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On the Hadamard’s type Inequalities for Convex Functions via

Conformable Fractional Integrals

M.E.YILDIRIM, A.AKKURT, H.YILDIRIM

Abstract. The purpose of this paper is to establish some new Hermite-
Hadamard type inequalities which includes a new fractional derivative called

the conformable in the literature.

1. Introduction

The Hermite-Hadamard Inequality: Let f : I ⊆ R → R be a function and
a, b ∈ I with a < b. The following double inequality:

f

(
a+ b

2

)
≤ 1

b− a
b∫
a

f(x)dx ≤ f(a) + f(b)

2
(1)

is known in the literature as Hermite-Hadamard Inequality for convex functions. If
f is concave, both inequalities hold in the reversed direction.

For several recent results concerning inequality (1), see ([4],[14],[15]) where fur-
ther references are listed.

We recall here some concepts of convexity that are well known in the literature.

Definition 1. A function f : I ⊂ R→ R is said to be convex on I if inequality

f(τa+ (1− τ)b) ≤ τf(a) + (1− τ)f(b), (2)

holds for all a, b ∈ I and τ ∈ [0, 1].

The following definitions and theorems with respect to conformable fractional
derivative and integral were referred in ([1]-[3], [8]-[13], [15]). Firstly, we give a brief
information about derivative of non-integer order.

The idea of derivative of non-integer order was motivated by the question, “What

does it mean by dnf
dxn , if n = 1

2?”, asked by L’Hospital in 1695 in his letters to
Leibnitz ([5]-[7]). Afterwards, many mathematicians tried to answer this question
for centuries in several points of view. Various types of fractional derivatives were
introduced by many authors, most of them are defined via fractional integrals, but
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many of those fractional derivatives have some non-local behaviors. Among the
inconsistencies of the existing fractional derivatives are:

(1) Most of the fractional derivatives do not satisfy Da
α(1) = 0, if α is not a

natural number.
(2) All fractional derivatives do not obey the familiar Product Rule and Quotient

Rule for two functions.
(3) All fractional derivatives do not obey the Chain Rule.
(4) Fractional derivatives do not have a corresponding Rolle’s Theorem and Mean

Value Theorem.
(5) All fractional derivatives do not obey: Da

αD
a
βf = Da

α+βf , in general.
To solve some of these and other difficulties, Khalil et al. [11], introduced the

following.

Definition 2. (Conformable fractional derivative) Given a function f : [0,∞)→
R. Then the “conformable fractional derivative” of f of order α is defined by

Dα (f) (τ) = lim
ε→0

f
(
τ + ετ1−α

)
− f (τ)

ε
(3)

for all τ > 0, α ∈ (0, 1) . If f is α−differentiable in some (0, a) , α > 0, lim
τ→0+

f (α) (τ) exist,

then define

f (α) (0) = lim
τ→0+

f (α) (τ) . (4)

We can write f (α) (τ) for Dα (f) (τ) to denote the conformable fractional derivatives
of f of order α. In addition, if the conformable fractional derivative of f of order
α exists, then we simply say f is α−differentiable.

Theorem 1. [10] Let α ∈ (0, 1] and f, g be α−differentiable at a point τ > 0. Then
i. Dα (af + bg) = aDα (f) + bDα (g) , for all a, b ∈ R (linearity).
ii. Dα (λ) = 0, for all constant functions f (τ) = λ,
iii. Dα (fg) = fDα (g) + gDα (f) (product rule).

iv. Dα

(
f

g

)
=
fDα (g)− gDα (f)

g2
(Quotient Rule).

v. Dα (f ◦ g) (τ) = f ′ (g (τ))Dα (g) (τ) (chain rule).
vi. If, in addition, f is differentiable, then

Dα (f) (τ) = τ1−α
df

dτ
(τ) . (5)

Definition 3. [10](Conformable fractional integral) Let α ∈ (0, 1] and 0 ≤ a <
b. A function f : (a, b]→ R is α-fractional integrable on [a, b] if the integral∫ b

a

f(x)dαx :=

∫ b

a

f(x)xα−1dx. (6)

Note that, the usual Riemann improper integral is defined as follow

Iaα(f)(τ) = Ia1 (τα−1f) =

∫ τ

a

f(x)

x1−α
dx,

where α ∈ (0, 1].

