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FIXED POINTS THEOREMS FOR MULTIVALUED MAPPINGS
IN G-CONE METRIC SPACES OVER BANACH ALGEBRA

ABDULLAH EQAL AL-MAZROOEI, JAMSHAID AHMAD

ABSTRACT. Motivated by the recent work of Liu and Xu, we establish a gen-
eralized fixed point theorem for multivalued mapping in the setting of G-cone
metric spaces over Banach algebra without assuming the normality of the
underlying cone. Our results generalize and extend some known results of G-
metric and G-cone metric spaces. An example and certain consequences are
presented to illustrate significance of proved results.

1. INTRODUCTION AND PRELIMINARIES

In the theory of fixed point, Banach contraction mapping principle is simple and
powerful result with a wide range of applications, including iterative methods for
solving linear, nonlinear, differential, integral, and difference equations. Due to
wide spreading importance of Banach contraction, many authors generalized it in
several directions[T}, 2] 8] [l [7, 15 16, 17, 22| 27].

The study of fixed points for multivalued mappings using the Hausdorff metric
was initiated by Markin. Later, an interesting and rich fixed point theory for such
mappings has been developed. The theory of multivalued mappings has applica-
tions in control theory, convex optimization, differential inclusions and economics.
Following the Banach contraction principle Nadler [29] introduced the concept of
multivalued contractions and established that a multivalued contraction possesses
a fixed point in a complete metric space. Subsequently many authors generalized
Nadler’s fixed point theorem in different way.

Huang and Zhang[14], introduced cone metric space with normal cone with con-
stant K, which is generalization of metric space. After that Rezapour and Haml-
barani [30] generalized cone metric space with non-normal cone. Afterwords many
researchers [31], [32] studied fixed point results in cone metric spaces. In 2006,
Mustafa et al.[26] introduced the notion of G-metric space as a generalization of
the metric space which recovered the flaws of D-metric space [12, [13]. Many re-
searchers proved many fixed point results using G-metric space[20] 25]. Anchalee
Kaewcharoen and Attapol Kaewkhao [20] and Nedal et al. [28] proved fixed point
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results for multivalued maps in G-metric spaces. In 2009, Beg et al. [10] introduced
the notion of G-cone metric space and generalized some fixed point results of cone
metric spaces and G-metric spaces.

In 2011, Cho et al.[I1] gave the notion of generalized Hausdorff distance function
in the setting of cone metric spaces. Later on, Azam et al. [9] utilized this gener-
alized Hausdorff distance function in G-cone metric spaces and exploit it to obtain
the fixed points of multivalued mappings. Recently, Liu et al. [23] used the cones
over a Banach algebra and proved some fixed point theorems in cone metric spaces.
They improved the contractive condition by replacing the contractive constant by
a vector of cone. In this paper, we utilize the generalized Hausdorff distance func-
tion in G-cone metric spaces and establish a generalized fixed point theorem for
multivalued mapping in the setting of G- cone metric spaces over Banach algebra.

Now we give the concept of G- cone metric spaces over Banach algebra. For this,
first we discuss some basic properties of Banach algebra. Let A be a real Banach

algebra, i.e. A is a real Banach space in which an operation of multiplication is
defined, subject to the following properties:

forall z,y,z € A,a e R

(i) z(yz) = (zy)z;

(ii) z(y + 2) = zy + 2z and (x + y)z = 2z + yz;

(ili) a(zy) = (az)y = 2(ay);

(i) leyl] < [l iyl

We shall assume that the Banach algebra A has a unit, i.e., a multiplicative
identity e such that ex = ze = x for all x € A. An element z € A is said to be
invertible if there is an inverse element y € A such that zy = yx = e. The inverse
of x is denoted by 27 1.

Consistent with [23] , let A be a real Banach algebra with a unit e and = € A.
If the spectral radius p(x) of z is less than one, that is

— lim [Je"||* = inf |27
pla) = lim [la"||> = inf [la"||> <1

thene —zx is invertible. Actually,

(e — x)*l = sz

A subset P of A is called a cone if and only if

(1) {e, 0} C P;

(it) P2P=PPC P, PN (-P) = {0};

(iit)a,b € R,a,b > 0,aP + bP C P.

