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FIXED POINT RESULTS FOR COUPLINGS ON ABSTRACT
METRIC SPACES AND AN APPLICATION

HASSEN AYDI, ABDELBASSET FELHI, H. AFSHARI, H.R. MARASI, H. ISIK

ABSTRACT. Recently, Choudhury et al. [I3]| introduced the concept of cou-
plings between two nonempty subsets in metric spaces. The aim of this paper
is to prove the existence and uniqueness of strong coupled fixed points for a
class of couplings in the context of cone metric spaces. Our results unify and
generalize many know results in literature. Some examples are provided to
illustrate the obtained results.

1. INTRODUCTION AND PRELIMINARIES

Banach’s contraction principle is one of the most important theorems in the
field of fixed point theory. This famous result has been extended and generalized
in many various directions. The concept of a cone metric space was reintroduced
in 2007 by Huang and Zhang [I7] as one of the generalizations of a metric space.
Many (common) fixed point results are established in such spaces. For more details,
we refer the reader to [2]-[10] and [20]-[29]. Now, we give some basic definitions
which are used throughout the paper.

Definition 1.1. [14] Let E be a real Banach space. A subset P of E is said to be
a cone if and only if
(7) P is nonempty, closed and P # {0g};

(i) a,b € R, a,b>0, z,y € P implies that ax + by € P;

(tit) PN (=P)={0g};
where Og is the zero vector of E.

For a cone P, we define a partial ordering with respect to P by

ryesy—zelP

We shall write * < y if y — 2 € IntP, where IntP is the interior of P. We also
write z < y if # <y and « # y. The cone P in the normed space (E, ||.||) is said to
be normal if there is a number A > 0 such that for all x,y € E, we have

O0p =z =<y implies [[z]| < Allyll.
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The least positive number satisfying this norm inequality is said to be a normal
constant of P.

Example 1.2. Let E =R and P = [0,00). Then P is a normal cone such that the
normal constant is equal to 1.

Example 1.3. Let E=R? and P = {(z,y) € R? : 2,y > 0}. Then P is a normal
cone such that the normal constant is equal to 1.

Definition 1.4. [I7] Let X be a nonempty set. Suppose thatd : X x X — E
satisfies

(d1) O = d(z,y) for all z,y € X and d(z,y) = Og if and only if x = y;

(d2) d(z,y) =d(y,x) for all z,y € X;

(d3) d(z,y) 2 d(z,2) +d(z,y) for all x,y,z € X.
Then d is said to be a cone metric on X and (X,d) is said to be a cone metric
space.

Remark 1.5. Fach metric space is a cone metric space. It suffices to take E =R
and P =[0,00). The concept of a cone metric space is more general than a metric
space.

Example 1.6. [17] Let X =R, E =R? and P = {(z,y) € R? : 2,y > 0}. Consider
the function d : X x X — E defined by d(z,y) = (a|z —yl,blx —y|) for allz,y € X,
where a,b > 0. Then (X,d) is a cone metric space.

Definition 1.7. [I7] Let (X, d) be a cone metric space, {x,} a sequence in X and
x € X. For every c € E with Og < ¢, we say that {x,} is
(C1) Cauchy if there is some N € N such that, for alln,m > N, d(x,,zmn) < ¢;
(C2) convergent if there is some N € N such that for alln > N, d(z,,x) < c.
Then x is said to be the limit of the sequence {x,}.

Notice that every convergent sequence in a cone metric space X is a Cauchy
sequence. A cone metric space X is called complete if every Cauchy sequence in X
is convergent in X.

The following concept is introduced recently by Choudhury et al. [13].

Definition 1.8. [I3] Let A and B be two nonempty subsets of set X. A coupling
with respect to A and B is a function F : X x X — X such that F(z,y) € B and
F(y,xz) € A whenever (z,y) € A X B.

The following examples illustrate Definition (1.8

Example 1.9. Let X = R. Take A = (—0,0], B=[1,00) and F: X x X — X
defined by

2 ifr<y
F(z,y) =40 ifr=y
-1 ifz>uy.