Theorem 2. [1]Let f : (a, b) → R be differentiable and 0 < α ≤ 1. Then, for all
τ > a we have

IaαD
a
αf (τ) = f (τ)− f (a) . (7)
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Theorem 3. [1](Integration by parts) Let f, g : [a, b]→ R be two functions such
that fg is differentiable. Then∫ b

a

f (x)Da
α (g) (x) dα (x, a) = fg|ba −

∫ b

a

g (x)Da
α (f) (x) dα (x, a) . (8)

Theorem 4. [10](Inverse property) Assume that a ≥ 0, and α ∈ (0, 1), and also
let f be a continuous function such that Iαa f exists. Then, for all τ > a we have

Da
αI

a
αf(τ) = f(τ).

In [15], Sarikaya et al. proved the following results connected with (1) and the
right part of (1).

Theorem 5. [15] Let α ∈ (0, 1] and f : [aα, bα]→ R be an α-fractional differentiable
mapping on (aα, bα) with 0 ≤ a < b. Then, the following inequality for conformable
fractional integral holds:

f

(
aα + bα

2

)
≤ α

bα − aα

∫ b

a

f (xα) dαx ≤
f (aα) + f (bα)

2
. (9)

Theorem 6. [15]Let α ∈ (0, 1] and f : [aα, bα] → R be an α-fractional differ-
entiable function on (aα, bα) and Dα (f) be an α-fractional integrable function on
[aα, bα] with 0 ≤ a < b. If |Dα (f)| be a convex function on [a, b] ,then the following
inequality for conformable fractional integral holds:∣∣∣∣f (aα) + f (bα)

2
− α

bα − aα
∫ b
a
f (xα) dαx

∣∣∣∣
≤ α (bα − aα)

2

(
23α

2
+6×2α

2
−8

3α×23α2

) [
aα(α−1)|Dα(f)(aα)|+bα(α−1)|Dα(f)(bα)|

2

]
.

(10)

In this paper, we have established some conformable fractional integral inequal-
ities. The results presented here would provide generalizations of those given in
earlier works. In the case of α = 1, the fractional integrals reduces to the classical
integral.

2. Some inequalities of Hermite-Hadamard type

In this section, we give some generalized inequalities in association with Hermite-
Hadamard type for differentiable functions whose derivatives in the absolute value
are convex using fractional integrals.

During this section, we assume will accept If (f ;α;β;u) as the following identity

If (f ;α;β;u) =
−aα−1f (aα) + bα−1f (bα)

2 (bα − aα)
α

− 1
2(bα−aα)β+1

∫ b
a

(bα − uα)
β
u−α

[
α− 1− (β − α+ 1)u2α−1 (bα − uα)

−α
]
f (uα) dαu

− 1
2(bα−aα)β+1

∫ b
a

(uα − aα)
β−α+1

u−α
[
α− 1 + (β − α+ 1)u2α−1 (uα − aα)

−α
]
f (uα) dαu.

where f : I ⊆ R → R be a differentiable function on I◦, the interior of I and
a, b ∈ I with a < b, x ∈ [a, b], λ ∈ [0, 1], α, β ∈ (0, 1].

Now we turn our attention to obtain the new integral inequalities of Hermite-
Hadamard type inequality for convex functions, for this we need the below lemma:
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Lemma 7. Let α, β ∈ (0, 1] and f : [aα, bα] → R be an α-fractional differentiable
function on (aα, bα) and Dα (f) be an α-fractional integrable function on [aα, bα]
with 0 ≤ a < b. If for q > 1, |Dα (f)|q be a convex function on [aα, bα] , then the
following identity holds:

If (f ;α;β;u) ≡ −a
α−1f (aα) + bα−1f (bα)

2 (bα − aα)
α

− 1
2(bα−aα)β+1

∫ b
a

(bα − uα)
β
u−α

[
α− 1− (β − α+ 1)u2α−1 (bα − uα)

−α
]
f (uα) dαu

− 1
2(bα−aα)β+1

∫ b
a

(uα − aα)
β−α+1

u−α
[
α− 1 + (β − α+ 1)u2α−1 (uα − aα)

−α
]
f (uα) dαu

= 1
2

∫ 1

0

(
ταβ − (1− τα)

β
)
Dα (f) (aατα + bα (1− τα)) dατ.

(11)

Where Dα (f) (aατα + bα (1− τα)) = (aατα + bα (1− τα))
1−α

f ′ (aατα + bα (1− τα)) .