For a given cone P C A, we define a partial ordering = with respect to P by
x < yifand only if y —z € P; © < y will stand for z < y and = # y,while z < y
stand for y — x € intP, where intP denotes the interior of P. If intP # (), then P
is called a solid cone. Write || - || as the norm of A. A cone P is called normal if
there is a number M > 0 such that for all x,y € A, we have

02z 2y = |lz|| < M|lyl|.
The least positive number satisfying above is called the normal constant of P. Note
that, for any normal cone P we have M > 1.

In the following we always suppose that A is a real Banach algebra with a unit
e, P is a solid cone and = is the partial ordering with respect respect to P.
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The following lemmas and remark will be useful in the sequel.

Lemma 1.1. [23] If A is a real Banach algebra with a cone P and if a < Aa with
a€ P and 0 < \<1, thena=20.

Lemma 1.2. [23] If A is a real Banach algebra with a solid cone P and if § < u < ¢
for each 0 < ¢, then u = 0.

Lemma 1.3. [23] If A is a real Banach algebra with a solid cone P and if ||z, || — 0
asn — 00, then for any 6 < ¢, there exists ng € N such that, x,, < ¢ for alln < ng.

Remark 1.4. 23] If p(z) < 1, then ||z,|| = 0 as n — oo.

Definition 1.5. [23] Let X be a nonempty set and A be a Banach algebra. A
function d : X x X — A is said to be a cone metric, if the following conditions
hold:

(C1) 0 < d(z,y) forallz,y € X and d(z,y) = 0 if and only if x = y;

(C2) d(z.y) = d(y,2) for all 2y € X'

(C3) d(z,2) 2 d(x,y) +d(y,z) forall z,y,z € X.

The pair (X, d) is then called a cone metric space over Banach algebra A.

Lemma 1.6. [23] Let (X,d) be a cone metric space over Banach algebra A, x €
X, let {z,} be a sequence in X. Then

(1) {zn} converges to x whenever for every ¢ € A with 8 < ¢ there is a natural
number ng such that d(x,,x) < ¢, for all n > ng. We denote this by Jingoxn =x;

(i1) {xn} is a Cauchy sequence whenever for every ¢ € A with § < c there is a
natural number ng such that d(x,, xm) < ¢, for all n,m > ng;
(#i1) (X, d) is complete cone metric if every Cauchy sequence in X is convergent.

Now with some modification in the concept of G-cone metric spaces of [I0] , we
give the notion G-cone metric spaces over Banach algebra A. In the following we
shall always assume that the cone P is solid and non-normal.

Definition 1.7. Let X be a nonempty set. Suppose a mapping G : X x X x X —
A satisfies:

(G1)G(z,y,2) =0ifx =y =z,

(G2)0 < G(x,x,y), whenever x # y, for all z,y € X,

(G3)G(z, z,y) < G(z,y, z), whenever y # z,

(G4)G(z,y, z) = G(z, z,y) = G(y,z, z) = ...(Symmetric in all three variables),

(G5)G(z,y, 2z) < G(z,a,a) + G(a,y, 2) for all z,y,z,a € X.

Then G is called a generalized cone metric on X, and X is called a generalized
cone metric space over Banach algebra A or more specifically a G-cone metric space
over Banach algebra A.

Note that the concept of a GG-cone metric space over Banach algebra A is more
general than that of a G-cone metric spaces.

Definition 1.8. A G-cone metric space over Banach algebra A is symmetric if

G(z,y,y) = Gy, z,x) for all x,y € X.

Definition 1.9. Let (X, d) be a cone metric space over Banach algebra A. Define
G:X xXxX— A byGla,yz) = da,y) +d(y, 2) + d(z,2). Then (X,G) is
G-cone metric space over Banach algebra A.
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Proposition 1.10. Let X be a G-cone metric space over Banach algebra A, define
dg: X x X = A by

dG(Iv y) = G(x’ Y, y) + G(yv €T, 3;‘)
Then (X,dg) is a cone metric space over Banach algebra A.
If X is a symmetric G-cone metric space over Banach algebra A, then dg(x,y) =
2G(z,y,y), for all z,y € X.

