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COUPLED FIXED POINT THEOREMS IN A,-METRIC SPACES
SATISFYING RATIONAL INEQUALITY

YUMNAM ROHEN, NINGTHOUJAM PRIYOBARTA, NABIL MLAIKI, NIZAR SOUAYAH

ABSTRACT. In this paper, we prove some fixed point theorems for self mapping
that satisfies a new type of rational contraction in the n-dimensions Aj-metric
spaces, which was introduced by Manoj et. al. [4].

1. INTRODUCTION AND PRELIMINARIES

First we would like to give the reader a brief on some of the history of different
metric spaces. Different generalizations of metric spaces was given, for instance, In
the year 1989, I.A. Bhaktin [I] introduced of b-metric spacse in which the triangle
inequality of the ordinary metric spaces is replaced by a more general form. Also,
Sedghi et. al. [2] introduced another generalized concept of metric spaces and he
called it S-metric spaces. Next, the notion of Sy-metric and partial Sp-metric were
introduced see [6], [7]. Recently, Abbas et. al. in [3] introduce A-metric spaces,
which an n-dimensions metric spaces. For more results on other generalized metric
spaces we refer the reader to the following references [0l 8, [, 10, 1T} 12} T3] 14]
Notation: Throughout this paper, n is a fixed positive integer that denote the
dimension of the space.

Definition 1.1. [3] Let X be a nonempty set. A function A : X" — [0,00) is
called an A-metric on X if for any x;,a € X,i = 1,2, ..., n, the following conditions
hold:

(Al) A(xlax27x37'“vmnfl7xn) Z 07
(A2) A(xy, 29,23, ..., Tn—1,2n) = 0if and only if 1 = 29 = 23 = ... = 2,1 =
Tn,
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(A3)
A(z1, 22,23, .o, Tn—1,Tn) < [A(z1, 21,21, .., (T1)n-1, Q)

+A(x2, 2, T2, ..., (T2)p—1, Q)
+A(xs, 3,23, ..., (T3)n—1,0)

+A($nfla Tn—1,Tp—1y s (xnfl)nfla a)

+A(1'nv Lny Tpyeeey (xn)nfla a)]
The pair (X, A) is called an A-metric space.

Definition 1.2. [I] Let X be a nonempty set. A b-metric on X is a function
d: X% — [0,00) if there exists a real number b > 1 such that the following conditions
hold for all z,y,z € X:

(i) d(z,y) =0 if and only if z = y,

y)

(i) d(z,y) = d(y,»),

(i) d(z.2) < bld(x,y) + d(y.2)]
d

The pair (X, d) is called a b-metric space.

Inspired by Abbas et. al. [3] and Bakhtin [I], Manoj et. al. [4] introduced a
generalized form of n-tuple metric spaces, which they named it Ap-metric space
and defined as follows.

Definition 1.3. [4] Let X be a nonempty set and b > 1 be a given real number.
A function A : X" — [0,00) is called an Ap-metric on X if for any x;,a € X,i =
1,2, ...,n, the following conditions hold:
(Ab]-) A(xla L2, X350y Tn—1, xn) > 07
(Ap2) A(z1,29,23,....Tn—1,2,) =0ifand only if 21 = 20 =25 = ... = x,_1 =
L,

(Ap3)

A(x1, 29,23, s Tpe1,Zn) < blA(z1, 21,21, .., (T1)n-1, Q)

+A(z2, 22, 2, ..., (T2)n—1,0)
+A(x3, 73,23, .., (¥3)n—1, Q)

+A(wn717 Tp—1yTn—1y - (mnfl)nfla a)

+A(xn7 Ly Tpy eeey (xn)n—la a)]
The pair (X, A) is called an Ap-metric space.

Definition 1.4. An Ap-metric space is said to be symmetric if A(z1, z1, ..., (1)n-1,22) =
A(x27 T2yenny ($2)n71, xl)'

Remark: Note that A-metric spaces is a special case of A,-metric space and
that is when b = 1. Also, b-metric spaces and Sp-metric spaces are special cases
of Ap-metric spaces with n = 2 and 3 respectively. Ordinary metric spaces and
S-metric space are also special cases of Ap-metric space with b = 1 and respective
values of n as 2 and 3.
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Examle 1.5. [4] Let X = [1,+00). Define 4, : X" — [1,+00) by

n

Ap(21, 22,23, ., Tp—1,Tn) = ZZ e l’j|2

i=1i<j
forall z; € X,i=1,2,...n.