Proof. Integrating by parts and changing variable of definite integral and changing
variables with uα = aατα + bα (1− τα), we have:

I1 (f ;α;β;u)

=
∫ 1

0
ταβDα (f) (aατα + bα (1− τα)) dατ

= 1
(bα−aα)β+1

∫ b
a

(bα − uα)
β+α−1−α+1

Dα (f) (uα)uα−1du

= 1
(bα−aα)β+1

∫ b
a

(bα − uα)
β−α+1

Dα (f) (uα)uα−1dα (bα, uα)

= 1
(bα−aα)β+1

∫ b
a

(bα − uα)
β−α+1

Dα (f) (uα)uα−1dα (bα, uα)

= 1
(bα−aα)β+1

{[
(bα − uα)

β−α+1
uα−1

]
f (uα)

∣∣∣b
a

−
∫ b
a
Dα

(
(bα − uα)

β−α+1
uα−1

)
f (uα) dα (bα, uα)

}
= − 1

(bα−aα)α a
α−1f (aα)

− 1
(bα−aα)β+1

∫ b
a

(bα − uα)
β−α+1

u

[
α− 1− (β − α+ 1)u2α−1 (bα − uα)

−α
]
f (uα) dα (bα, uα) .

(12)
Similarly, we have

−I2 (f ;α;β;u)

= −
∫ 1

0
(1− τα)

β
Dα (f) (aατα + bα (1− τα)) dατ
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= − 1
(bα−aα)β+1

∫ a
b

(uα − aα)
β+α−1−α+1

Dα (f) (uα)uα−1du

= 1
(bα−aα)β+1

∫ b
a

(uα − aα)
β−α+1

Dα (f) (uα)uα−1dα (uα, aα)

= 1
(bα−aα)β+1

∫ b
a

(uα − aα)
β−α+1

Dα (f) (uα)uα−1dα (uα, aα)

= 1
(bα−aα)β+1

{[
(uα − aα)

β−α+1
uα−1

]
f (uα)

∣∣∣b
a

−
∫ b
a
Dα

(
(uα − aα)

β−α+1
uα−1

)
f (uα) dα (uα, aα)

}
= 1

(bα−aα)α b
α−1f (bα)

− 1
(bα−aα)β+1

∫ b
a

(uα − aα)
β−α+1

u

[
α− 1 + (β − α+ 1)u2α−1 (uα − aα)

−α
]
f (uα) dα (uα, aα)

(13)
From these two equalities the lemma is complated.

Now we turn our attention to establish new integral inequalities of Hermite-
Hadamard for convex functions via conformable fractional integrals.

Theorem 8. Let α, β ∈ (0, 1] and f : [aα, bα]→ R be an α-fractional differentiable
function on (aα, bα) and Dα (f) be an α-fractional integrable function on [aα, bα]
with 0 ≤ a < b. If |Dα (f)| be a convex function on [aα, bα], then the following
inequality holds:

|If (f ;α;β;u)| ≤ 1

α (β + 1)

(
2β − 1

2β+1

)
{|Dα (f) (aα)|+ |Dα (f) (bα)|} .

Proof. Using Lemma 7 and the convexity of |Dα (f)| on [aα, bα], we obtain the
following inequality

|If (f ;α;β;u)| = 1
2

[∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)
|Dα (f) (aατα + bα (1− τα))| dατ

+
∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)
|Dα (f) (aατα + bα (1− τα))| dατ

]
≤ 1

2

∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)
{τα |Dα (f) (aα)|+ (1− τα) |Dα (f) (bα)|} dατ

+ 1
2

∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)
{τα |Dα (f) (aα)|+ (1− τα) |Dα (f) (bα)|} dατ
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=
|Dα (f) (aα)|

2

[∫ 2−
1
α

0
τα
(

(1− τα)
β − ταβ

)
dατ +

∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)
ταdατ

]

+
|Dα (f) (bα)|

2

∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)

(1− τα)dατ +
∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)

(1− τα)dατ

=
{|Dα (f) (aα)|+ |Dα (f) (bα)|}

2α (β + 1) (β + 2)

[
β + 2− β + 2

2β

]

=
1

α (β + 1)

(
2β − 1

2β+1

)
{|Dα (f) (aα)|+ |Dα (f) (bα)|} .

Theorem 9. Let α, β ∈ (0, 1] and f : [aα, bα]→ R be an α-fractional differentiable
function on (aα, bα) and Dα (f) be an α-fractional integrable function on [aα, bα]
with 0 ≤ a < b. If for q ≥ 1 with 1

p + 1
q = 1, |Dα (f)|q be a convex function on

[aα, bα], then the following inequality holds:

|If (f ;α;β;u)|

≤ 1
2

(
2− 21−β

α (β + 1)

) 1
p
(

(|Dα (f) (aα)|q + |Dα (f) (bα)|q)
2α

) 1
q

.

