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ON SOME INEQUALITIES AND op(, ,~-CONSERVATIVE
MATRICES

KUDDUSI KAYADUMAN, FEYZI YASAR, AYSEGUL CETIN

ABSTRACT. Let V,; denote the spaces of o-convergent sequences introduced by
P. Schaefer [Infinite matrices and invariant means, Proc. Amer. Math. Soc.
36(1972), 104-110] and V, also be the domain of the generalized difference
matrix B(r, s) in the sequences spaces V5. In this paper, we have determined
a class of o, 5)-conservative matrices studying some inequalities which are
analogous to Knopp’ s Core Theorem.

1. INTRODUCTION

Let w be the spaces of all real or complex valued sequences. Then, each linear
subspace of w is called a sequence space. We write ¢, ¢, cg and ¢1, cs, and bs
are used for the sequence spaces of all bounded , convergent, and null sequences,
absolutely convergent series, convergent series, and bounded series, respectively.
Let A and p be two sequence spaces and A = (a,j) an infinite matrix of real or
complex numbers any, where n,k € N = {0,1,2,...}. Then, A defines a matrix
mapping from A to g by A : A — pu if for every sequence x = (xp) € X the
sequence Ax = {(Ax),}, the A-transform of z, is in p where

(Az), = Z anky, (n € N). (1.1)
k

By (M : p), we denote the class of matrices A such that A : A — u. Thus ,
A € (X\: p) if and only if the above series converges for each n € N and every = € ),
and we have Ax = {(Az)p}neny € p for all x € X\, The matrix domain A4 of an
infinite matrix A in a sequence spaces A is defined by Ay = {x = 2 € w: Az € A}
If we take A = ¢, then cy4 is called convergence domain of A. We write the limit
of Az as limy x = limy, o0 ) ;, ankxg, and A is called regular if limy = limz for
each convergent sequence x. By using the matrix domain of a particular limitation
method so many sequence spaces have been built, we can see ( [2], [3], [, [5], [6],
. ], [, [15], [6], [T, [201, [21, [23], [24], [25], [26], 27, (291, 51, [33), [36)) -
Finally, the new technique for deducing certain topological properties, such as AB-,
KB-, AD-,properties, solidity and monotonicity etc., and determining the a-, 8-,
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and - duals of the domain of a triangle matrix in a sequence space was given by
Altay and Bagar [I]. Furthermore, quite recently, Bagar and Kirisci [10] introduced
the new sequence spaces f derived from the space f of almost convergent sequences
by means of the domain of the generalized difference matrix B(r, s).

Let o be a one-to-one mapping from N into itself and T : /o, — f a linear
operator defined by Tx = (T'wx) = (75(1)). An element ¢ € &/X), the conjugate space
of £, is called an invariant mean or a o-mean if and only if (i) ¢(x) > 0 when the
sequence x = (zy) has z, > 0 for all kK € N, (ii) ¢(e) = 1, where e = (1,1,1,...)
and (iii) ¢(Tx) = ¢(x) for all € . A sublinear functional P on ¢, is said to
generate o-means if ¢ € E;O and ¢ < P = ¢ is a o-mean, to dominate ¢ means if
¢ < P for all ¢ € M where ¢ < P means that p(z) < P(z) for all € . It is
shown [32] that the sublinear functional V(z) = sup,, limsup, t,,(x) both generate
and dominates o-means where

ton (@) = (@ + Tan + .. + TP22)/(p+ 1), t_1.0(z) = 0. (1.2)

A bounded sequence x is called o- convergent to s if V(z) = =V (—z) = s and it
can be shown [34] that

Vo = {x € s : limty,(z) = s uniformly in n, s = o0 — limz}. (1.3)
P

In this case we write 0 —limx = s.

Throughout this paper we consider the mapping o such that o?(k) # k for all
positive integers k > 0 and p > 1, where oP(k) is the pth iterate of o at k. Thus,
a o-mean extends the limit functional on ¢ in the sense that ¢(x) = limz for all
x € ¢ (see [22]). Consequently, ¢ C V, where V,, is the set of bounded sequences all
of whose o-means are equal.

In case o(k) = k + 1, a o-mean is often called a Banach limit and V, is the set
of almost convergent sequences, introduced by Lorentz (see [12]).