Then (X, Ap) is an Ap-metric space with s =2 > 1
Examle 1.6. [4] Let X =R. Define A : X™ — [1,400) by

2 3
Ap(x1,T9, T3, ..., Tp_1,Tpn) = |Zazz —(n—1)z1|* +]| Z:EZ —(n—2)ma|* + ...
i=n i=n
n—3 n—2

HY wi = 3w s D) @i — 2w o
i=n i=n

+|1'n - xnfl‘Q
forall x; € X,i=1,2,...n.
Then (X, Ap) is an Ap-metric space with s =2 > 1

Examle 1.7. [B] Let X = [l1,00). Define a function 4, : X™ — [0,00) by
Ay(z1, 20, ,2n) = |11 — max{za, -+ ,2,}|? For all 1,29, -+ ,2, € X. Then
(X, Ap) is an Ap—metric on X with b = 2, and it not difficult to see that (X, A;) is
not an A—metric space on X.

k
Examle 1.8. [5] Let X =P with 0 < p < 1, where I” = {{z;} C R: Zlimh:i\p <
i=1

oo}, Let Ay : X™ — [0, 00) defined by Ap(x1, 22, -+ ,x4) = (Z lim |z —max{xa, - - -
k=1

where 1 = {z1,} € 1P, x; = {x;,} € P,i=2,--- ,n. Then ()E, Ap) is an Ap—metric
on X, with constant b = 25 > 1

s} )P,

Lemma 1.9. [] Let (X, A) be Ap-metric space. Then A(z,x,z,....,z,y) < bA(y,y,Y, ..., y, )

forallx,y € X.

Lemma 1.10. [5] Let (X, A) be Ap-metric space. Then for all x,y,z € X we have
A(x’ m’ x’ *y 1‘7 Z) S (n - l)bA('r7 x’ a:‘7 cty 1:7 y) + bQA(y7 y7 y’ ) y’ Z)'

Definition 1.11. The A,-metric space (X, A) is said to be bounded if there exists
a constant r > 0 such that A(x,z,,...,x,y) < r for all z,y € X. Otherwise, X is
unbounded.

Definition 1.12. [5] Given a point zg in Ap-metric space (X, A) and a positive
real number 7, the set B(zo,7) ={y € X : A(y,y,y,...,y,xo) < r} is called an open
ball centered at xo with radius .

The set B(xg,r) = {y € X : A(y,y,¥, .., y,20) < r} is called a closed ball
centered at xg with radius r.

Definition 1.13. [5] A subset G in Ap-metric space (X, A) is said to be an open
set if for each x € G there exists an r > 0 such that B(x,r) C G. A subset FF C X
is called closed if X\ F is open.
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Lemma 1.14. [5] In any Ay-metric space (X, A), each open ball is an open set in
X and each closed ball is also a closed set in X.

Theorem 1.15. [5] Let (X, A) be Ap-metric space, then:

(i) An arbitrary union and finite intersection of open balls B(x,r) € X is open.
(ii) An arbitrary intersection and finite union of closed balls B(xz,r) € X is
closed.

Theorem 1.16. [5] The collection T = {B(z,r) : x € X,r > 0} of all balls in
Ap-metric space (X, A) is a basis for a topology 7 on X.

Definition 1.17. [5] Let (X, A) be Ap-metric space. A sequence {zj} in X is said
to converge to a point z € X. If A(xy, zk, g, ..., 2g, ) — 0 as k — 0.

That is, for each € > 0, there exists N € N such that for all kK > N we have
A(zk, Tk, Tk, o, Tk, ) < € and we write limy 00 2 = 2.

Lemma 1.18. [05] Let (X, A) be Ay-metric space. If the sequence {x} in X con-
verges to a point x, then x is unique.

Definition 1.19. [5] Let (X, A) be Ap-metric space. A sequence {zj} in X is
called a Cauchy sequence if A(zg,xk, Tk, ..., Tp, Tm) — 0 as k,m — co.

That is, for each € > 0, there exists N € N such that for all k,m € N we have
ATk, Ty Ty ooy Thoy T) < € and we write limg_, 00 T = .

Lemma 1.20. [5] Every convergent sequence in Ap-metric space is a Cauchy se-
quence.

Remark 1.21. [5] The converse of Lemma 1.17 does not hold in general. A Cauchy
sequence in an Ap-metric space does not need to be convergent.

Definition 1.22. [5] The Ap-metric space (X, A) is said to be complete if every
Cauchy sequence in X is convergent.