Definition 1.11. Let X be a G-cone metric space over Banach algebra A and
{zn} be a sequence in X. If {x,} is a sequence in X, then {x,} is:

(a) Cauchy sequence if for every ¢ € A with § < ¢, there is N such that for all
n,m,l > N,G(Tp, Tm,x;) < C.

(b) Convergent sequence if for every ¢ in A with 6 < ¢, there is N such that for
all m,n > N, G(x,, xn,x) < ¢ for some fixed z in X. Here z is called the limit of
a sequence {z,} and is denoted by Jingoxn =z or x, — T asn—r oo.

A G-cone metric space over Banach algebra A is said to be complete if every
Cauchy sequence in it, is convergent.

Proposition 1.12. Let X be a G-cone metric space over Banach algebra A, then
the following are equivalent.

(1) {zn} is converges to x.

(15) G(zp,Tp,x) = 0, as n — oco.

(7i1) G(xp,z,x) =0, as n — oco.

(iv) G(xm,Zn,x) =0, as m,n — oo.

Lemma 1.13. Let {z,} be a sequence in a G-cone metric space X over Banach
algebra A and if {x,} converges to x € X, then G(Tpm, Tn,x) = 0 as m,n — 0.

Lemma 1.14. Let {z,} be a sequence in a G-cone metric space X over Banach
algebra A and v € X. If {x,} converges to x € X, then {x,} is a Cauchy sequence.

Lemma 1.15. Let {x,} be a sequence in a G-cone metric space X over Banach
algebra A and if {x,} is a Cauchy sequence in X, then G(x,,zn, ;) — 0, as
m,n,l — oo.

Denote N (X), B (X) and C (X) the set of nonempty, bounded and sequentially
closed subset of a G-cone metric space over Banach algebra A respectively.
Let (X,G) be a G-cone metric space over Banach algebra A, we denote

s(p)={qecA:p<q}forgeA
and

s(a,B) = bng (dg (a,b)) = bgB{:ﬂ €A: dg(a,b) 2}

fora € X and B € N (X). For A, B € B(X) we denote
5(A,B) = aeAL,JbEB s(dg (a,b)),
s(a,B,C) = s(a,B)+38(B,C)+s(a,C)
= {ut+v+w:ues(a,B),ves(B,C),wes(a,C)}

and

sa.8.0)- (g, st0.0))

(b,A,C)) N (CQC s(e, A, B)) .

n s
beB
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Lemma 1.16. Let (X,G) be a G-cone metric space over Banach algebra A, P be
a solid cone. Then the following conditions hold:

(i) Let p,g€ A.if p<q, then s(q) C s(p).

(i) Let z € X and Ae N(X).If0€ s(x,A), then z € A.

(491) Let g€ Pandlet A,B,C € B(X)anda € A. If g € s(A,B,C), then
g€ s(a,B,C).

(iv) Let g € P and let A > 0, then As(q) C s(Aq).

Remark 1.17. Kaewcharoen and Kaewkhao [20] (see also[28]) . gave the following
concepts on G-metric spaces. Let X be a G-metric space and CB(X) the family
of all nonempty, closed and bounded subsets of X. Let Hg(.,.,.) be the Hausdorff
G-distance on CB(X), i.e.,

Hg (A, B,C) = max{supG(a, B, C),supG(b, A, C),supG(c, A, B)}
acA beB ceC

Hy., (A, B) = max{supdg(a, B),supdg(b, A)},

acA beB
where
G(z,B,C) = dg(z,B)+dg(B,C)+dg(z,C),
de(z,B) = inf{da(z,y),y € B},
dg(A,B) = inf{dg(a,b),a € A,b e B},
G(a,b,C) = inf{G(a,b,c), ce C}.