(14)

Proof. From Lemma 7, the convexity of |Dα (f)|q on [aα, bα], and for q > 1, the
power-mean inequality, we yields

|If (f ;α;β;u)| ≤ 1
2

∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣ |Dα (f) (aατα + bα (1− τα))| dατ

≤ 1
2

∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣ |Dα (f) (aατα + bα (1− τα))| dατ

+ 1
2

(∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣ dατ) 1

p
(∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q

≤ 1
2

(∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)
dατ +

∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)
dατ

) 1
p

×
(∫ 1

0
(|Dα (f) (aατα + bα (1− τα))|)q dατ

) 1
q

.

(15)
Using the convexity of |Dα (f)|q on [aα, bα]∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

≤
∫ 1

0
{τα |Dα (f) (aα)|q + (1− τα) |Dα (f) (bα)|q} dατ

= |Dα (f) (aα)|q
∫ 1

0
ταdατ + |Dα (f) (bα)|q

∫ 1

0
{1− τα} dατ

=
(|Dα (f) (aα)|q + |Dα (f) (bα)|q)

2α
.

(16)
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Integrating by parts and changing variable of definite integral, we have:

∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)
dατ +

∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)
dατ =

2− 21−β

α (β + 1)
. (17)

By substituting (16), (17) into (15), we get the desired result for q > 1.
If we choose q = 1, then we get the following inequality;

|If (f ;α;β;u)| ≤ (|Dα (f) (aα)|+ |Dα (f) (bα)|)
4α

.

Theorem 10. Let α, β ∈ (0, 1] and f : [aα, bα]→ R be an α-fractional differentiable
function on (aα, bα) and Dα (f) be an α-fractional integrable function on [aα, bα]
with 0 ≤ a < b. If for q > 1 with 1

p + 1
q = 1, |Dα (f)|q be a convex function on

[aα, bα], then the following inequality holds:

|If (f ;α;β;u)| ≤ 1
2

( (
2βp − 1

)
α (βp+ 1) 2βp−1

) 1
p {

[|Dα (f) (aα)|q + |Dα (bα)|q]
2α

}q−1

.

(18)

Proof. Using Lemma 7, the convexity of |Dα (f)|q on [aα, bα], and Hölder inequality,
for q > 1, we obtain the below inequality

|If (f ;α;β;u)|

≤ 1
2

∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣ |Dα (f) (aατα + bα (1− τα))| dατ

≤ 1
2

(∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣p dατ) 1

p
(∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q

≤ 1
2

{∫ 2−
1
α

0

[
(1− τα)

β − ταβ
]p
dατ +

∫ 1

2−
1
α

[
ταβ − (1− τα)

β
]p
dατ

} 1
p

×
(∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q

≤ 1
2

{∫ 2−
1
α

0

[
(1− τα)

βp − ταβp
]
dατ +

∫ 1

2−
1
α

[
ταβp − (1− τα)

βp
]
dατ

} 1
p

×
(∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q

= 1
2

(
2

α (βp+ 1)

) 1
p
(

1− 1

2βp

) 1
p (∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q

.

(19)
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On the other hand, for the left side of inequality (19), using the convexity of
|Dα (f)|q on [aα, bα] we get

∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

≤
∫ 1

0
{τα |Dα (f) (aα)|q + (1− τα) |Dα (f) (bα)|q} dατ

≤ |Dα (f) (aα)|q
∫ 1

0
ταdατ

+ |Dα (f) (bα)|q
∫ 1

0
(1− τα) dατ

=
|Dα (f) (aα)|q + |Dα (f) (bα)|q

2α
.

(20)

By adding the inequality (20) into (19), we get the desired result.

Theorem 11. Let α, β ∈ (0, 1] and f : [aα, bα]→ R be an α-fractional differentiable
function on (aα, bα) and Dα (f) be an α-fractional integrable function on [aα, bα]
with 0 ≤ a < b. If for q > 1 with 1

p + 1
q = 1, |Dα (f)|q be a convex function on

[aα, bα], then If (.) is bounded and the following inequality holds:

|If (f ;α;β;u)| ≤ 1

2 (bα − aα)
2
q

‖Dα (f)‖Lq(a,b)
(

1
α(βp+1)

{
2− 2−βp+1

}) 1
p

.