Definition 1.23. [5] Let (X, Ax) and (Z, Az) be Ap-metric spaces. A function
f: X — Z is continuous at a point zg € X. If f~(G) is open in X, for each open
set G in Z. The function f is continuous on X if it is continuous at each points of
X.

Theorem 1.24. [5] Let (X,Ax) and (Z,Az) be Ay-metric spaces. A function
f: X — Z is continuous at a point xg € X iff it is sequentially continuous at xg.

N. Mlaiki and Y. Rohen [5] proved some coupled fixed point theorems in partially
ordered Ap-metric spaces.

In 1987, Guo and Lakshmikantham [13] introduced the idea of coupled fixed
point.

Following definition was given by Guo and Lakshmikantham.

Definition 1.25. [I5] An element (z,y) € X x X is called a coupled fixed point
of the mapping S : X x X — X if

S(z,y) =z, and S(y,z) = y.

2. MAIN RESULTS

In this section, we prove some coupled fixed point theorems in Ap-metric space.
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Theorem 2.1. Let (X, A) be a complete symmetric Ap-metric space with parameter
b>1 and let the mappings f,q: X% — X satisfying

Az, ... ,x,u) + Ay, ..., y,v)
2
A @ 9)s o S (29), 900 0) A, ., 3,0)
1+ Az,...,z,u) + Ay, ...,y,v)
A(f(,y), - f(@,y), 9(w,v)) Ay, - .., y, )
1+ Az, ..., z,u) + A(y,...,y,v)
Az, ... x, f(x,y) Az, ..., z,u)

A(f(x,y),...,f(:v,y),g(u,v)) é ay

“+a9

+a3

+a41+A(x7"'a 7U)+A(y7"'7yvv)
+a A("Ij7"'":l:7f(z7y))A(y""’y’v)
51+A(m,...,m,u)+A(y7...,y7v)
Ay ..o u, g(u,v) Az, ..., x,u)
+(L6
1+ Az,...,z,u) + Ay, ..., y,v)
A(uy ... u, g(u, ) Ay, ..., y,v)
1
+G71+A(x,...,x,u)+A(y,...,y,v) (1)

for all x,y,u,v € X and ay,as,...,a7 > 0 with a1 +as+---+a7 <1 and b <

W, Then f and g have a common coupled fixed point in X .

Proof. Let g, yo € X be arbitrary points. Define

Toky1 = f(@ar, y2r) & Yokt1 = f(Yor, Tor)

Topt2 = 9(Tokt1, Y2k+1) 5 Yokt2 = 9(Y2k+1, Tors1)
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for k=0,1,2,.... Then

A(Topt1s - - Tokg1s Tant2) = A(f(@aks Y2r)s - - - [ (@2 Y2r)s 9(T2kt1, Y2r+1))
a Aoy - - Tok, Taky1) + AY2ks - - > Y2k Y2k+1)
- 2

A(f(z2r, Y2r)s - - f(T2r, Y2r), 9(T2r11, Yort1)) A(Tar, - - -, Tok, Tory1)
1+ A(wog, .- Tog, Torg1) + A(Y2ks - - - Yok, Y2k+1)
A(f(war, yar)s - - -5 f(@ar, Yor ), 9(Taky1, Yort 1)) Ak, - - - Yok, Yok+1)
1+ A(zok, . .., Tog, Tart1) + Aok, - - - Yok, Yort1)

a Aok, - - Tok, f(Tor, yor ) A2k, - - ., Tok, Tagt1)
1+ A(xok, - .., Top, Tont1) + AYok, - - - Yok Y2k+1)
Ao, - - Tok, f(Tor, Yor)) AY2ks - - -5 Y2k Y2k+1)

