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BRYAN E. CAIN

Abstract. This brief commentary on [5] corrects some errors, gives some
counter examples, and attempts to clarify what is new and what was already

known.

1. Introduction and comments

A Calkin algebra is the quotient of the C∗-algebra of bounded linear operators
on a Hilbert space by its ideal of compact operators. When T denotes one of the
bounded linear operators, n(T ) will denote its norm, w(T ) its numerical radius,
and eT its image in the Calkin algebra. Since the Calkin algbra is also a C∗-
algebra, and hence consists of bounded linear operators on some Hilbert space
(pages 180-1 of [6]), eT will have a norm, denoted en(eT ) here, and a numerical
radius, denoted ew(eT ), determined by that new Hilbert space. (These are called
the “essential norm” and the “essential numerical radius” of T .) Thus propositions
valid for bounded linear operators on a general Hilbert space, when stated in our
“e”-notation, are automatically valid propositions for the elements of the Calkin
algebra. As we will explain in (b) this observation establishes many of the results in
[5] without any additional argument associated with the Calkin algebra. We have
in mind here: Lemma 2.1, Proposition 3.2, Corollary 3.3, Lemma 3.4, Theorems
3.5 and 3.6, Corollaries 3.7 and 3.8.

Here are some comments which also clarify/improve/correct some assertions
made in [5].

a) The false inequality “n(T ) ≤
√

2w(T ) if T is invertible” on page 78 was taken
over from [3], probably before it was shown to be false.

b) As a Hilbert space operator eT has a numerical range, and the “Corollary”
on page 420 of [7] shows that its topological closure is equal to what [5] defined
eT ’s numerical range to be. Thus the numerical radius ew(eT ), which is the sup|z|
over the complex numbers z in the numerical range of eT , is the same no matter
which numerical range is used. It follows that every theorem about the norm and
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Submitted November 22, 2017. Published January 17, 2018.
Communicated by V. Krasniqi.

11



12 BRYAN E. CAIN

the numerical radius of a Hilbert space operator (some may be found in [1]) holds
automatically also for the essential norm and the essential numerical radius.

c) Re the “Remark” just before Lemma 2.1: In a C∗-algebra every element and
its adjoint have the same norm, see page 181 of [6].

d) Re Lemma 2.1(iv) N(T )3 = N(TT ∗T ) if N = n or if N = en and eT replaces
T : This may be new and the given proof is correct, though there is no “Remark 2.1”.
That proof requires only: N(ST ) ≤ N(S)N(T ); N(T ∗) = N(T ); N(H2) = N(H)2

if H∗ = H.
e) Re the “Remark” just before section 3: No, en(eT )2 = en((eT )2) = 0 if T is

compact whether T is normal or not.
f) Though Proposition 3.2 is not new, the proof given in [5] may be.
g) Re the given proof of the valid Corollary 3.3: This looks like page 167 of [2]

which is referred to in [3] so should have been known at least to the second author.
The given “proof” of part (i) seems to rely on the valid inequality en(eT ) ≤ 2ew(eT )
but that inequality is not mentioned or justified in this paper so it can not be
deployed here. The penultimate line in the “proof” of part (ii) is erroneous. The
minus should be a plus as in [2]. The last line should then be 1 but the 2 that is
there is a mistake that compensates for the mistake in the preceding line. So the
authors have not actually proven Corollary 3.3.

h) Lemma 3.4 and Theorem 3.5 do not seem to be used in this paper.
i) Re Theorem 3.6: This is the“essential” version of a result in [4]. The authors

have cited, by mistake, a different paper of Kittaneh.
j) Re Theorem 3.10: As long as the Hilbert space is infinite dimensional the

identity operator I can play the role of P and any non-zero compact operator T is
a counter example. The last inequality in the given “proof” is backwards. For if pk
is a sequence of non-negative numbers it is rarely the case that the sum of all pjpk
is dominated by the sum of the diagonal pkpk.
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