For all (z,y) € AXB, we havex < y and so F(x,y) =2 € B and F(y,z) = —1 € A.
Then F is a coupling with respect to A and B.

Example 1.10. Let X =R. Take A = (—o0,—1], B=[1,00) and F(z,y) =y —x

for all xz,y € X. For all (z,y) € A x B, we have F(z,y) > 2 and F(y,z) < —2.
Then F(x,y) € B and F(y,x) € A and so F is a coupling with respect to A and B.
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Example 1.11. Let X = R. Take A =[-1,0] and B =[2,3]. Define F: X x X —
X by
L5 ifazy

Flay) = {2 ifx <uy.

For all (z,y) € AX B, we have F(z,y) =2 € B and F(y,x) = Iz;yz € A. Then F
s a coupling with respect to A and B.

Example 1.12. Let X be a nonempty set. Take A = B = X. Then every function
F: X xX — X is is a coupling with respect to X and X.

Definition 1.13. [I5] Let X be a nonempty set. An element (z,y) € X x X is a
coupled fized point of the mapping F : X x X — X if x = F(x,y) andy = F(y, z).

Definition 1.14. [12] Let X be a nonempty set. An element (xz,y) € X x X is a
strong coupled fized point of the mapping F : X x X — X if (x,y) is a coupled fired
point and x =y, that is, if x = F(x, x).

Many results on coupled fixed point results have been given. For details, see
[T, Bl [ [7, &, 16l 18, 191 23], 24 25]. While, in this paper, we prove the existence
and uniqueness of strong coupled fixed points for a class of couplings in the context
of cone metric spaces. Some examples are provided to illustrate the concepts and
obtained results.

2. MAIN RESULTS

Let us start with the following problem: Find an element x € X satisfying the
following

F(z,z) =,
{m € AN B, (21)

where (X,d) is a complete cone metric space with a cone P having nonempty
interior, A and B be two nonempty closed subsets of X and F': X x X — X is a
coupling with respect to A and B satisfying

d(F(z,y), F(u,v)) < ard(x,u) + as[d(F(z,y), z) + d(F(u,v), u)]

T asd(y,0) + asfd(F(e,y)u) + d(F(u0),2)], 22

for all z,v € A and y,u € B, where a;, i = 1,--- ,4 are nonnegative real numbers
such that ay + 2as + ag + 2a4 < 1.
We state and prove our first result.

Theorem 2.1. Let A and B be two nonempty closed subsets of a complete cone
metric space (X,d) with a cone P having nonempty interior and F : X x X — X
be a coupling with respect to A and B satisfying the contraction condition .
For any (zg,y0) € A X BUB x A, let xpy1 = F(yn,xn) and ypi1 = F(xn, yn).
Then the sequence {x,} converges to x, the unique solution of .

Proof. Without loss of generality, let (zo,y0) € A X B. Since F' is a coupling with
respect to A and B, we have {z,} C A and {y,} C B. We shall show that {z,}



60 H. AYDI, A. FELHI, H. AFSHARI, H.R. MARASI, H. ISIK

and {y,} are Cauchy sequences. From (2.2)), we have

A(Tpt1,Yn+2) = AF (Tnt1, Ynt1)s F(Yn, Tn))
2 a1d(Tpt1,Yn) + a2[d(Ynt2, Tnt1) + d(Tng1,Yn)]
+ a3d(Tn, Ynt1) + aald(Ynt2,Yn) + d(Tnt1, Tny1)]
= (al + a2)d($n+la yn) + a2d(yn+2a -TnJrl)
+ a3d(@n, Ynt1) + aald(Ynt2, Tnt1) + d(Tnt1, yn)]-

This leads to
(1= a2 — ag)d(Tpy1,Ynt2) = (a1 + az + as)d(Yn, Tni1) + azd(Tn, Yny1)-

Hence

ay +as + aq
— 1—as—ay

as

d(l‘n+1, yn+2) d(yna xn—l—l) + d(l‘n, yn-i-l)- (23)