+as

+a3

+

a5 + A(Zok, - - Tors Takr1) + Ak, - - -, Yoks Y2kt1)
g A(Tops1s - -5 Targ1, 9(Tar 1, Yary1)) ATk, - - -, Tog, Tagt1)
1+ A(zok, .-, Tok, Tokt1) + A(Y2r, - - - Yok, Y2k+1)
+a7A(£E2k+1, o Tkt 1 9( @2k 1, Yor1)) A(Y2ks - - - Yok, Y2k+1)
1+ A($2k» sy L2k, $2k+1) + A(y%, e 7y2kay2k+1)
_ alA(»Tzk, coy ok, Togq1) ;A(y%, ey Y2ks Y2kt 1)
A(@opy1, - Topy1, Tary2) ATk, - - - Tok, Togpt1)
+as
1+ A(xok, - . ., Top, Tont1) + A(Yok, - - - Yok, Y2k+1)
tag A(Tors1, -+ Tort1, Tort2) A(Yoks - - -5 Y2ks Y2k41)
1+ A(xok, - .., Top, Topt1) + A(Yok, - - - Yok, Y2k+1)
g Az, - - - Tok, Tak+1) A2k, - - -, Dok, Tag1)
L+ A(xok, ..., ok, Tagt1) + A(Yar, - -+ s Y2ks Y2r41)
Aok, .- - Tok, Tokt 1) A(Y2ks - - - 5 Y2ks Y2k+1)
+as
1+ A(xok, - . -, Top, Tont1) + A(Yk, - - - Yok, Y2k+1)
g A(Tok41, -+ Tokt1, Tont2) A(Tag, - - -, Tok, Toki1)
1+ A(xok, - .., Top, Topt1) + A(Yok, - - - Yok, Y2k+1)
Lo A(Zokt 1y -+ Toky1s Tk 2) A(Y2ks - - - Yo2ks Y2kt1)
1+ A(xok, ..., ok, Tagt1) + A(Yar, - -+ s Y2ks Y2r41)
< o A(xor, .., Tok, Tog11) ;—A(yzm C s Y2k Y2kt1)
+(az + az) A(Tart1, - - -, Takr1, Tart2) + (aa + as) ATk, - - -, Tog, Takt1)
+(as + a7) A(Tak41, - - - T2kt 1, T2kt2)
= (1 —ag — a3 — ag — ar) A(Zary1, - - -, Toky1, Tong2) < (% +ag + as)A(zak, . . ., Top, Topt1)
Jr%A(Izk, e T2k, T2kt 1)

G +as+as
1—a2—a3—a6—a7
ag

2
A
1— ag — a3 — ag — a7 (y2k7 7y2kay2k+1)
(2)

IN

= A(@aky1,- -+ T2ky1, T2kt2) Aok, ..., Tak, Top41)
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Proceeding similarly one can prove that

%+a4+a5
1—&2—@3—@6—0,7
ar

2 A 3
1— a9 — a3 — ag — ar ($2k7 7x2kax2k+11 )

A(Y2kt1s -+ Yokt 1, Yort2) < A(Y2ks - -+ s Y2ks Y2k+1)

Adding (2) and (3) we get

A(Zokt1, - Tokg1, Tont2) +  AY2k41,- - Y2kt1, Y2kt2)
a1 +aq + as
< A . . A .
> 1— 4y — a3 — ag — a7[ (kaa ax2k3x2k+1) + (y2k7 » Y2k, y2k+1)]
= A(Toky1,- - Takr1, Takr2) + AW2ktt,- - Y2kt1, Y2rt2)
< h[A(zok, ..., Tok, Tokt1) + A(Y2ks - - - Yok, Y2kt1)]

where h = —@taatas = 1
1—0.2—0.3—&6—(17 .

Also, we can show that

A(xoky2, - Taky2, Tonts) +  A(Yak+t2,- - Y2k+2, Y2k+3)
< h[A(‘T2k+1a sy T2k+1, 952k+2) + A(92k+1a s Y2k+1, y2k+2)]
< RA(w2k, - Tok, Torg1) + AY2k, - - -5 Yok Yort1)]

Continuing in this way, we have

AYis - Yir Yit1)

hA(zi—1, . Tim1, %) + AWie1s - - Yio1,Yi)]

P [A(zi2, .- @i, @i1) + AYiz2, - - Yi2, Yi1)]
- < B A(zo, - .. w0, 1) + AYo, - - -, Yo, Y1)]

A(J"% s 71‘1'77;1'-‘,-1)

INININ +

If A(xi, ..., x5, 2ip1) + AWi, - - Yis Yir1) = Ag, then

A <hA;i_y <h?A;_5 <--- < h'A,.

