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ORTHOGONAL POLYNOMIALS IN TWO VARIABLES:
FIVE-TERM RECURRENCE RELATION AND RELATED
RESULTS

CHRYSI G. KOKOLOGIANNAKI, DIMITRIS P. RIZOS

ABSTRACT. We prove that a family of orthogonal polynomials Py m(z,y) sat-
isfy a five-term recurrence relation, which is a “natural” generalization of the
three-term recurrence relation satisfied by the classical orthogonal polynomi-
als. Moreover, we show that these polynomials satisfy a theorem similar to
Favard’s theorem. We also give a Darboux-Christoffel type formula for the
polynomials Pp m(z,y).

1. INTRODUCTION

The study of orthogonal polynomials (OP) in two variables is an old subject
and goes back as least as far as Hermite. In [I0], a historical review as well as the
results concerning OP in two variables until 1988, were reported in detail by Suetin.
Recently in [3], Dunckl and Xu presented developments of the current research on
multivariable OP, using vector matrices notation. Both of the aforementioned books
contain an exhaustive bibliography.

It is well-known [I], [TT], that one of the most important properties of a family of
OP, {¢,(x)}n>0, in one variable is the three-term recurrence relation:

an(bn—i-l(x) + ﬁn(bn(x) + an—1¢n—1(x) = .Z‘(bn(l'), n 2 0

¢-1(x) =0, ¢o(z)=1

where a,, > 0. It is also known that {¢, ()}, >0 satisfy Favard’s theorem. A survey
on the “Favard theorem” and its extensions, for OP in one variable, can be found
in [9]. Recurrence relations satisfied by OP in two variables were studied by Krall
and Sheffer in [§] and by Suetin in [I0]. In addition, the three-term recurrence
relation satisfied by OP in several variables, in connection with Favard’s theorem
were studied in [2, Bl [6], [7, [, [12], T3] using vector notation.

Recently in [5], a family of polynomials P, ,,(z,y) was studied with respect to
their zeroes. The polynomials P, ., (z,y) were assumed to satisfy the five-term
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recurrence relation

an,mpn-&-l,m(x, y) + an—l,mpn—l,m(x’ y) + 5n,mpn,m(x7 y)+
5n,mPn,m+l(xv y) + 5n,m71Pn,m71(xa y) + ’yn,mpn,m(xa y) (11)
= (ax + by) Po,m (2, y)

with

07 Pn,,l(l',

Py m(r,y) = Y) )
(,9) = Bu(0)s  Pao(,) = Qu(z) (1:2)

PO,m

where o, ), 6nm,s Brms Yn,m Teal sequences with oy, m,0n.m > 0 and a,b positive
numbers.

We note that although the terms By, mPnm(z,y) and Y mPom(z,y) can be
combined in one, it is better to keep them apart, since under the convetions

(Cl): a5 = a4, Bij = Pis 7 =0,0,; =0,a=1,b=0, P (x,y) = Pi(z),
P_1(z)=0, Py(z) =1or

(C2): ;5 =0, Bij =0, vij; =5, 0 =05,a=0,b=1,F;xy = Py),
P,l(y) = 0, Po(y> = 1,

(1.1)-(L.2) is reduced to the following three-term recurrence relation for the classical
orthogonal polynomials (COP):

@i Piy1(z) + i1 Pioa(v) + BiPi(x) = 2 Pi(x)

1.3
P_1(x)=0, Py(x)=1. (13)

or

0jPjv1(y) +0;-1Pj—1(y) + v Pi(y) = yP;(y)

