _1/z,| < 1,
then the triangle is bidiagonal. Otherwise, the triangle is column finite; i.e., each
column has only a finite number of nonzero entries. It is a natural question to ask
if such triangles can be regular Hausdorff matrices. In [§] it was shown that the
answer is no, since the triangles in Zeller’s construction cannot be regular Hausdorff
matrices. It is the main purpose of this article to show that the same conclusion
holds for H-J matrices.



30 F. AYDIN AKGUN, B.E. RHOADES

2. MAIN THEOREMS
A diagonal matrix A is one for which a,; = 0 for all n # k.

Theorem 2.1. The only diagonal H-J matriz is a scalar multiple of the identity
matriz.

Proof. For simplicity of notation we shall denote the entries of an H-J matrix by
hpk. Suppose that H is an H-J diagonal matrix. Then, from the definition of an
H-J matrix,
/\n(,un—l - ,Un)

)\n - /\nfl ’
which implies that w,, = p,—1 for each n, or, equivalently, that u, = pg for each
n > 0. ]

0= hn,n—l = )\n[,un—la,un] =

Theorem 2.1 is also true for E-J and ordinary Hausdorff matrices.

Theorem 2.2. There is no conservative non-zero H-J matrix with hy,r = 0 for all
k> 0.

Proof. By hypothesis, u, =0 for all n > 0. From (1.3),
(/\1 S >\n)/140
hno = A1 Anlpos -5 pin] = m———
[Li=1 (A5 = Ao)

j=1
If po = 0, then H is the zero matrix, a contradiction.
If po # 0, then

T N Ao
hn = ! - (1 + )1
0 Moj:1 )\j “ o /lojl;[1 /\j W
which diverges, and, from (1.6), H is not conservative. d

Corollary 2.3. For any a > 0, there is no conservative non-zero E-J matriz with
hpik =0 for all k > 0.

Proof. For an E-J matrix,

Since ug # 0, for all n > 1,
hno n—+«

hn-1,0 n
which implies that
n .
+ a
hno = h1o [ | (]j)7

=2
which diverges, and H is not conservative. [l

Corollary 2.4. A conservative Hausdorff matrixz with hy, = 0 for all k > 0 has
moment generating sequence of the form {po,0,...,0,...}.

Proof. For an ordinary Hausdorff matrix,
hno = A" o = po,
since p, = 0 for all n > 0. O
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An infinite lower triangular matrix will be called a band matrix if it has only
a finite number of nonzero diagonals. The width of a band matrix refers to the
number of nonzero diagonals.

Theorem 2.5. There is no conservative band H-J matrix of width k > 1.
Proof. Suppose that k = 2. Then hy 42, = 0 for cach n > 0. Thus, using (1.3),

)\n+1)\n+2

0= hn+2,n - )\n+1)\n+2[,ulna Hn+1, ,U/n+2] = B\ ([Mna MnJrl] - [,U/n+17 Nn+2])~

n+2 = An
Therefore [fin, tin+1] — [En+1, nt2] = 0, which implies that, for any r > 0,
r—1
D (s 1] = [ng1s pna]) = [0, ] = [t prga]-
n=0

Hence

fr = pr1 = (Mg — Ar)[pto, pa].
Thus, for any s > 0,
Z(NT = fry1) = Z(/\T—H — ) [po, pal,
r=0 r=0
or

pst1 = o = [po, pa](Ast1 = Ao)-

If [uo, 1] = 0, then pgr1 = po for each s and H is a scalar multiple of the
identity matrix. If [uo, 1] > 0, then pus — —oo. Since ||H|| > sup, |us|, H has
infinite norm and is not conservative. If [ug, u1] < 0, then ps — 400, and again H
is not conservative.