Now, we have to prove that {z;} and {y;} are two Cauchy sequences in Ap-metric
space (X, A).
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For all i,m € N with ¢ < m, we have

Liyooos TisTm) + AWiy o Yiy Ym)

—DA(z, .. 2y @ip1) + A(ig1, -, Tit1, Tm)

—DAWi, - ¥ Yit1) + AYit1s - -5 Vi1, Ym)]

= (n—DblA(zs, ..., @5, Ti1) + AWi, - - Yir Yit1)]
HO[A(@it1s -, Tit1, Tm) + AYit1, - -+ Yit1, Ym)]

IN
=

< (n—=DblA(zy .-z xiv1) + AWiy - -+ Uiy Yit1)]
+0%[(n — DA(Tig1, s Tig1, Tign) + AlTivo, ..o\ Tito, Tm)
+(n = DAWir1,- - Yir1, Yiv2) + AWire, - Yiv2, Ym)]
= (n—1b[A(zi, ..., x5, Tit1) + AWis - -, Yis Yit1)]
+(n— DV [A(Tig1, - Tig1, Tig2) + AWYis1s - Vit 1, Yivo)]
+(n = DO [A(Tir2, - Tiga, Tm) + AWit2, - Yir2, Ym))]
< (n—=DblA(zi, ..., zi, xi01) + AWiy - -5 Yis Yiv1))

+(n = DV [A(@ig1, - Tig1, Tig2) + AWYis1s - Vit 1, Yira)
T (n _ 1)bm_i_1[A($m—2> ceey xm_2,$m—1)
+A(ym,2, ey Ym—2, ymfl)]
+0" T NA@ -1, Tme1,Tm) F AWm—1, -+ Y1, Ym)]

< (n—DblA(xs, ...,z Tit1) + AYis - - - Vi Yit1)]
(= DO [ATig1, - i1, Tigo) + AYirts - - Vi1, Yigo)]
(n — DV [A(@it2, - Tigo, Tig3) + AYit2, - - Yiv2s Yies)]
+(n— 1™ 1[A(a:m_2, ey T—2y Tyn—1)
+A(ym72, o Ym—2,Ym—1)]
+(n — 1)bm*i[A(xm Tyeeos Tm_1, xm) + AWm-1,--Ym—1,Ym)]
< (n—1){bh" + bRt + b3h”2 A A Y T
< (n—1)bh[1 + bh + (bh)? + .]Ao

= %A()%Oasi%oo

which shows that {z;} and {y;} are Cauchy sequences in X. As X is complete
Ap-metric space, so there exists x,y € X such that x; - z and y; — y as i — oo.

Now we will prove that © = f(x,y) and y = f(y,z). On the contrary sup-
pose that x # f(x,y) and y # f(y,x). Then A(zx,...,z, f(z,y)) =l > 0 and
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A(y,...,y, f(y,z)) = la > 0. Using inequality (1)

h Alz,...,z, f(z,y))

< bl(n— 1) (@, 2, wiq) + A(Tigr, - Tigrs f(2, )]
= b[(n—DA,...,z,zi11) + A(f (@i, i), - -, f(@isvi), [ (2, ))]
< (n—1)bA(z,...,z,2511) +b alA(fi’ 2 @0 @) £ AW YY)

2
A(f(xzvyz)yaf(zzayl)af(xay))A(xhazzaz)
]-+A(x7,77m17m)+A(yla7y27y)
A(f (@i, yi)s - s f@iy vi), [, 9) AWis - -5 ¥4, Y)
1—|—A(x“... i, ) + AWiy -5 Yy Y)

Ay oy, f(mi,y:)) Az, ..oy, x)

14+ Az, ..y zi,2) + AWy -+ Yis
A(xiv"'vl'tv (%7%))14( yYir Y
]-J'_A(xi?"'vmzv )+A(yla"'7y’n
Az, ... x, f(z,9) Az, ...,z )
1+A($i,-~-71‘i,l‘)+A(yi7~-~,yiay)
A(xa7xaf(xay))A<yla7y’uy)
1+A(zz,,xz,x)+A(y“,yl,y)

“+a9

+a3

“+aq

+as

y)
y)
y)

+116

+a7

Since {z;} and {y;} are convergent to x and y, therefore by taking limit as i — oo
we get I3 < 0, which is a contradiction, so A(z,...,z, f(z,y)) = 0 which gives

Similarly, we can prove that y = f(y,z). Also, we can prove that x = g(z,y)
and y = ¢g(y,z). Hence (z,y) is a common coupled fixed point of f and g.

