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STRUCTURAL PROPERTIES OF H-J MATRICES

FATMA AYDIN AKGUN, BILLY E. RHOADES

Abstract. In a previous paper [8] the second author showed that there exists

no conservative Hausdorff matrix with certain structural properties such as a

band matrix with band width greater than one, or which has any column with
only a finite number of nonzero entries. In this paper these restrictions are

shown to also hold for the class of generalized Hausdorff matrices which we

call H-J matrices.

1. Introduction

A Hausdorff matrix is a lower triangular matrix with nonzero entries of the form

hnk =

(
n

k

)
∆n−kµk,

where {µn} is a real or complex sequence, and ∆ is the forward difference operator
defined by ∆µk = µk − µk+1 and ∆n+1µk = ∆(∆n)µk for n > 1.

There are at least two well-known generalizations of Hausdorff matrices. The
first of these was defined by Hausdorff [6]. An H-J matrix is defined as follows. Let
{λn} be a sequence satisfying

0 ≤ λ0 < λ1 < · · · < λn < · · · (1.1)

with limn λn =∞ and such that
∞∑
k=1

1

λk
=∞. (1.2)

The nonzero entries of an H-J matrix are defined by

hn,k(λ;µ) = λk+1 . . . λn[µk, µk+1, . . . , µn], (1.3)

where [·] is the symmetric difference operator defined by

[µk, µk+1] =
µk − µk+1

λk+1 − λk
,

and, for n > 1,

[µk, . . . , µn+1] =
[µk, . . . , µn]− [µk+1, . . . , µn+1]

λn+1 − λk
.
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Hausdorff considered those methods for which λ0 = 0, and Jakimovski [7] inves-
tigated such matrices for which λ0 > 0.

The other generalization we shall consider is the class of E-J matrices, which
were defined independently by Jakimovski [7] and Endl [3].

The nonzero entries of an E-J matrix are

h
(α)
nk =

(
n+ α

n− k

)
∆n−kµk,

where α is a fixed nonnegative real number. Thus, the H-J matrices reduce to the
E-J matrices by setting λn = n + α, and the choice λn = n yields the ordinary
Hausdorff matrices.

An infinite matrix is called conservative if it maps each convergent sequence into
a convergent sequence. Necessary and sufficient conditions for an infinite matrix A
to be conservative are the familiar Silverman-Toeplitz conditions

‖A‖ := sup
n

∑
k

|ank| <∞, (1.4)

t := lim
n

∑
k

ank exists, (1.5)

and

ak := lim
n
ank exists for each k. (1.6)

If an infinite matrix maps each convergent sequence into a convergent sequence
with the same limit, then it is called regular. The Silverman-Toeplitz conditions
for a regular matrix are ‖A‖ <∞, t = 1, and ak = 0 for each k.

Each sequence of values {λn} satisfying (1.1) and (1.2) gives rise to an integral
domain of operators. Thus the concepts of unit, divisibility, and prime can be
defined. Moreover, for any two different sequences {λn} and {λ′n} satisfying (1.1)
and (1.2), the only H-J matrices in common are the identity matrix and the zero
matrix. An H-J matrix is called a unit if it only assigns limits to convergent
sequences. An H-J matrix is called prime if its convergence domain is c ⊕ x for
some unbounded divergent sequence x, where c denotes the space of convergent
sequences.

It follows from some results of Silverman and Tamarkin [9] that every sequence
of the form

µn =
n− a
n+ b

, <(a),<(b) > 0

generates a Hausdorff prime.
Given any unbounded divergent sequence x, Zeller [10] provided a technique for

constructing a triangle (that is, a lower triangular matrix with all of the elements
on the main diagonal nonzero) with convergence domain c ⊕ x. If the sequence x
has all nonzero entries and satisfies the condition that ` := lim sup |xn−1/xn| < 1,
then the triangle is bidiagonal. Otherwise, the triangle is column finite; i.e., each
column has only a finite number of nonzero entries. It is a natural question to ask
if such triangles can be regular Hausdorff matrices. In [8] it was shown that the
answer is no, since the triangles in Zeller’s construction cannot be regular Hausdorff
matrices. It is the main purpose of this article to show that the same conclusion
holds for H-J matrices.
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2. Main Theorems

A diagonal matrix A is one for which ank = 0 for all n 6= k.

Theorem 2.1. The only diagonal H-J matrix is a scalar multiple of the identity
matrix.