(1.4)
P_1(y) =0, P(y) =1

The main result of [5] is that the zeroes of P, n,(z,y) satisfying — are
connected with the eigenvalues of a specific tridiagonal operator. The method used
to prove this, is a generalization of a functional analytic method introduced in
[] for classical OP. It also stated in [5], that it worths investigating whether the
polynomials P, ,(x,y) satisfying — are orthogonal. The answer to this
question is the main aim of the present paper. More precisely, we prove that a se-
quence of orthogonal polynomials (OPS) { Py m (%, y) }n.m>0 satisfy (LI)-(L.2) (see
theorem 3.1). Moreover, we also prove a theorem similar to Favard’s theorem (see
theorem 3.2). These results are given in §3. As a consequence of these results,
a Darboux-Christoffel type formula is proved in §4 (see proposition 4.1). Similar
formulae using vector notation were also found in [2 B, 12 13]. In §2 we use the
definition of orthogonality for an OPS given in [2]. This is crusial for the proofs of
the theorems in §3 and §4. As the reader will found out, the approach used in the
present paper is the same with the one presented in [I], although the specific details
are more complicated, as one would expect. We do believe that — is quite
useful, since it is not only a natural generalization of , but also simple to handle.
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2. PRELIMINARIES

Let P be the linear space of real polynomials in two variables and P, the
subspace of the polynomials

n m
Pom(@,y) =3 i lamy®, n>0, m>0
k=0 A=0

of degree (n,m), which means, n is the degree of =, m is the degree of y and n+m
is the total degree of P, ,,,(x,y).

Definition 2.1 Let {in,m}5%0 m>0 Pe a sequence of complex numbers and L be
a complex valued function defined on the vector space of all polynomials in two
variables by:

Llz"y™] = pnm, n,m >0 (2.1)

Llamy(z,y) + Bra(x, y)] = oL (z,y)] + BL[m2(x,y)], (22)

for all complex numbers «, 8 and all polynomials m;(z,y),4 = 1,2. The function
L is called moment functional determined by the moment sequence { ity m }n>0,m>0-

It is obvious that for every polynomial

n m

7T(.’L‘7 y) = Z Z CK,ASUK?/\»

k=0 A=0
it is

L[T['(SC, y)] = Z Z Cro, A - (23)

k=0 A=0
Definition 2.2 A polynomial sequence { P, (%, y)}n>0,m>0 of degree (n,m) is an
orthogonal polynomial sequence (OPS) with respect to L if:
L{PyA (2, 9) P (2, 9)] = 0 (2.4)
for every polynomial P, x(z,y) of degree (k,A), with 0 < k < n,0 < A < m and
Kk + A < n+m. Furthermore, if (k,A) = (n,m) then
L[Pg,m(xa Y)| = knm # 0. (2.5)

If k.. are all positive constants then the OPS is said to be positive-definite.

Definition 2.3 A moment functional L is positive-definite, if there exists a positive-
definite OPS with respect to L.

The following theorem can be proved easily and is equivalent to the definition of
orthogonality.

Theorem 2.4 Let L be a moment functional defined by , and let
{Py,m(x,y)} be a sequence of polynomials of degree (n,m). Then the following
are equivalent:

() {Pn,m(z,y)} is an OPS with respect to L

(8) Lir(z,y)Pym(z,y)] = 0 for every polynomial 7(z,y) of degree (i,7) with
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0<i<mn0<j<mandi+j < n+m, whie Lin(z,y)P,m(z,y)] # 0 if
j =

(4, 7)

(v) L{x'y? Py (2,9)] = kn mOnm,ij where kp , # 0, n,m > 0 and
_J0, 0<i<n0<j<m and i+j<n+m

L (6,4) = (nym)

3. RECURRENCE RELATION AND FAVARD’S THEOREM

In this section, we’ 1l prove that an OPS of two variables satisfy (1.1])-(1.2). More
precisely,

Theorem 3.1 Let L be a positive-definite moment functional and { Py, (2, ¥) }n,m>0
be an OPS of degree (n,m) with respect to L. Then there exist real sequences
Br,ms Yn,m and G m, On_m such that the recurrence relation (1.1) is satisfied.

Proof. Since xP, y,(x,y) is a polynomial of degree n + 1 with respect to = and m
with respect to y, of total degree n + m + 1, it can be written as

n+l m

TPy m(2,y) ZZcmﬁAxy) (3.1)

k=0 A=0

where
nm L[z Py m(z, y)P,g?)\(I, y)] _ L[xPKA(x,y)Pmm(:z:,y)}
Coy = 1P = T1p2 (3.2)
[Pi A, y)] [P A (2, y)]
The polynomial P, (x,y) is of degree (k+1,A) and P, ,,,(z, y) is of degree (n, m).
Thus, due to the definition of orthogonality

e =0, (k+1)+A<n+m.