Again, from (2.2)),
d(Yn+1,Tnt2) = d(F(Tn, Yn)s F(Yn+1, Tnt1))
= a1d(@n, Ynt1) + a2[d(Yn+1, Tn) + d(@nt2, Yns1))
+ a3d(yn7 xn—i—l) + ay [d<yn+17 yn+1) + d(xnv xn+2)]~

1—as—ay

Thus
as

a1 +as + ayg
Algrer,rga) < D20
— G2 — a4

Let 0,, :== d(zn, Yn+1) +d(Yn, Tn41) for n > 0. Combining (2.3)) and ([2.4)), we obtain

a1+a2+a3+a4
1—a2—a4

d(-rn»ynJrl) + d(yn7mn+1)' (24)

17@27&4

Ont1 = kO, where k= < 1. (2.5)

It follows that

O <60, 2kO,_1 <...<Xk"y, foralln>0. (2.6)

On the other hand, from (2.2),

A(Tnt1,Ynt1) = d(F(Tn, Yn), F(Yn, 20))
= (a1 + a3)d(@n, Yn) + a2ld(Ynt1, Tn) + A(@n+1, Yn)]
+ aa[d(Yn+1, Yn) + d(Tpi1, T0)]
= (a1 + a3 + 2a4)d(zn, yn) + (a2 + a1)[d(@n, Yn+1) + d(Yn, Tnt1)]
= (a1 + a3z + 2a4)d(xn, yn) + (a2 + a4)0p.

Consider \,, = d(zy,yn). Choose @ = a1 + ag + 2a4 and § = as + a4. Then a < 1
and 5 < 1. We have

Ant1 R ad, + 60, for alln > 0.

Using (2.6)),

0 <Ay X a" N+ Bk +ak™ 2+ a2k 2 4 4 a™ Ny, for alln > 0. (2.7)
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Now, from (2.5) and (2.6), we have
d(@n, Tns1) + d(Yny Yn+1) 2 (@, Yn) + d(Yn, Tn) + (@0, Ynt1) + d(Yns Tng1)
=2\, + 6,
< 20"\ + 28"+ k" 2+ 2K - 4o e,
+ k"0,.
(2.8)
If )\0 = d(,To,yo) = OE and 9() = d(x07F(a?0,yo)) + d(yo,F(y(),l‘Q)) = OE, then
xo = yo and zg = F(xo, o), that is, (zo,yo) is a strong coupled fixed point of F.
From now on, suppose that O0g < Ag or Og < 8y . For m > n, we have

m—1
d(xna xm) + d(yna ym) = Z [d(l‘@, JUi+1) + d(yia yi+1)]
:nfl ] m—1 .
<2 Z oo + Z k'O,
el | |
+28 Y (KT Hak' TP 4k T 4 0 Tl

= Qiai/\o + ikleo

+28) [T+ ak T2+ o’k T o .
We distinguish the following cases.
Case 1. If o < k, we have % <1. So

Bl ok ™2 4ok o T = BT S (D) T Sk

Having o, k € [0,1), we obtain

d(@n, Zm) + d(Yn, Ym) < 2 Zo/AO + Zklﬂo + ZBZiki_l% — 0, asn — oo.

i=n i=n i=n
Case 2. If o > k, we have g <1. So

szl +Oékl72 +a2k’73 4 _’_azfl _ a“l[l + 2 (7)z71} < Z‘azil.
« [0}

Similarly,

d(xn, xm) + d(Yn, Ym) <2 Zai)\g + Z ko + 2[322’0/7190 —0g, asn — oo.

i=n 1=n i=n
Hence, for every ¢ € E with 0 < ¢, there exists N € N such that for all n > N,
we have