The above expressions shows a relation between Hg and Hg,. Moreover, note
that if (X, G) is a G-cone metric space over Banach algebra A, A = R, and P =
[0,00), then (X, G) is a G-metric space. Also for A, B,C € CB(X),

Hqg(A,B,C) =infs(A, B,C).
Remark 1.18. Let (X, Q) be a G-cone metric space over Banach algebra A. Then

(a) $({a},{b}) = s(dg (a,b)) for a,be X.
(b) Ifzes(a,B,B) then x € 2s(dg (a,b)).

Proof. Proof of this remark is same as in [9]. O

Remark 1.19. Let (X,G) be a G-cone metric space over Banach algebra A and
T: X — 2% be a mutivalued mapping. Then

s (T2, Ty, Ty) # s (Ty, Tz, Tx)
Proof. Proof of this remark is same as in [9]. O

In 2013, Alghamdi et al. [4] introduced the concepts of a-admissible mapping in
G-metric space and established some fixed point theorems.

Definition 1.20. Let T be a self-mapping on X and oo : X x X x X — [0,400) be
a function. Then T is said to be an a-admissible mapping if

x,y,z€ X, oar,y,z)>1 = aT=z,Ty,Tz)>1
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In this paper, using the concept of a-admissibility we prove fixed point theorems
for multivalued mappings in the context of complete GG-cone metric space over a
Banach algebra A.

2. MAIN RESULT

Theorem 2.1. Let (X, G) be a complete G-cone metric space over a Banach algebra
A and P be the underlying solid cone. If there exist a function a: X x X x X —
[0,+00) and k € P with p(¥) < 1 and a multivalued mapping T : X — C(X) such
that

kG (x,y,2) € a(x,y,2)s (Tx, Ty, T=?) (2.1)
for all z,y,z € X. If there exist g € X, x1 € Sz such that a(zg,x1,21) > 1.
Assume that if {z,} is a sequence in X such that a(z,,Zn41,2ny1) > 1 for all n
and ©, — z* as n — +oo then a(x,,x*,2*) > 1 for all n. Then, T has a fixed
point in X.

Proof. Let 2y be an arbitrary point in X , then Txg € C(X), so Taxg # @. Let
x1 € Txg. We may suppose that xg # z1. Then a(zg,z1,21) > 1. From (2.1), we
have

kG (xg,x1,21) € a(xo, 21, 21) s (Txo, Tx1,Tx1) .
Thus by Lemma 1.8 (iii), we get

kG (o, x1,21) € a(xo, 21, 21) s (21, T21,T21) .
By Remark 1.3 (b), we can take xo € Tz such that

kG (zo,21,21) € 2 (20, 21, 21) s (dg(21,22)) = s 2a (zo, 1, 21) da(z1, T2)) .
Thus,
2a(xg, 1, 1) dg (21, x2) < kG (20,21, 21) - (2.2)

Now if 1 = x5 ,then z7 is the required fixed point. And we have nothing to prove.
So we suppose that x1 # x5 , then x9 & Txy . Now from (2.1), we hav

kG (x1,x2,22) € (w1, x2,x2) s (Tx1, Txo, Txs)
and by Lemma 1.8 (4i7), we get
kG (x1,x2,x2) € (x1, T2, T2) s (X2, Taa, Txa).
By Remark 1.3 (b), we can take x3 € Txy such that
kG (x1,x9,x2) € 2a (21, T2, x2) s (dg (22, 23)) = s (2a (x1, T2, 22) dg (2, 23)).

Thus,
20 (21,2, x2) da(x2, x3) < kG (21,22, 22) . (2.3)
It implies that

20 (21, X2, x2) d (22, 23) < kG (21,22, 22),
< kG (z1,29,22) + kG (z2,21,21) ,
< k[G (21,22, 22) + G (22, 31, 21))]

k‘d(;($1, 332).
This implies that
k
dg(l’g, 173) < 5dc($17 1’2). (24)
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By continuing this process, we obtain a sequence {z,} in X such that z,y; €
Ty, Tny1 7£ L, a(xn7$n+1axn+l) > 1 and

de(Tp, Tpt1) S ldg(Tn—1,Tn) X ... 1"dg(x0,21) (2.5)
for all n, where [ = % Then, for n < m we have
de(Tn, Tni1) + da(Tni1, Tnye) + da(@nto, Tnts) + oo + da(@m—1, Tm)
"dg(xo, 1) + 1" rda (o, 21) + 1" 2dg(x0, 1) + ... + 1™ dg (0, 71)
e+ 1" +12+ ... +1™ " Ydg(zo, 1)
"(e — )" tdg(zg, 21).