We need to consider the following two cases:

Mo<k+l<mnand0<A<mor (I)0<k+1<nand 0< A< m.

In both cases, if 0 < k+1<nand 0 <\ < m then Kk +1+ A\ <n+msocZ:T =0.
In the first case if A\ =m then for ks <n—1, ™, =0so (3-1) becomes:

n—2,m
zP, m(z y) = Cn 1 mPn—l,m(l'v y) + Cz:ﬁpn,m(xa y) + CZﬂ,mPn-‘rLM(zv y) (3'3)

In the second case if # +1=mn then x + 1+ X <n+mso ¢ = 0.

Similarly, y Py m(x,y) is a polynomial of degree n with respect to z and m + 1 with
respect to y, of total degree n +m + 1 and it can be written as

n m+l1

nmxy chnm kay) (34)

k=0 A\=0

where

(En,m — L[ypn,m(xa y)PR,)\(x’ y)] — L[ypﬁ’)‘(x7 y)Pn,m(:L'> y)} (35)
KA L[Pi)\(;p’y)] L[P,g,)\(xay”

As before it is easily proved that (3.4)) becomes
YPrm(2,y) = Cn z 1Pom—1(2,y) + EZZZPn,m(%y) +¢c, z+1pn m+1(z,y)  (3.6)
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From (3.3) and (3.6) we obtain for a,b > 0:
azPp,m(2,y) + byPom(z,y) =
acy™ oy Poo1m(2,y) + acin P (2, 9) 4+ acyy L Poy1m (@, y)+ (3.7)
bézzzflpn,m—l(xa y) + bEZZﬁPn,m(% y) + b5222+1pn,m+1(xa y)

which is of the form (|1.1)). O

The following theorem is analogous to Favard’s theorem.

Theorem 3.2. Let oy m, 0nm, Bnom, Yn,m real sequences with ag, m, 0p,m > 0 and
a, b positive numbers. Consider also the polynomials P, ,,(x,y) of degree (n,m) de-
fined by (L.1))-(1.2]). Then, there exists a unique positive-definite moment functional
L such that:

L[] = poo >0, L[P} ,(z,y)] =1

and

L[Pn,)\($7y)Pn,m(x7y)} =0,
for0<k<n,0<A<mwiths+A<n+m.

Proof. We define the moment functional L inductively by:
L[1] = poo >0, L[P,m(z,y)]=0, n>0, m>0, n+m>0 (3.8)

and we consider the following steps. In the first step, since for m =0, P, o(x,y) =
Qn(x) and for n = 0, Py m(z,y) = Rm(y), using relation and Favard’s theorem
for classical OP we obtain the moments p, o and po ., as well as the functionals
L[z"P, o(z,9)], 0 < k < n and Ly*Pym(z,9)], 0 < A < m. We also prove that
L{xPym(z,y)] =0, LiyPo(z,y)] = 0 and define the moments p, » for 0 < x <n
and 0 < A < m. In each of the following steps, second, third until the (n + 1)-th
step, we follow the same procedure, that is: at the s-th step 2 < s < n+ 1, we
multiply both sides of by the monomials of the form 2"y with x4+ \ = s — 2,
then we apply L at the derived expression and using the results of the previous
steps we prove L[z"y*P, ,,(z,y)] = 0 for K + X < n + m.

Hence:

Step 1: The recurrence relation ([1.1]) for m = 0,n > 0 takes the form:

n0Png1,0(x,y) + n—1,0Pn-1,0(2,y) + Bn,0Pno(®,y) + 0n,o0Pn1(z,y)+
5n,71Pn,71(x7 y) + 'Vn,OPn,O(xv y) = (ax + by)Pn,O(xa y) (39)

or

n0Pny1,0(,y) + an—1,0Pn-1,0(x,y) + BnoPno(z,y) — axPy, o(z,y)