(21)

Proof. Suppose that q > 1. By Lemma 7, the convexity of |Dα (f)|q on [aα, bα],
and Hölder’s integral inequality, it follows that

|If (f ;α;β;u)| ≤ 1
2

∫ 1

0

∣∣∣ταβ − (1− τα)
β
∣∣∣ |Dα (f) (aατα + bα (1− τα))| dατ

≤ 1
2

(∫ 1

0
|Dα (f) (aατα + bα (1− τα))|q dατ

) 1
q
(∫ 1

0

(∣∣∣ταβ − (1− τα)
β
∣∣∣)p dατ) 1

p

=
1

2 (bα − aα)
1
q

(
1

bα−aα
∫ b
a
|Dα (f) (uα)|q dαu

) 1
q
(∫ 1

0

(∣∣∣ταβ − (1− τα)
β
∣∣∣)p dατ) 1

p

=
1

2 (bα − aα)
2
q

‖Dα (f)‖Lq(a,b)
(∫ 1

0

(∣∣∣ταβ − (1− τα)
β
∣∣∣)p dατ) 1

p

.

(22)
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On the other hand, for the right hand of inequality, we get the following inequality;∫ 1

0

(∣∣∣ταβ − (1− τα)
β
∣∣∣)p τα−1dτ =

∫ 2−
1
α

0

(
(1− τα)

β − ταβ
)p
dατ

+
∫ 1

2−
1
α

(
ταβ − (1− τα)

β
)p
dατ

≤ 1
α

∫ 2−1

0

(
(1− u)

βp − uβp
)
du

+ 1
α

∫ 1

2−1

(
uβp − (1− u)

βp
)
du

= 1
α(βp+1)

{
2− 2−βp+1

}
.

Thus the proof is completed.

Acknowledgement
I would like to thank the referees of the Journal of Inequalities and Special Functions
for their valuable contributions.

References

[1] T. Abdeljawad, On conformable fractional calculus, Journal of Computational and Applied

Mathematics 279 (2015) 57–66.
[2] D. R. Anderson, Taylor’s formula and integral inequalities for conformable fractional deriva-

tives, Contributions in Mathematics and Engineering (2016) 25-43.
[3] D. R. Anderson, D. J. Ulness, Newly Defined Conformable Derivatives, Advances in Dynam-

ical Systems and Applications ISSN 0973-5321, Volume 10, Number 2, (2015) 109–137.

[4] E. F. Beckenbach, Convex functions, Bull. Amer. Math. Soc., 54 (1948) 439-460.
[5] G. W. Leibniz, “Letter from Hanover, Germany to G.F.A. L’Hospital, September 30, 1695”,

Leibniz Mathematische Schriften, Olms-Verlag, Hildesheim, Germany, 1962, p.301-302, First

published in 1849.
[6] G. W. Leibniz, “Letter from Hanover, Germany to Johann Bernoulli, December 28, 1695”,

Leibniz Mathematische Schriften, Olms-Verlag, Hildesheim, Germany, 1962, p.226, First pub-

lished in 1849.
[7] G. W. Leibniz, “Letter from Hanover, Germany to John Wallis, May 28, 1697”, Leibniz

Mathematische Schriften, Olms-Verlag, Hildesheim, Germany, 1962, p.25, First published in

1849.
[8] M. Abu Hammad, R. Khalil, Conformable fractional heat differential equations, International

Journal of Differential Equations and Applications 13( 3), 2014, 177-183.
[9] M. Abu Hammad, R. Khalil, Abel’s formula and wronskian for conformable fractional dif-

ferential equations, International Journal of Differential Equations and Applications 13(3),

2014, 177-183.
[10] U. N. Katugampola, “A new fractional derivative with classical properties,” (2014) e-print

arXiv:1410.6535.

[11] R. Khalil, M. Al horani, A. Yousef, M. Sababheh, A new definition of fractional derivative,
Journal of Computational Apllied Mathematics, 264 (2014), 65-70.

[12] U.S. Kırmacı, Inequalities for differentiable mappings and applications to special means of

real numbers and to midpoint formula, Appl. Math. Comput. 147 (1) (2004) 137–146.
[13] O.S. Iyiola and E.R.Nwaeze, Some new results on the new conformable fractional calculus

with application using D’Alambert approach, Progr. Fract. Differ. Appl., 2(2), 115-122, 2016.
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