We say that a bounded sequence x = (zy) is o-convergent if x € V,. By Z, we
denote the set of o-convergent sequences with o-limit zero. It is well known [33] that
x € b ifand only if (Tx—x) € Z. B(r,s) = {bnk(r, )} and B(7, ) = {bnk(rn, sn)}
are the generalized difference matrix and double sequential band matrix, respec-
tively defined by

T k=mn Th, k=n
buk(r,s) =< s, k=n—1 by(r,8) =< s,, k=n-1
0, otherwise 0, otherwise

for all k,n € N, where r,s € R\ {0} and 7 = (r,,).—, and § = (s,,),—, be given
convergent sequences of positive real numbers.

Now we introduce the new sequence spaces V,, as the set of all sequences whose
B(r, s)-transforms are in the spaces V, that is

m

= = = li
\% r = (x) €Ew ae(Camgnoo;) ]

8T gi(k)—1 T 5Tqi . .
(k)1 *) — o uniformly in k

With the notation of li we can redefine the spaces ‘//; by

o~

Vg’ = VB(r,s)~

(1.4)
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Define the sequence y = (yx) by the B(r, s)-transform of a sequence z = (zy), i. e.
Yk = STk—1 + rTy, (k S N) (15)

If we take o(k) = k+ 1 in the then V,, space is reduced to the space f (see
[10)).

We will call the matrices A € (¢,¢), A € (¢,V,) and A € (¢, SNl ) conservative,
o-conservative and statistical (st)-conservative matrices. It is known [31] that A is
conservative if and only if [|A|| = sup,, Y, |ank| < 00, ar = lim, a,; for each F,
and a = lim,, ), a,. If A conservative, the number x = x(4) =a — >, a; called
the characteristic of A is of importance in summability.

Schaefer [34] has proved that A is o-conservative if and only if ||A|| < oo, ai =
o —lim,, a,y, for each k, and o = 0 —lim ), ang.

Kolk [8] has shown that a matrix A is st -conservative if and only if ||A]| < oo,
ty = st —lim,, a,, for each k, and t = st —lim ), ans.

In the case A is o-conservative or st-conservative, similarly, we can define that
is xo = XJ(A) = o - Zak or Xst = Xst(A) =1- Ztk- If x» 7£ 0, Ais o-
coregular; otherwise, it is o-conull. For any real A we write AT = max{0, A},
A7 =max{—X,0}. Then A=AT + A" and | A |= AT —A~.

In what follows and throughout the paper we shall consider (c, ‘//;) matrices class
. A€ (e ‘//;) is said to be o, s)-conservative if and only if

oo
I|A]] = supz |san—1,% + rank| < 0o
C—

1 m
ligLn e jz_;) 8Qgi(n)—1,k T T0gi(n),k = 4 uniformly in n, for each k,

hJLHZ %H Z 8Q4i(n)—1,k T T0gi(n),k = ¢ uniformly in n .
k=0 §=0

If the above conditions hold, then o ) — lim A, () = Y-, arzr + (=, ax)
for all z € c.

Note that in the case A is 0 g(, 5)-conservative, the number x (. s) = XB(r,s)(4) =
a — >, oy is defined and it is said to be characteristic of A.

Let K be a subset of N, the set of positive integers. Natural density § of K is
defined by

1
(K)=lim—|k<n:ke€K|
non

where the vertical bars indicate the number of elements in the enclosed set. The
number sequence z = (x) is said to be statistically convergent to the number £ if
for every e, 8{k : |z, — €| > ¢} = 0, [13]. In this case, we write st — limz = £. We
shall also write st and st to denote the sets of all statistically convergent sequences
and statistically convergent to zero sequences. Fridy and Orhan [28], Lie and Fridy
[30] have introduced the notions of the statistically boundedness, statistical-limit
superior (st-limsup) and inferior (st-liminf), and also determined necessary and
sufficient conditions for a matrix A to yield L(Axz) < S(z) and B(Ax) < S(z) for
all z € {y. Das [I1] has characterized a class of conservative matrices in terms
of inequalities involving sublinear functionals on f¢n,. In [32] and [I8, [19], the
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inequalities ¢ (Az) < L(z), ¢o (A7) < ¢o(2), ¢o) (Bz) < L(x), goa) (Bx) < g0 (),
and g, (Bx) < f(x), for all z € £, have been studied.

Throughout this paper, we shall deal with the following sublinear functionals
defined on x € {:

L(z) = limsupz, w(x) = 1€an Lz + 2)
z o
a(z) = st — liminf z, B(x) = st — limsup z

where ), (z) is defined as in . It is known that V(z) = W(z) on fo. In [11]
Das characterized a class of conservative matrices in terms of inequalities involving
sublinear functionals on f¢,. In this paper, using the same technique, we have
established some inequalities by using a class of o g(;. s)-conservative matrices, which
are analogous to Knopp’ s Core Theorem.