= byPn,O('ra y) - 6n,OPn,1(~777 y)

where Bn70 = ﬁn,O + Tn,0-
Since the left-hand side of (3.10) is a polynomial of z and the right-hand side is a
polynomial of z and y we obtain:

Oén,OPn+1,O(x7 y) + an—l,OPn—l,O(xa y) + Bn,OPn,O(xa y) = al’Pn,o(.’ﬂ, y) (311>

(3.10)
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and

bypn,O(zv y) = 5n,OPn,1(‘Ta y) (312)

Since a > 0, equation (3.11)) is a three term recurrence relation for the polynomials
{Py,0(x,y)}. Then due to Favard’s theorem for one variable polynomials, there
exists a positive moment functional L such that the following hold:

Liz"] = pno, n>0 (3.13)
Liz*P, o(z,y)] =0, 0<k<n-—1 (3.14)
Liz" P, o(z,y)] #0 (3.15)

Applying L in both sides of (3.12]) and using (3.8 we have:

L[yp7z,0(x7y)] = 07 n>0 (316)
Similarly, the recurrence relation (|1.1)) for n = 0,m > 0 takes the form:
a0,mP1,m (2, y) + a1 mP-1,m(x,y) + Bo,mPom (2, y)+

50,mP0,m+1(x, y) + 50,m71P0,m71(x, y) + ’YO,mPO,m(xa y) (3 17)
= (az + by) Po,m(,y) '

and the equations
Lo,mPo,m (2, y) + 00,mPoms1(2,y) + 60,m—1FPo,m—1(x,y) = byPom(z,y) (3.18)

where 'y, = Y0,m + Bo,m and

amPO,m(xv y) = aO,mpl,m(my y) (319)
are obtained.
From equation (3.18]) it follows, since b > 0, that:

Liy™ = pom, m=>0 (3.20)
Ly Pom(z,y)] =0, 0<A<m—1 (3.21)
Lly™ Pom(z,y)] # 0 (3.22)
and from we obtain
L{zPym(y)] =0, m>0 (3.23)

Also, reccurence relation (1.1)) for n =1 and m = 0 becomes:
a1,0P2,0(2,y) + @0,0P0,0(2, y) + BroPro(z,y) + 61,0P1,1(2, y)+

(3.24)
01,-1P1 _1(z,y) + 1,0P10(x,y) = (ax + by)PLo(z,y)

or

d1,0P11(z,y) = (ax + by — Bro — 71,0)Pro(z,y) — a10Peo(®,y) — 00 (3.25)
and the polynomials P o(x,y), P2o(x,y) are already known since they are polyno-
mials of one variable. Thus, the polynomial P; 1(z,y) takes the form:

Py y(z,y) = Azy+ Bx+Ty+ A, A,B,T',A: constants
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Since L[P; 1(z,y)] = 0, we have:

AL[zy] + BL[z] + TL[y] + AL[1] = 0

or

Api1+ Bpao+Tpo1 + Apoo =0

and the moment L[zy] = p1 1 can be defined.

Continuing in the same way the moments, L{z"y] = p,1 and Lizy™] = pim
can be defined since L[P, 1(x,y)] = 0 and L[P; ,(z,y)] = 0 by using reccurence
relation . Then L[z"y?] = pn2 and L[z?y™] = pa,,m can be defined since
L[P,2(x,y)] = 0 and L[Ps,(z,y)] = 0, ete. Thus, all L[z"y*] = u x can be de-
fined for 0 < k<nand 0 <X <m.

Step 2: We apply the moment functional L in both sides of (1.1)) and using (3.8)
we obtain forn+m > 1, withn>0,m >1lorn>0,m>1

LizPym(z,y)] =0 and L[yP, m(z,y)] =0 (3.26)

Liz"y Py (z,9)] =0, 0<Kw<1, 0<A<1, sk+A=1l<nt+m (3.27)

Step 3: We multiply relation (1.1)) by x or by y, apply L and using equation (3.27)
, we obtain forn+m > 2, withn>2m>0orn>1,m>1lorn>0,m>2

L[-TZPn,m(-T: y)] =0, L[:Cypn,m(xa y)] =0, L[yZPn,m(x’ y)] =0, (328)