2> alho+ Y K +28) (KT +aki T+ T 4 ol < e

Consequently, for every ¢ € E with O < ¢, we get for all m > n > N,
d(Tn, Tm) + d(ym Ym) < €,
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which implies that {x,} and {y,} are Cauchy sequences and so are convergent.
Since A and B are closed subsets of X, there exist x € A and y € B such that
lim z, =« and lim y, =y. (2.9)
n—oo n—oo
From , for every ¢ € E with O < ¢, there exists N € N such that for all
n > N, we have
A(XTnyyn) = An L ¢,
which implies that
lim d(xn,y,) = 0g. (2.10)

n—oo
We have
d(z,y) 2 d(@, ) + d(@n, Yn) + d(Yn, y)-
From and @ , we obtain lim d(z,n) + d(zn, yn) + d(yn,y) = Op. Then
for every ¢ € F with Op < ¢, there exists N € N such that for all n > N, we have
d(z,y) < c.

Hence d(z,y) = O, that is, z =y and so AN B # (.
Now, we shall show that z = F(z,y). From (2.2)), by taking v = y,,, v = z,, for
n > 0, we have

d(x, F(z,y))

= d(@, Tnt1) + d(@pi1, F(2,y))
=d(z,2pt1) + d(F (2, y), F(yn, Tn))
= d(@, ny1) + ard(z, yn) + az[d(F (2, ), 2) + d(zni1,yn)]
+ asd(y, ) + ag[d(F(z,y), yn) + d(y, z4)]
= d(x, Tng1) + a1d(y, yn) + a2ld(F(z,y), ¥) + 0y]
+ azd(@, xn) + asld(F(z,y), ) + d(y, yn) + d(z, 2],
which implies that
(1—a2 —aq)d(z, F(z,y)) 2 d(x, Tnt1) + (a1 + aq)d(y, yn) + 26, + (a3 + aq)d(zy, x).
Since lim d(x,xn41) + (a1 + aq)d(y, yn) + a20, + (a3 + a4)d(zy, x) = 0g. Then for
every ZEME with O < ¢, there exists NV € N such that for all n > N, we have

d(x, Zpt1) + (a1 + ag)d(y, yn) + a20, + (a3 + a4)d(Tn, ) < (1 —ag — aq)c.
Hence, for every ¢ € F with 0 < ¢

(1 —a2 —aq)d(z,F(z,y)) < (1 — a2 — aq)c,
which implies that
d(z, F(z,y)) < c.

It follows that d(x, F(z,y)) = Og, that is, x = F(z,y). We conclude that x is a
strong coupled fixed point of F.

Suppose F has two strong coupled fixed points z,y in AN B, that is, x = F(z, )
and y = F(y,y) with 2,y € AN B. From (2.2)), we have

d(x,y) = d(F(l’,iL’), F(yay)) j ald(il',it) + a2[d(F(xa fE),lL') + d(F(yvy)a y)]
+ azd(@,y) + as[d(F(z,2),y) + d(F(y,y), z)]
= (a3 + 2a4)d(z, y).

Then
0 < (1 —as—2a4)d(z,y) < 0p.
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Since 1 — azg — 2a4 > 0, we get d(z,y) = Op, that is, x = y. This proves the
uniqueness of the strong coupled fixed point. ([

Using the same techniques, we have the following result.

Theorem 2.2. Let A and B be two nonempty closed subsets of a complete cone
metric space (X,d) with a cone P having nonempty interior. Let F' : A x BU
B x A — AU B be a coupling with respect to A and B satisfying the contraction
condition . Then F has a unique strong coupled fized point © € AN B. For
any (xo,y0) € AX BUB X A, let xpy1 = F(yn,xn) and yny1 = F(zn,yn). Then
the sequence {x,} converges to .