Since p(I) < 1, we have ||I"|| — 0 as n — oo. Therefore for every ¢ € A with § < ¢
there exists ng € N such that

dG(:Eny xm)

PP PPN

da(Tn, tm) < 1" (e — 1) tda(zo, 21) < ¢

for all n > ng. This is sufficient to conclude that {x,} is a Cauchy sequence. Then
there exists * € X such that x,, — 2* as n — oo. As we have a sequence {z,}
in X such that a(x,, Zpt1,Zne1) > 1 for all n and x,, — «* as n — 400 then by
asumption , we have a(xz,,z*,z*) > 1 for all n. From (2.1), we have

kG (zp, 2", 2%) € a(zp, x*,2%)s(Txy, Te", Tx").
By Lemma 1.8 (74¢), we have
kG (zp, 2", 2%) € a(zn, 2™, 2%)s(xnt1, T, Ta").
By Remark 1.3 (b), there exists u, € Ta*, such that
kG (zn, 2", 2%) € 20(xp, 2", 2%)s(dg(Tnt1,un)) = $(2a(xn, 2*, 2" )da (Xni1,Un))-
It implies that

20(zp, 2, 2" )da(Tni1,un) < kG (zp, 2%, 27),

1
a(xnyx*;l‘*>dG(xn+lzun> '\< EkG (-Tnvx*ax*)a

1
§k[G (T, 2™, 2%) + G (Tp, T, )] = kdg(zp, 2*).

R

Since a(xy,,z*,2*) > 1 for all n, so we have
dg(Tpi1,un) S oy, 2™, 27)da(Tng1, un) < kdg(xy, 7).

As x, — =¥ as n = 400, so for a given ¢ € IntP, there exists k € N such that
dg(zn, ") < § and dg(zpi1,2*) < § for n > k = k(c). Now from triangular
property, we have

dG($*7un) .\< ($n+17 +dG ($n+17un)7
< (xn+1a ) + de(xna ) .
= (z7l+1, ") +da (zn,27),
c
da(z*, u, -+ - =
c(z*u,) < ) 4 5
for n > k = k(c). Therefore lim w, = z*. Since Tz* is closed so x* € Tx*. O

n—oo

Corollary 2.2. Let (X,G) be a complete G-cone metric space over a Banach al-
gebra A and P be the underlying solid cone. If there exist k € P with p(g) <1 and
a multivalued mapping T : X — C(X) such that
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kG (x,y,z) € s(Tz, Ty, Tz)
Then, T has a fixed point in X.
By Remark 1.2, we have the following result.

Corollary 2.3. Let (X,G) be a complete G-cone metric space over a Banach alge-
bra A and P be the underlying solid cone and let T : X — CB (X) be multivalued
mapping. There exist a function o : X x X x X — [0, +00) and k € P with p(£) < 1
such that

« (LC, Y, Z) HG (T.’E, Tyv TZ) < kG (LC, Y, Z)
for all z,y,z € X. Also suppose that the following assertions holds:
(a) There exist xg € X, x1; € Szg such that a(zg,z1,21) > 1.
(b)If {z,,} is a sequence in X such that a(x,,Znt+1,Tne1) > 1 for all n and

Tp — =¥ as n — +oo then oz, z*,z*) > 1 for all n.
Then T has a fixed point in X.

Corollary 2.4. Let (X, G) be a complete G-cone metric space over a Banach alge-
bra A and P be the underlying solid cone and let T : X — CB (X) be multivalued
mapping. There exists k € P with p(%) <1 such that

HG (T.I, Tya TZ) < kG (Iv Y, Z)
for all z,y,z € X. Then T has a fixed point in X.
In the following we formulate an illustrative example regarding our main theo-
rem.