Firstly, we may list some lemmas which will be useful to our proofs.

Lemma 1.1 ([II],Th.1 (c)). Let A = (ani(i)) be conservative. Then, for some
constant A > |x| and for all v € {o,

lim sup sup Z(ank(z) —ag)zk < mL(m) - ué(m)
n i & 2 2
if and only if
lim sup supz |ank (i) — ak] < A (1.6)

k

where x is the characteristic of A.

Lemma 1.2 ([II], Lemma 1). Let A = (ank(i)) be conservative and X\ > 0. Then
@ holds if and only if

. , A+
hmnsup Sl;p gk (ani(i) —ap)t < . X
and
lim sup sup E (ank(i) —ag)” < AX
- ! nk k I 9 .

ok
Lemma 1.3 ([II],Lemma 2). Let ||A|| < co and lim,, sup; a,i(i) = 0. Then, there
exists a y € Lo with ||y|| <1 such that

lim sup su A (1 = lim sup su ank(1)]. 1.7
 sup ipzk: k(1) Y Sup ipzkII k(1)] (1.7)

2. THE MAIN RESULTS

Theorem 2.1. Let A be og(, s)-conservative. Then, for some constant A > |XB(7‘,5)‘
and for all x € l,

A T,5 A— T8
%L(@ _ %g(@ (2.1)

m n

lim sup supz (Zi(m,n, k) — ak)xk <
k
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if and only if

lim supz |a(m,n, k) — a| < X uniformly in n. (2.2)

m k
Where a(m,n, k) = #ﬂ D50 800 (n)—1,k T3 (n) k-

Proof. Necessity: Suppose that (2.1) holds and, if we define the matrix by C =
(¢mi(n)) by

1 m
Z 8Ggi(n)—1,k + TQgi(n),k — Oék). (23)
j=0

cmi (1) = (m +1
for all m,n,k. Then, since A is op(, - conservative, the matrix C satisfies the
hypothesis conditions of the Lemma Hence for a y € £ such that || y ||< 1
we have (1.7)) for matrix C. Hence, using (2.1]), we can write

lim sup sup Z |emr(n)] = limsupsup Z Cmk (M) Yk
)‘+XB TS >\_XB 7,8
< %L(y) - %E(y)

)‘+ 7,8 )‘_ 7,8
(S 4 SRRy

= A\

Thus, we have the condition (2.2)).
Sufficiency: Let (2.2) holds and = € £+,. Then, for any given ¢ > 0, we can write
U(z) — e < xp < L(z) + ¢ whenever k > kq. Now, can write

Zcmk(n)xk = Z Cmk () + Z Cmr(n) T g — Z Cmk(n) .
k k<ko k>ko k>ko

Hence, since A is op(; s)-conservative, we get by that Lemma that

A + r.s )\ - 7,8
lim sup sup Z emik(M)zr < %(L(m) +¢e)— % (U(z) —¢)
m n
k

A+ s A=
XB(T")L({E) . XB(T7S)€(:L') + e
2 2

This completes the proof since € is arbitrary and for all x € /. O

Theorem 2.2. Let A be 0g,,s)-conservative. Then, for some constant A > |XB(r,s)|
and for all x € {,

~ A + T,8 A— r,8
limsupsupz (a(m,n, k) — ag)zy < X;( : )ﬂ(x) + X2B( : )a(—z) (2.4)
m n k

if and only if holds and

lim Z |a(m,n, k) — ag| = 0 uniformly in n (2.5)
keE

for every E C N with §(E) =0, where f(x) = st — limsup z.
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Proof. Necessity: Let hold. Then, by attention hypothesis, we can write
B(z) < L(z) and a(—x) < —£¢(zx). Thus, the necessity of the condition follows
from Theorem Now let us show the necessity of . For any £ C N with
J(E) =0, let us define a matrix T = (tmi(n)) as follows

tm(n) = { cm%(n) /]5 ¢E J;E

Then, since A is op(,s)-conservative, it is clear that 7 satisfies the conditions of
Lemma [1.2] and hence there exists a y € (o such that || y |[[< 1 and

lim sup su t n = lim sup su a n)l.
Lsup np; () = lim sup np;l mk(n)]

Thus, for the same FE, let use choose the sequence (zi) by
(1, keE
k710 , k¢E.
Then, clearly z € sty and so, 8(z) = «a(z) = st —limz = 0. Hence, by the
assumption and (|1.7)), we get that

)‘+ TS A— T,8
limsupsup 3 tae(n)] < S () + S g ()
m n keE

IN

= 0
which implies the necessity of the condition (2.5).