The following example illustrates Theorem

Example 2.3. Let X = R. Take E = R? and P = {(z,y) € R? : x,y > 0}.
Consider d : X x X — E defined by d(x,y) = (Jr —yl, 2|z —y|). Obviously, (X,d) is
a complete cone metric space. Let A = (—00,1] and B = [0,00). It is easy to show
that A and B are closed subsets of X. Let F': Ax BUB x A — AU B be defined
by F(z,y) =1 for all (x,y) € (Ax B)U (B x A). Clearly, F is a coupling with
respect to A and B. Letting z,v € A and y,u € B, we have F(z,y) = F(u,v) = 1.
Then for all a;, i = 1,2,3,4 with a1 + 2a2 + a3 + 2a4 < 1, we have

d(F(x,y),F(u,v)) = d(]-v 1) = (070) = ald(xau) + (LQ[d(F({E,y),.’t) + d(F(ua 'U),’LL)]
+ asd(y,v) + ag|d(F(z,y),u) + d(F(u,v),z)].

All the required conditions of Theorem|[2.9 are satisfied. In this case, F has a unique
strong coupled fized point in AN B = [0, 1], which is x = 1.

The following example shows that under the conditions of Theorem the
coupling F': X x X — X admits a least one strong coupled fixed point, i.e., the
strong coupled fixed point of F' in X is not perforce unique. However, following
Theorem the coupling F' has a unique strong coupled fixed point in A N B.

Example 2.4. Let X = R. Take E = R? and P = {(z,y) € R? : z,y > 0}.
Consider d : X x X — E defined by d(x,y) = (|z —yl, |z — y|). Obviously, (X,d) is
a complete cone metric space. Let A = (—00,0] and B = [0,00). It is easy to show

that A and B are closed subsets of X. Define F: X x X — X by
Fla,y) = % if (x,y) € (Ax B)U (B x A)
1 if not.

Clearly, F is a coupling with respect to A and B.
Now, let x,v € A and y,u € B. In this case, we have F(z,y) = ¥3% and
F(u,v) = “3*. Then

Yy— v—1u
3 73

1
d(F(z,y), F(u,v)) = d( )=3(y—z—vtully—z—v+ul).
Moreover,
d(z,u) = (|l —ul, |z —ul), d(y,v) = (ly —v|, |y —vl).
Hence for a; = az = % and as = aqg = 0, we have

Op = ard(z,u) + aszd(y,v) — d(F(x,y), F(u,v))

1
=3z —ul+ly—vl=ly—z—vtul|o—u+]ly—vf-ly -2 —v+ul)
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which implies that
d(F(x,y), F(u,v)) 2 ard(z,u) + as[d(F(x,y), ) + d(F(u,v),u)]
+ azd(y,v) + aq[d(F(z,y),u) + d(F(u,v), z)].
Then all the required conditions of Theorem are satisfied. In this case, we

observe that x = 0 is the unique strong coupled fixed point of F in AN B. However,
the coupling F has two strong coupled fixed points in X, which are x =0 andy = 1.

We have the following immediate consequences.

Corollary 2.5. (Banach type coupling) Let A and B be two nonempty closed sub-
sets of a complete cone metric space (X, d) with a cone P having nonempty interior.
Let F: X x X = X be a coupling with respect to A and B satisfying

d(F(z,y), F(u,v)) 2 kld(z,u) + d(y, v)],

for allz,v € A and y,u € B, where k € [0,3). Then ANB # 0 and F has a unique
strong coupled fized point in AN B.

Proof. Tt suffices to take a; = a3 = k and as = a4 = 0 in Theorem O

Corollary 2.6. (Kannan type coupling) Let A and B be two nonempty closed
subsets of a complete cone metric space (X,d) with a cone P having nonempty
interior. Let F: X x X — X be a coupling with respect to A and B satisfying

d(F(x,y), F(u,v)) 2 kld(z, F(z,y)) + d(u, F(u, 0))],

for allz,v € A and y,u € B, where k € |0, %) Then ANB # () and F has a unique
strong coupled fized point in AN B.

Proof. Tt suffices to take a; = a3 = ag = 0 and ay = k in Theorem O

Corollary 2.7. (Chatterjea type coupling) Let A and B be two nonempty closed
subsets of a complete cone metric space (X,d) with a cone P having nonempty
interior. Let F': X x X — X be a coupling with respect to A and B satisfying

d(F(x,y), F(u,v)) 2 kld(z, F(u,v)) + d(u, F(z,y))],

for all x,v € A and y,u € B, where k € [0, %) Then ANB # () and F has a unique
strong coupled fized point in AN B.