In order to prove the uniqueness of the coupled fixed point, if possible let (p, q)
be the second common coupled fixed point of f and g.
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Az,
= Az,
= (1 —as —a3)A(x,
= (1- 6;—1 — a2 — a3)A(z,
= Az,
Similarly,
Aly,

IN

IN

INIA

IN

A(f(z,y),..., f(z,9),9(p.q))
Az, ...,x,p) + Ay, ..., y,q)
2
A(f(@,y), - f(@,9),9(p, ) Alz, - .. 2, p)
1+ A(z,...,z,p) + Aly, .., y,q)
Alf(@.y), - f(2,9),9(p, @) AY; - -, ¥, 9)
1+ A(z,...,z,p) + Aly,...,9,q)
o Az, ...z, f(z,y)A(z,...,z,p)
1+ A(z,...,z,p) + Aly,...,9,q)
Alz,....z, f(z,y)AWY -, ¥,9)
1+ A(z,...,z,p) + Aly, ..., y,q)
Alp, .- p,9(p, ) A, ... 2, p)
61+A(9c,...,x,p)+A(y,...,y,q)
Alp, -0, 9(p, 1) AY; - -+, Y, 9)
71+A(x,...,x,p)+A(y,...,y,q)
Az, ...,z,p) + Aly,...,y,q)
2
Alz,...,x,p)Az,...,z,p)
a21+A(m,...,x,p)+A(y,...,y,q)
Alz,...,x,p)Aly,...,y,q)
1+ A(z,...,z,p) + Aly, ..., y,q)
coxx)Alz, ..z, p)
coxyp)+ A, -, Y, 9)
) AY, . Y,q)
coxp) + Ay, .-, Y, Q)
Alp,...,p,0)A(z,...,z,p)
cx,p) + Ay, -, Y,9)
Ap,...,p,P)A(Y,---,¥,9)
1+ A(z,...,z,p) + Aly,...,y,q)
Alz,...,z,p) + Ay, -, ¥,q)
2
+asA(z,...,z,p) + asA(z,...,z,p)

a a
éA(xa"'amap) + ElA(y?ay7Q)

a
?A(y7 N 72/7(1)
ai

ay

+asg

+as

+

+as

“+a

“+a

ay

+

+as

ai

Ay,... 4
5 a4 24, 20, (Y- 9:9) (4)
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Adding (4) and (5) we have

ai
Az, ... Ay, ... < Az,... Ay, ...
(@, 2p) + Ay, 9,0 S 5 T — 2@3[ (@,...,z,p) + Ay, ..., y,9)]

=[1- o

Az, ... Ay, ... <0
2—a1—2a2—2a3][ (@, s z,p) + Ay, 9,9)] <

21 —a1 —ag —
( a1 a2 a3)[A(x7am)p)+A(y7’y7q)]S0

2 — a1 — 2ay — 2a3

Since a1 + as + as < 1, 22(71;1(1712;;22:;1? > 0.

Hence A(z,...,z,p) + A(y,...,y,q) = 0, which implies that z = p and y = ¢ =
(z,y) = (p,q).

Thus f and g have unique coupled common fixed point. This complete the proof.

O

Corollary 2.2. Let (X, A) be a complete symmetric Ay-metric space with param-
eter b > 1 and let the mappings f : X? — X satisfying

A @0), o ) ) < g ST )2 A0 )

A(f(x,y)y ..., f(x,y), fu,v) Az, ..., x,u)
1+ A(z,...,z,u) + Ay, ...,y,v)
Alf(@,y), - fl@y), f(w,v) Ay, ...y, v)
1+ A(z,...,z,u) + Ay, ..., y,v)

. Az, ... x, f(z,y)A(z, ..., z,u)
1+ Az, ... z,u) + Ay, ..., y,v)
Alz,...,x, f(x,y) Ay, ..., y,v)

+a2

+(l3

“+a

+a51—|—A(a:,...,x,u)+A(y,...,y,v)
ta Au, ... u, fu,v)A(z, ... x,u)

61+A(m,...,m,u)+A(y,...,y,v)
tar Au, ...y, f(u,v)A(y, ..., y,v)

1+ Az,...,z,u) + Ay, ..., y,v)
for all x,y,u,v € X and ay,as,...,a7 > 0 with a; + a2 +---+ a7y < 1 and s <

l—ags—az—ag—a ; ; ;
T R Then f has a unique coupled fixed point in X.

Theorem 2.3. Let (X, A) be a complete symmetric Ap-metric space with parameter
b>1 and let the mappings f,q : X?> = X satisfy

Af(e). . Fla),glu,)) < A0 B AW 0:0)
, Az, ...z, f(z,9) Ay, ..., u, g(u,v))
1+ b[A(z,...,z,g9(x,y)) + A(u, ..., u, f(u,v)) + Az, ..., z,u) + Ay, ..., y,v)]

(6)

+5

for all x,y,u,v € X and B1, B2 are non-negative real numbers with 51+ B2 < 1 and
b< % Then f and g have a unique common coupled fixed point.