LIz"y Py (z,9)] =0, 0<Kk<2, 0<A<2, k+A=2<n+m (3.29)

Step 4: By multiplying relation (1.1)) with #2,%? and then applying L we prove
that:

Llz"y Py (z,9)] =0, 0<k<3, 0<A<3, k+A=3<n+m (3.30)
So continuing this procedure at the (n + 1)-th step we prove:
L[x“y)‘Pmm(a:,y)] =0, 0<k<n, 0<A<m, kK+A<n+m (3.31)

which is the equivalent definition of orthogonality (see theorem 2.4). d

4. DARBOUX-CHRISTOFFEL FORMULA

The following proposition gives a Darboux-Christoffel formula for P, ,,(z,y).

Proposition 4.1 Let {P, ,,(z,y)}n>0m>0 be an OPS of degree (n,m) satisfying

(1.1)-(L.2). Then the following holds



26 C. KOKOLOGIANNAKI, D. RIZOS

n m

[a(@ =)+ by =] D> Pij(z,y)Pij(s,t) =

i=0 j=0
> j[Pasr,j(@,9) Poj(s,t) = Py j(s,t) Poj(z, )]+ (4.1)
=0

Z 5i,m[Pi,m+l(xv y)Pi,m(sa t) - Pi,erl(s; t)Pi,m(x, y)}
i=0

for (z,y) # (s,t).
Corollary 4.2 If we make the conventions (Ci) or (C3), (4.1) becomes the well

known Christoffel-Darboux formula [Tl [13] for polynomials of one variable.

Proof of Proposition 4.1. Consider the recurrence relation (|1.1)), satisfied by the

O‘mPH-l i@ y) + i1 jPima (@ y) + Bij P, y) + 005 Py (,y)+

(4.2)
i j—1Pij-1(2,y) + i P j(z,y) = (az + by) P 5 (2, y),
and P; ;(s,t)
;i jPiy1,j(s,t) + i1 ;Pi—1 (s, t) + Bi i Pi j(s,t) + 0; j P j1(s, )+ (43)

(5'j 1Pij 1(8 t)+’7i7jP‘ (8 t) (as+bt) 73(1‘ y)
Multiplying (4.2)) by P; ;(s,t), and ( . by P; j(x,y) and substracting the derived

equations we obtaln

la(z —s) +b(y — )| P j(z,y)P; (s, t) =
[Ki,j(x7yasat) - K’i*l,j(maywﬁt)] - [Ai,j($7y7sﬂt) - Aifl,j($>yas7t)] (44)
+[Mi,j(x7ya3at) - Mi,j—l(xay787t)] - [Ni,j(xayasat) - Ni,j—l(xayv‘%t)}

where
Kij(2,y,8,1) = aijPiv;(2,y)Pij(s, 1),
Aij(z,y,s,1) = @i jPig1,i (s, 1) P j(@,y),
M; j(z,y,s,t) = 0; ;P j1(2,y) Py (s, 1),
Nij(x,y,s,t) = 6i; Pijpa(s, 1) Pij(x,y).
By taking the sums of both parts of (4.4]) with respect to ¢ and j, it follows

n m

la(z =) +bly = )] D> Pijla,y)Pij(s,t) =

i=0 j=0

NE
NE

{[Kl;_] (.’E, Y, s, t) - Kifl,j (J?, Y, s, t)] - [Ai,j (l‘, Y,S, t) - Ai*l,j (.’L', Y,S, t)]} +

.
3l

<

<.
Il
<

M

{[Mi,j(ﬂf,y, Sat) - Mi,j—l(xay; Sat)] - [Ni,j(xvya Sat) - Ni,j—l(-T, Y, 570}}-

s
Il
<

<
Il
o
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However, due to (L.2) it is P; _1(x,y) =0 or P_q j(z,y) = 0 and thus

wh

[a(z — s) + by ZZP,]xy)P i(s,t) =
=0 j=0
Z[Kn,j(x,yv Svt) - An,j(xayv Svt)] + Z[Mi,m(x,yv S,t) - Ni,m(x; Y, S,t)}
j=0 =0

ich is (4.1)).
([
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