Proof. Tt suffices to take a; = as = a3 = 0 and a4 = k in Theorem O

We also have the following results in the case of metric spaces.

Corollary 2.8. Let A and B be two nonempty closed subsets of a complete metric
space (X,d) and F : X x X — X be a coupling with respect to A and B satisfying
d(F(:I:, y)7 F(ua U)) S ald(xa 'U,) + a2[d(F(xa y)7 JJ) + d(F(uv 7)), u)]

+ azd(y, v) + as[d(F(z,y), u) + d(F(u, v), )],
for all x,v € A and y,u € B, where a;, i = 1,--- ,4 are nonnegative real numbers
such that ay 4 2as + az + 2a4 < 1. For any (xo,y0) € AX BUB x A, let k11 =

F(yn,xn) and yp+1 = F(pn,yn). Then the sequence {x,,} converges to x, the unique
strong coupled fized point of F' in AN B.
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Corollary 2.9. (Theorem 2.1, [13]) Let A and B be two nonempty closed subsets
of a complete metric space (X,d) and F : X x X — X be a coupling with respect
to A and B satisfying

| &

d(F(z,y), F(u,v)) < Sld(x,u) + d(y, v)],

). Then ANB # (0 and F has a unique

N

forallz,v € A and y,u € B, where k € [0,
strong coupled fized point in AN B.

Proof. Tt suffices to take a; = az = g and as = a4 = 0 in Corollary [l

Corollary 2.10. (Theorem 3.1, [13]) Let A and B be two nonempty closed subsets
of a complete metric space (X,d) and F : X x X — X be a coupling with respect
to A and B satisfying

d(F(z,y), F(u, ) < kld(z, F(u,v)) + d(u, F(z,y))],

for allz,v € A and y,u € B, where k € |0, %) Then ANB # () and F has a unique
strong coupled fized point in AN B.

Proof. Tt suffices to take a; = ao = a3 = 0 and a4 = k in Corollary ]

3. APPLICATION

Let (X, d) be a metric space (it is a cone metric space). Let F': X x X — X and
g : X — R be two given mappings. This section is devoted to study the existence
of solutions of the following problem: Find an element X € X satisfying

F(z,z) =,
fri- o

We state and prove the following result.

Theorem 3.1. Suppose the following conditions hold.
(i) There exists x1 € X such that g(z1) > 0;
(1i) g is continuous;
(#ti) For all z,y € X, we have g(x)g(F(x,y)) < 0;
(iv) There exist nonnegative real numbers a;, i = 1,--- ;4 such that a; + 2as +
as + 2a4 < 1 for which, we have
d(F(z,y), F(u,v)) < ard(z,u) + ax[d(F(z,y), x) + d(F(u,v),u)]
+ azd(y, v) + as[d(F(z,y), u) + d(F(u,v), z)]
for all x,y € X satisfying g(x), g(v) > 0 and g(y), g(u) < 0.
Then the problem has a unique solution.

Proof. Take A = {z € X : g(z) > 0} and B = {z € X : g(z) < 0}. From the
assumptions (7), (), (#9¢), A and B are nonempty closed subsets of X. Let z € A
and y € B. In this case, we have g(x) > 0 and g(y) < 0. Using the condition (i),
we have g(F(z,y)) <0 and g(F(y,z)) >0, so F(z,y) € B and F(y,z) € A. Then
F' is a coupling with respect to A and B.

Now, from assumption (iv), for z,v € A and y,u € B, we have

d(F(z,y), F(u,v)) < ard(z, u) + az[d(F(z,y), ) + d(F(u,v), u)]
+ azd(y,v) + ag[d(F(z,y),u) + d(F (u,v), )]
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By Theorem F has a unique strong coupled fixed point in AN B = {z € X :
g(z) = 0}. Consequently, the problem (3.1]) has a unique solution.
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