Sufficiency: Assume that (2.2) and (2.5) hold. For any = € f, let us define
Ey={k:xp>pB(x)+e} and Es = {k: 2 < a(z) —e}. Then §(E;) = §(E2) =0,
[28]. Hence the set E = E; N E5 has also zero density and

afr) —e <axp <B(x)+e (2.6)
whenever k ¢ E. Now; it can be written that
Zcmk(p)xk = Z Cmk ()T + Z Cmk(p) Ty — Z Cmk (D)™ k-
k keE kgE k¢E

Thus, since (2.5]) implies that the first sum on the right hand-side is zero, by Lemma

and from (2.6)), we get

)\ + r.s )\ - 7,8
lim sup sup Z Cmk(M)xp < % (B(z) +¢) + % ((—z) —€)
m n k
)‘ + 7,8 >\ - 7,8
= XB(r, )B(ac) + XB(r, )a(—x) + Ae.
2 2
Since ¢ is arbitrary, this completes the proof. ([

Theorem 2.3. Let A be o, s)-conservative. Then, for some constant A > ’XB(T,S)‘

and for all x € l,

A+ XB(r,s)
2

A— XB(r,s)

4o () + B

lim sup supz (a(m,n, k) — ag)xy, < q-(—z) (2.7)
m n k

if and only if holds and
limz |emi () = €y () — (0 — qto(r))| = 0 uniformly in n. (2.8)
k
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Proof. Necessity: Suppose that holds. Then, since A € (c, ‘//;), we can be writ-
ten ¢, () < L(z) and g, (—z) < —£(x) for all € ¢, thus the necessity of fol-
lows from Theorem If define R = (i (1)) by rmk(n) = (cnk(n) — ¢om,o)(n)),
we have for R.

Let us choose z such that z; = 0, k& ¢ o(N). Hence, since (2 — z,x)) € Z,
implies that

lim sup Z |Pme(n)] = limsup Z Tk (1) 20 (k)
m k m k
= lim supz Cmk (1) (21 = Zo(k))
™k
A+ XB(r,s)
5 q

A— XB(r,s)

5 9o (Zo(k) — 2k)

U(zk - Zo(k)) +
= 0
which is (2.8).

Sufficiency: Let the condition (2.2)) and (2.8) hold. By the same argument as in
Theorem 23 of [33], one can easily see that for any x € ¢,

Z Cmk(N) (T — Zom)) = Zka(n)xa(k)
! %

where the matrices C and R are as above.

Hence, since (zx — Zo(k)) € Z, (2.8) implies that C € (Z, S0 N{s). We also see
from the assumption that (2.1)) holds. Thus, taking infimum over z € Z in (2.1 we
get that

. . >‘+X T,8 AfX T,8
Znelg (hmﬂfup sup g emik(n) (z + zk)> < %L(m +z)— %K(x + 2)
k
A+ XB(r,s) A= XB(r,s)
= W () + W (—a).

On the other hand, since op(, ) — limCz = 0 for 2 € Z,

inf | limsups + > limsups + inf | limsups
zlgz<lmmup ngZcmk(n)(ﬁk Zk)) > limsup UPZka(n)zk Znelz<1mmup %chmk(n)zk

m n
k k k
= limsupsup E Cmk(n)Tg.
m n ]

k

Since W (x) = g, (z) [32] for all z € {o, we conclude that (2.7]) holds and the proof
is completed.
O

3. CONCLUSION

Lorentz [12] introduced the concept of almost convergence in 1948, and Das [11]
has characterized a class of conservative matrices in terms of inequalities involving
sublinear functionals on ..

Schaefer [34] and Fast [I3] defined o-convergent sequences and statistically con-
vergent respectively. Cogkun and Cakan [I5] determined a class of conservative,
o-conservative and statistically(st)-conservative matrices using the same technique.

)
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Furthermore, quite recently, Kirigci and Bagar [2I] introduced the new sequence

spaces f derived from the spaces f of almost convergent sequences by means of the

do

main of the generalized difference bant matrix B(r, s).
In this paper, we have determined V; spaces and op(,,s) -conservative matrices

studying some inequalities which are analogous to the famous Knopp’s theorem.
Our corresponding results are much more general than given by Coskun and Cakan

in,

[15]. So, the main results of the present paper fill up the gap in the existing

literature.
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