Assume now that no conservative H-J band matrix exists for m =2,3,..., k—1.
Suppose that H is a band matrix of width k. Then, for all n > k,

0= hn,n—k = )\n—k—i-l s )\n[ﬂn—k}a o a/ﬁn}

o )\nfkqtl tee )\n
= A — Aok ([Hn—ts - s tin—1] = [Hn—k+1s- - -5 fin])-

Therefore [tin—k, - pin—1] — [fen—k+1,-- - tn] = 0, which implies that, for any
m >k,
m

> (tn—ts- s tn-1] = [Hn—ks15 - fn]) =0,

n=k

or that [po, .., tk—1] — [#m—k+1s-- -, tm] = 0. Thus

Ckdly e 1] = k42
[:an e aIU/k:—l] = [/J/m—k-i-h LR 7/’(‘1’71] = [Mm 1 Him 1} [Mm +2 Mm] )
)\m - )\mfkqtl

which implies that

[,UJm—k:—&-la ce 7/Lm—1] - [,Um—k’—&-Za s 7/Lm] = (/\m - )\m—k+1)[.u07 s 7,“16—1]-
Summing from k to r gives

I T

Z ([om—tt1s -+ s tom—1] = [m—kt25 - - > m]) = (105 - - 5 r—1] Z (Am = Am—ks1),

m=k m=k
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or
T
s s pieoa] = [r—bg2s o] = 05 ike1] Y O = Amkgr). (2.1)
m=k
If [po, ..., k—1] = 0, then it can be shown that H is a band matrix of width
k — 1 and, from the induction hypothesis, H is not conservative.
Since r > k, we may write

r T r—k+1
Z (>\m - )\m—k+1) = Z )\m - Z )\i
e mr:k k—ll_l r—k+1
=D A= A > A
i=k =1 1=k
T k—1
= Z Ai — Z Ai
i=r—k+2 1=1

and (2.1) can be written as

r k—1
(e —kt2s oo te] = s i) = [0, pea] (Y A= ZM) (2.2)

1=r—k+2
If [uo,...,pk—1] > 0, then, since k is fixed, [pr—g+2,...,H4r] — —o00, which
implies that the entries in subdiagonal A, ,_r4+2 — —oo and H is not conservative.
If [0, . - ., ptk—1] <O, then h, ,_jyo — 00, and again H is not conservative. [

From Theorem 2.1 of [2], an H-J matrix has the property that

/\n+1 )\k+1
h =————hpy— ———h 2.3
n+1,k >\n+1 — )\k nk )\n+1 — )\k n+1,k+1 ( )

for each n > k > 0.

Theorem 2.6. There is no conservative H-J matriz, other than a scalar multiple
of the identity matriz, containing a column with only a finite number of nonzero
entries in it.

Proof. Let K denote the smallest number of a column containing a finite number
of nonzero terms.

Case I. K = 0. Let N denote the largest integer for which hyo # 0. If N = 0,
then pg = hgp = 0. Using (2.3),
)\n+1 )\1

hnO - hn+1 1
n+1 — Ao Ant1 — Ao ’

hn—l—l,O - \

for all n > 0, which implies that h,41,1 = 0 for all n > 0. In particular, p; = hy1 =
0.

By induction it follows that each u,, = 0 and H is a scalar multiple of the identity
matrix.

If N =1, then h,o =0 for all n > 1, and using (2.3),

An A
hnt1,0 = \ SET - ! )\Ohn+1,1,

n+1 — )\O >\n+1 -
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and hypy11 = 0 for all n > 1. Using an induction argument one can show that
Rntm,m = 0 for all m > 0, and H is a diagonal matrix. By Theorem 2.1, H is a
scalar multiple of the identity.

If N > 1, then repeated use of (2.3) and induction verifies that H is a band
matrix of width N. By Theorem 2.5 H is not conservative.

Case 2, K > 0. With N denoting the largest integer for which hxx # 0, and
using (2.3),

>\n+1 )\Kfl
b1 k1= M rk-1—+————Nhnt1,K
e A1 — Ak—1 A1 — Ak—1 ’
which implies that
)\nJrl
hpi1gk-1=+———"—hpng_1
i A1 — Ax—1

for all n > N.
If hpy,xk—1 = 0 for some m > N, then h,11,xk—1 = 0 for all n > m, and column
K — 1 has only a finite number of nonzero terms, contradicting the definition of K.
Therefore h,, k1 # 0 for each n > N, and one obtains the relation

n+1
Ai
Rng1,6-1 = hn k-1 H SV W
i=N+41 7 RS

If hy k-1 > 0, then Ay x—1 — 00, since the product diverges. If hy k1 <0,
then hn,41 k-1 — —oo. In either case,condition (1.6) is violated and H is not
conservative. 0
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