Proof. For simplicity of notation we shall denote the entries of an H-J matrix by
hnk. Suppose that H is an H-J diagonal matrix. Then, from the definition of an
H-J matrix,

0 = hn,n−1 = λn[µn−1, µn] =
λn(µn−1 − µn)

λn − λn−1
,

which implies that µn = µn−1 for each n, or, equivalently, that µn = µ0 for each
n > 0. �

Theorem 2.1 is also true for E-J and ordinary Hausdorff matrices.

Theorem 2.2. There is no conservative non-zero H-J matrix with hnk = 0 for all
k > 0.

Proof. By hypothesis, µn = 0 for all n > 0. From (1.3),

hn0 = λ1 · · ·λn[µ0, . . . , µn] =
(λ1 · · ·λn)µ0∏n
j=1(λj − λ0)

.

If µ0 = 0, then H is the zero matrix, a contradiction.
If µ0 6= 0, then

hn0 = µ0

n∏
j=1

λj
λj − λ0

= µ0

n∏
j=1

(
1 +

λ0
λj − λ0

)
,

which diverges, and, from (1.6), H is not conservative. �

Corollary 2.3. For any α > 0, there is no conservative non-zero E-J matrix with
hnk = 0 for all k > 0.

Proof. For an E-J matrix,

hn0 =

(
n+ α

n

)
µ0.

Since µ0 6= 0, for all n > 1,

hn0
hn−1,0

=
n+ α

n
,

which implies that

hn0 = h10

n∏
j=2

(j + α)

j
,

which diverges, and H is not conservative. �

Corollary 2.4. A conservative Hausdorff matrix with hnk = 0 for all k > 0 has
moment generating sequence of the form {µ0, 0, . . . , 0, . . .}.

Proof. For an ordinary Hausdorff matrix,

hn0 = ∆nµ0 = µ0,

since µn = 0 for all n > 0. �
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An infinite lower triangular matrix will be called a band matrix if it has only
a finite number of nonzero diagonals. The width of a band matrix refers to the
number of nonzero diagonals.

Theorem 2.5. There is no conservative band H-J matrix of width k > 1.

Proof. Suppose that k = 2. Then hn+2,n = 0 for each n ≥ 0. Thus, using (1.3),

0 = hn+2,n = λn+1λn+2[µn, µn+1, µn+2] =
λn+1λn+2

λn+2 − λn
([µn, µn+1]− [µn+1, µn+2]).

Therefore [µn, µn+1]− [µn+1, µn+2] = 0, which implies that, for any r ≥ 0,

r−1∑
n=0

([µn, µn+1]− [µn+1, µn+2]) = [µ0, µ1]− [µr, µr+1].

Hence

µr − µr+1 = (λr+1 − λr)[µ0, µ1].

Thus, for any s ≥ 0,

s∑
r=0

(µr − µr+1) =

s∑
r=0

(λr+1 − λr)[µ0, µ1],

or

µs+1 = µ0 − [µ0, µ1](λs+1 − λ0).

If [µ0, µ1] = 0, then µs+1 = µ0 for each s and H is a scalar multiple of the
identity matrix. If [µ0, µ1] > 0, then µs → −∞. Since ‖H‖ ≥ sups |µs|, H has
infinite norm and is not conservative. If [µ0, µ1] < 0, then µs → +∞, and again H
is not conservative.

Assume now that no conservative H-J band matrix exists for m = 2, 3, . . . , k−1.
Suppose that H is a band matrix of width k. Then, for all n ≥ k,

0 = hn,n−k = λn−k+1 · · ·λn[µn−k, . . . , µn]

=
λn−k+1 · · ·λn
λn − λn−k

([µn−k, . . . , µn−1]− [µn−k+1, . . . , µn]).

Therefore [µn−k, . . . , µn−1] − [µn−k+1, . . . , µn] = 0, which implies that, for any
m ≥ k,

m∑
n=k

([µn−k, . . . , µn−1]− [µn−k+1, . . . , µn]) = 0,

or that [µ0, . . . , µk−1]− [µm−k+1, . . . , µm] = 0. Thus

[µ0, . . . , µk−1] = [µm−k+1, . . . , µm] =
[µm−k+1, . . . , µm−1]− [µm−k+2, . . . , µm]

λm − λm−k+1
,

which implies that

[µm−k+1, . . . , µm−1]− [µm−k+2, . . . , µm] = (λm − λm−k+1)[µ0, . . . , µk−1].