Example 2.5. Let X = [0,1], A =C}[0,1] x C£[0, 1] with the norm

’
[lull = lullos + lu lloo-

Define the multiplication on A as just pointwise multiplication. Then A is a real
Banach algebra with unit e = 1(e(t) =1 for all t € X).

Let P ={u(t) € A: u(t) >0:¢€[0,1]}. Then P is a non-normal solid cone.
Define G: X x X x X — FE by
G(x,y,2)(t) = max{lz —y|, |y — 2, [z — 2[}e".

Then (X, G) is a G-cone metric space over Banach algebra A. Define T': X — 2%
by Tz = [0, &] for all z € X and

) 20
1lif x , T F 2, z
alo) = { HTERT VY

Then clearly T is a-admissible. Take k = % + 1¢, where t € [0,1], then p(k) =
% < 1. The contractive condition of main theorem is trivial for the case when
x =y = z = 0. Suppose without any loss of generality that all z,y and z are

nonzero and r < y < z.

Then
G(z,y,2) =[x — z| e,
and
da(x,y) = 2|z — y|e".
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Now
Difx < £
s(x, Ty) = oy t e 20 v
|:L‘ 20|e if z > 5%
_ 0ify <35
s(y,Tz)—{ ‘y—2—20|et if y > 5.

Now for s(z,Ty) = 0 = s(y,Tz), we have

s(x, Ty, Tz) = EﬁT s(x, Ty, Tz) = s(x,Ty) + §(Ty, Tz) + s(z, Tz) = s(0),
$ (9, T, T2) = sy, Ta) + 5(T2, T2) + s(y, T2) = s(2 |y = 5| ¢,
Y T
Te,T2)=s2| L -2
0.5 TeTe) = s(2| & - 2 o),
s(z, Tz, Ty) = s(z,Tx) + §(Tx,Ty) + s(z,Ty) = s(2 ‘z - (2% + %)' e'),
and
z T Y t z z Y| t
N 7T aT = 2| —= — (== A ‘ = 2|—= — — — =— .
L8 BT Ty) = @55 = (55 + 59)| ) = 5255 = 35 ~ 5019
So we have
Tz, Ty, T = N Ty, T n{ n Tx, T n{ n Tz, T
sretnts) = (st )o( g swrers))n( gse ).
- y_z t) ( £ Y t)
(S(O)m(s(Q 20~ 201¢) " 5@ l55 ~ 25 ~201¢))-

Now we discuss the following three cases.
(). If s(Tw, Ty, Tz) =s(2|% — %5 — 4| €'), then for t € [0,1], we have

20 20
Qififﬂet = Qifiet,

20 20 20 20 20
_ 1 | ‘ t
= qglz—ale

1 1 1 1

=< (§+Zt)|z—x\et = (5—1—lt)max{\x—y\,|y—z\,\x—z\}et
= kG(z,y,2).

So by definition we have
kG(z,y,2) € a(x,y,2)s (Tz, Ty, Tz).
(ii). If s (Tx, Ty, Tz) = (2|4 — & e'),then for ¢ € [0,1], we have

20 2
YT L g|E T
20 20 - 20 20
1
= —|z—az|é
10
1 1 1 1
< (G lz—ale’ = (G + pt)max{lz —yl, [y — 2, [0 — z[}e’

2 4 2 4

Thus we have
kG(z,y, z) € a(z,y,2)s (Tz, Ty, Tz).
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). If s(Tx, Ty, Tz) = s(0), then

z x
< E A
0 = 25 20‘6’
1
= E|z—m|et
1 1 1 1
=< (§+Zt)|z—x|et:(5+1t)max{\x—y|,|y—z\,|x—z\}et

Thus we have

kG(z,y,2) € alx,y,2)s (Tx, Ty, Tz).

Similarly one can prove for other possible values of s(x,Ty) and s(y, T'z).

Hence all the conditions of our main theorem are satisfied and 0 is a fixed point

of mapping 7.
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