Proof. Let g, yo € X be arbitrary points. Define

Toky1 = f(@ar, y2r) & Yokt1 = f(Yor, Tor)

Topt2 = 9(Tokt1, Y2k+1) 5 Yokt2 = 9(Y2r+1, Tors1)
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for k=0,1,2,.... Then

A($2k+1, sy T2k+1, 1‘2k+2)
= A(f (w2, Y2k )5 - - - » f (@2, Y2k ), 9(T2n41, Y2k+1))
<5 A(xoky -, Toks Takt1) + AYoks - - - Y2k Y2kt1)
>~ M1
2
8 A(xog, ..., Tok, f(Tor, Yor))A(@2k+1, - - - Tokt1, 9(T2k41, Y2k+1))
2
1+ b[A(zor, s 9(@2kt1, Y2rt1)) + A@2kg1, - Tok1, [(Tor, Yor)) + ATk, -, Toky1) + A(Yors - Y2r+1)]
_5 Aoy - Tok, Taky1) + AY2ks - - > Y2k Y2k+1)
— Ml
2
48 A(xog, ..., Tok, Taky1) A(Tak41, - - - T2kt 1, T2kt2)
2
14+ b[A(zok, - - . s Tokt2) + A(Taks1s - -+ Tokgr) + A(@ok, - -, Tok, Tang1) + AWk, - - - Yoks Y2k+1)]
< BlA(962k7---,332k,$2k+1) + A(Y2ks - - - Y2k Y2kt1) + BA(

B) L2k41y - -5 L2k+1, $2k+2)
= (1= B2)A(xokt1y .- Topt1, Takt2) < 1 Alwaey -+ Doty Te1) ;_ Alyzk, - Yok Your1)
= A(Tog11, .- Takt1, Takt2) < 2(15—152) [A(wap, ., Tog, Targ1) + AYaks - - - Y2k, Yort1)]
(7)
Similarly we can show that
A(Y2kt1s- - Yokt 1, Yora2) < 2(15_162)[14(9621@7 oo ok, Tapy1) + A(Yak, - - Yok Y2k 1))
(8)
Adding (7) and (8) we have
A(Tokt1y - Tokt1, Tokt2) +  AW2kt1,- - Y2kt1, Y2k+2)
B

< [A(x2k, - - -, Tok, Topt1) + AWk, - - - Yok, Y2ks1)]
(1-52)

hA(xog, . .., Tok, Takt1) + AWk, - - -, Yors Y2k+1)]

where h = (filﬂz)

Similarly, we can show that

A(Takt2,- - Taky2, Takts) T A(Yakt2s - -5 Y2k+2, Y2r+3)
< h[A(Tokg1s - s Tokg1s Tart2) + AY2ka1s - - Y2kt 1, Y2kt2)]
< hA(wak,. .., Tok, Tokr1) + AYaks - - - Yok Yokt1)]

Now, if A(xs,..., 2 Tiv1) + AWiy -« Yis Yit1) = A; then

A; <hA;_y <h?A;_5 <--- < hi4
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So, for m > i we have

IN

IN

IN

IN

IN

A(.Ti, R axivxm) + A(yla -5 Yis ym)
b[(n - 1)14(5(,‘“ R ) l’iJrl) + A(mi+17 ey Lig1, .’L‘m)
+n =D AWi, - Yir Yiv1) + AYir1, -5 Yir1, Ym)]

(n = Do[A(ws, ... @i, xiv1) + AWi, - - Yi Yit1)]
+b[A(xi+17 cees Tit xm) + A(yi-i-lv s Yit 1, ym)]
(TL - 1)b[A(.’L'“ ceey Ly :L'i+1) + A(yia s Y yi+1)]

+0%[(n — 1)A(Tig1, - -, Tig1, Tig2) + A(@igo, ., Tigo, T
+(n = DAWit1, - Yit1, Yive) + AWit2, - - Yit2, Ym))]
(n = Db[A(w, ..., wi, wigr) + AWir -+ -5 Yir Yig1)]

+(n— DV [A(Tig1, - Tig1, Tig2) + AWYis1s -0 Yis1s Yiva)]
+0[A(Tit2s - Tita, Tm) + AYit2, - - - Yit2s Ym)]

(n — Do[A(@is ... 2, Tit1) + AYis - -+, Yis Yig1)]

+(n = DV [A(@ig1, - @ir1, Tir2) + A1, Vit Yiga)
do k(=D T A0y T2, T1)

+AYm—25 - Ym—2, Ym—1)]

V" A1y Tm15Tm) F AWty Y1, Ym)]