Summing from k to r gives

r∑
m=k

([µm−k+1, . . . , µm−1]− [µm−k+2, . . . , µm]) = [µ0, . . . , µk−1]

r∑
m=k

(λm−λm−k+1),
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or

[µ1, . . . , µk−1]− [µr−k+2, . . . , µr] = [µ0, . . . , µk−1]

r∑
m=k

(λm − λm−k+1). (2.1)

If [µ0, . . . , µk−1] = 0, then it can be shown that H is a band matrix of width
k − 1 and, from the induction hypothesis, H is not conservative.

Since r > k, we may write

r∑
m=k

(λm − λm−k+1) =

r∑
m=k

λm −
r−k+1∑
i=1

λi

=

r∑
i=k

λi −
k−1∑
i=1

λi −
r−k+1∑
i=k

λi

=

r∑
i=r−k+2

λi −
k−1∑
i=1

λi,

and (2.1) can be written as

[µr−k+2, . . . , µr] = [µ1, . . . , µk−1]− [µ0, . . . , µk−1](

r∑
i=r−k+2

λi −
k−1∑
i=1

λi) (2.2)

If [µ0, . . . , µk−1] > 0, then, since k is fixed, [µr−k+2, . . . , µr] → −∞, which
implies that the entries in subdiagonal hr,r−k+2 → −∞ and H is not conservative.

If [µ0, . . . , µk−1] < 0, then hr,r−k+2 →∞, and again H is not conservative. �

From Theorem 2.1 of [2], an H-J matrix has the property that

hn+1,k =
λn+1

λn+1 − λk
hnk −

λk+1

λn+1 − λk
hn+1,k+1 (2.3)

for each n ≥ k ≥ 0.

Theorem 2.6. There is no conservative H-J matrix, other than a scalar multiple
of the identity matrix, containing a column with only a finite number of nonzero
entries in it.

Proof. Let K denote the smallest number of a column containing a finite number
of nonzero terms.

Case I. K = 0. Let N denote the largest integer for which hN0 6= 0. If N = 0,
then µ0 = h00 = 0. Using (2.3),

hn+1,0 =
λn+1

λn+1 − λ0
hn0 −

λ1
λn+1 − λ0

hn+1,1

for all n ≥ 0, which implies that hn+1,1 = 0 for all n ≥ 0. In particular, µ1 = h11 =
0.

By induction it follows that each µn = 0 and H is a scalar multiple of the identity
matrix.

If N = 1, then hn0 = 0 for all n ≥ 1, and using (2.3),

hn+1,0 =
λn+1

λn+1 − λ0
hn0 −

λ1
λn+1 − λ0

hn+1,1,
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and hn+1,1 = 0 for all n ≥ 1. Using an induction argument one can show that
hn+m,m = 0 for all m ≥ 0, and H is a diagonal matrix. By Theorem 2.1, H is a
scalar multiple of the identity.

If N > 1, then repeated use of (2.3) and induction verifies that H is a band
matrix of width N . By Theorem 2.5 H is not conservative.

Case 2, K > 0. With N denoting the largest integer for which hNK 6= 0, and
using (2.3),

hn+1,K−1 =
λn+1

λn+1 − λK−1
hn,K−1 −

λK−1
λn+1 − λK−1

hn+1,K ,

which implies that

hn+1,K−1 =
λn+1

λn+1 − λK−1
hn,K−1

for all n > N .
If hm,K−1 = 0 for some m > N , then hn+1,K−1 = 0 for all n > m, and column

K − 1 has only a finite number of nonzero terms, contradicting the definition of K.
Therefore hn,K−1 6= 0 for each n > N , and one obtains the relation

hn+1,K−1 = hN,K−1

n+1∏
i=N+1

λi
λi − λK−1

.

If hN,K−1 > 0, then hn+1,K−1 →∞, since the product diverges. If hN,K−1 < 0,
then hn+1,K−1 → −∞. In either case,condition (1.6) is violated and H is not
conservative. �
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[10] K. Zeller, Merkwürdigkeiten bei Matrixverfahren; Einfolgenverfahren, Arch. Math.,4(3)(1953)
1–5.

Fatma Aydin Akgun

Department of Mathematical Engineering, Yildiz Technical University, 34210 Esenler,
Istanbul, Turkey

E-mail address: fakgun@yildiz.edu.tr

Billy E. Rhoades

Department of Mathematics, Indiana University, Bloomington, IN 47405-7106,U.S.A.
E-mail address: rhoades@indiana.edu