(n = Do[A(@is ... wi, Tit1) + AYis - -+, Yis Yig1)]

+(n = DV [A(@ig1, - i1, Tir2) + AWir1s - Yis1, Yiro)]
+o k(=D T A(@ 0y T2, T1)

+AYm—25- - Ym—2, Ym—1)]

+(n— D" A(Tm1, s T, xm) + AWYm—1s -+ Ym—1,Ym))
(n — 1){bh" + b*h*+ + b3hl+2 DT A

(n = DORI[L+ bh -+ (bh)? + .]AO

(n - 1)b

o Ag—0asi—

Therefore {z;} and {y;} are Cauchy sequences in X. Since X is complete Ap-metric
space, so there exists ,y € X such that z; — x and y; = y as i — oco.

Now we will show that z = f(x,y) and y = f(y,xz). Suppose on the con-
trary that x # f(x,y) and y # f(y,x), so that A(z,...,z, f(z,y)) =11 > 0 and

Ay, ...

ayaf(y’w)) =1 > 0.
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Consider the following and using inequality (6), we get

L= Az,...,z f(z,y))

< b[(n—l) (... x,ziq1) + A(@igr, - g1, [z, )]

= b[(nil) ( 'azvxi-'rl)+A(f(xiayi)7"'7f(xi7yi)af(‘r7

< (n—l)bA(x, -755,.13i+1)—|—b ﬂlA(xi7"'amiaz);A(yi7--~7yiay)

+62 A(xlv7xlaf(xzayz))A(‘r7axaf(xﬂy))
1+b[A(£L'Z,,CE“f( ))+A(ZL’, ,1’,f($z,yl))+A(-T“,33'1,95')+A(y2,,y“y)]

= (n—1)bA(x,...,x,xi+1)—|—%[A(xi,...,xi,x)—l—A(yi,...,yi,y)]

Ay .y zmi) Az, .z, fz,y))

+B2

14+ b[A(z4, - .., f(z,y)) + Az,

Taking the limit as ¢ — oo, we get

Therefore

Alz,...,x, f(z,y)) = 0

. ,1‘7l'7;+1) + A(m“ s

> Ly .f) + A(yl7 <o Yis y)]

which implies that © = f(z,y). Similarly, we can prove that y = f(y, ). Also, we
can prove that = g(x,y) and y = ¢g(y, x). Hence, (z,y) is a common coupled fixed

point of f and g¢.

In order to prove that the uniqueness of the common coupled fixed point of f
and g, if possible let (p, q) be the second common coupled fixed point of f and g.

Then by using inequality (6), we have

Az, ..., z,p) = A(f(z,y),..., f(z,9),9(p,2))
—[A(z,...,z,p) + Aly, ..., ¥, q)]

A(:E7 s ,m,f(x,y))A(p, ce 7pvg(p7 Q))

S %[A($7"'7m7p)+A(y7"'7y7Q)]

A(yavyaQ)

A(%;%‘])

v |

1+ bA(z,...,z,9(p,q)) + A(p, - .., p, f(z,y)) + Az,

z,p) + Ay, 9, 9)]

(10)
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Adding (9) and (10) we have

p
A(:Z:7"'7I7p)+A(y7"'7y7q) S 2_1ﬁ1[A(x""7x7p)+A(y7""y,q)}
p
$0—2_%xmauwam+A@ww%m}s 0
201 — 8
u[14(‘1"7axap)—"_fl(y)72‘/7(])] < 0
2-0
But 2(21%511) > 0. Therefore A(z,...,z,p) + A(y,...,y,q) = 0. Which implies that
x=pand y =q= (z,y) = (p,q). Thus f and g have a unique common coupled
fixed point as desired. O

Next, we present the following immediate corollary.

Corollary 2.4. Let (X, A) be a complete symmetric Ay-metric space with param-
eter b > 1 and let the mapping f : X? — X satisfying

AF(e). . fla), fu0) < oy A £ AW o)
, Az, ... x, f(x,y)Au, ..., u, f(u,v))
1+b[A(z,. ...z, f(u,v) + A(u, ..., u, f(z,y) + Az, ..., z,u) + Ay, ..., y,v)]

+5

for all x,y,u,v € X and B, B2 are non-negative real numbers with 51+ P2 < 1 and

s < % Then f has a unique common coupled fixed point.

3. CONCLUSION

In closing, we would like ask the following: is possible to prove the same results
of Theorem [2.1] without the hypothesis of the symmetry of our space? if not, do we
still have existence and uniqueness?
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