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FRACTIONAL OSTROWSKI TYPE INEQUALITIES FOR

FUNCTIONS WHOSE DERIVATIVES ARE PREQUASIINVEX

LADAN AVAZPOUR

Abstract. In this paper, we introduce the fractional Ostrowski type inequal-
ity for preinvex function. We use the Holder inequality to find some new bound

for this type of inequality. Then, we accommodating it with the work which

done before. After that we have Ostrowski’s inequality for prequasiinvex and
logarithmic preinvex via fractional integral.we end up with conclusion.

1. Introduction

Ostrowski’s inequality introduced by Ostrowski [22] in 1938:

Theorem 1.1. Let f : [a, b] → R be continuous on [a, b] and differentiable on
(a, b) whose derivative f ′ : (a, b)→ R is bounded on (a, b). i.e, ‖ f ′ ‖∞= supt∈(a,b) |
f ′(t) |<∞. Then∣∣∣∣∣ 1

b− a

∫ b

a

f(t)dt− f(x)

∣∣∣∣∣ ≤
[

1

4
+

(x− a+b
2 )2

(b− a)2

]
(b− a) ‖ f ′ ‖∞

for any x ∈ [a, b]

The constant 1
4 is the best possible in the sense that it cannot be replaced by a

smaller one.
The subject of fractional calculus (that is, calculus of integrals and derivatives of
any arbitrary real or complex order) was planted over 300 years ago. Since that time
the fractional calculus has drawn the attention of many researchers in. In recent
years, the fractional calculus has played a significant role in many areas of science
and engineering. For an interesting history and its uses for wide range of applied
scientists dealing with fractional calculus, see [23, 24, 30, 21, 25]. Due to under-
standing the importance of Account deficits, more attention has been attracted to
it and a lot of quality researches in this branch of mathematical analysis has been
carried out. (see [3, 16, 29] and the references therein).
In resent years, many author introduced Integral inequalities in fractional sense
[6, 7, 8, 5]. In [27], Erhan Set proved the Ostrowski’s inequality for the function
whose derivatives are s-convex in the second sense. Matloka in [18] proved Ostrowski
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Type Inequalities for Functions whose Derivatives are H-convex Via Fractional In-
tegrals and so on.
In [31, 2, 17] authors considered the class of preinvex functions in definition 2.2.
Alomari in [1] and Iscan in [12] proved Ostrowski’s inequality for preinvex func-
tions. We mix these two concept Ostrowski’s inequality for preinvex functions and
fractional Ostrowski’s inequality and prove the fractional Ostrowski’s inequality for
preinvex functions.
In this paper, we propose the preinvex, logarithmic preinvex and prequasiinvex
functions in order to prove the Ostrowski’s inequality whose derivatives are prein-
vex , logarithmic preinvex and prequasiinvex via fractional integral.
In section 2, we recall some basic concepts. In section 3, we prove the Fractional
Ostrowski’s inequalities for preinvex fuctions. In section 4, we prove the section
3’s theorems logarithmic preinvex and prequasiinvex functions. Finally, we end up
with conclusion.

2. Preliminaries

Let f : K → Rn and η(., .) : K ×K → Rn, where K is a nonempty closed set in
Rn be continuous functions. We recall the following definition from [31, 2, 17]

Definition 2.1. The set K ∈ Rn is said to be invex with respect to η(., .), if for
every x, y ∈ K and t ∈ [0, 1] ,

x+ tη(y, x) ∈ K.

The invex set K is also called a η−connected set.

For η(x, y) = x− y, every convex set is invex.
In the following we have the definition of preinvex function which will be used in
the rest of the paper.

Definition 2.2. The function f on the invex set K is said to be preinvex with
respect to η, if

f(x+ tη(y, x)) ≤ (1− t)f(x) + tf(y), ∀x, y ∈ K, t ∈ [0, 1].

The function f is said to be preconcave with respect to η if and only if −f is
preinvex. Obviously, every convex function is a preinvex function with respect to
η(y, x) = y − x, but the converse is not true.

Definition 2.3. The function f on the invex set K is said to be logarithmic preinvex
with respect to η, if

f(x+ tη(y, x)) ≤ (f(x))1−t(f(y))t, ∀x, y ∈ K, t ∈ [0, 1].

where f(.) > 0.

We have the definition of prequasiinvex function as follow, [26]:

Definition 2.4. The function f on the invex set K is said to be prequasiinvex with
respect to η, if

f(x+ tη(y, x)) ≤ max{f(x), f(y)}, ∀x, y ∈ K, t ∈ [0, 1].

where f(.) > 0.
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We also need the following condition due to Mohan and Neogy [17]:
Condition C: LetK ⊂ Rn be an open invex subset with respect to η(., .) : K×K →
R. For any x, y ∈ K and any t ∈ [0, 1],

η(y, y + tη(x, y)) ≤ −tη(x, y),

η(x, y + tη(x, y)) ≤ (1− t)η(x, y).

Note that for every x, y ∈ K and every t ∈ [0, 1] from condition C, we have

η(y + t2η(x, y), y + t1η(x, y)) ≤ (t2 − t1)η(x, y).

Definition 2.5. Let f ∈ L1[a, b]. The Riemann-Liouville fractional integrals Jαa+f
and Jαb−f for order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1f(t)dt, x ∈ [a, b].

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)α−1f(t)dt, x ∈ [a, b].

respectively where Γ(α) :=
∫∞
0
e−uuα−1du.

For α = 1, the fractional integral reduce to the classical integral.[11, 20, 23]

3. Fractional Ostrowski’s type inequality

In this section we recall the Ostrowski type inequality for functions whose deriva-
tives are preinvex [12]. We introduce these inequalities via fractional integral.

Lemma 3.1. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. then we have the equality as follow:

f(x)− 1

η(b, a)

∫ a+η(b,a)

a

f(u)du =

η(b, a)

[∫ x−a
η(b,a)

0

tf ′(a+ tη(b, a))dt+

∫ 1

x−a
η(b,a)

(t− 1)f ′(a+ tη(b, a))dt

]
, (3.1)

for each x ∈ [a, a+ η(b, a)].

So we have:

Theorem 3.1. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a+ η(b, a)] and | f ′ | is preinvex function on K.
If f ′ is integrable on [a, a+ η(b, a)],then the following inequality holds::∣∣∣∣∣f(x)− 1

η(b, a)

∫ a+η(b,a)

a

f(u)du

∣∣∣∣∣ ≤ η(b, a)

6
× (3.2){[

3

(
x− a
η(b, a)

)2

− 2

(
x− a
η(b, a)

)3

+ 2

(
a+ η(b, a)− x

η(b, a)

)3
]
|f ′(a)|+[

1− 3

(
x− a
η(b, a)

)2

+ 4

(
x− a
η(b, a)

)3
]
|f ′(b)|

}
=
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η(b, a)

6
×

{[
3

(
x− a
η(b, a)

)2

− 2

(
x− a
η(b, a)

)3

+ 2

(
a+ η(b, a)− x

η(b, a)

)3
]
|f ′(a)|+

[
3

(
η(b, a) + a− x

η(b, a)

)2

− 2

(
η(b, a) + a− x

η(b, a)

)3

+ 2

(
x− a
η(b, a)

)3
]
|f ′(b)|

}
for all x ∈ [a, a+η(b, a)]. The constant 1

6 is best possible in the sense that it cannot
be replaced by a smaller value.

Proof. [12]. �

In order to find the new bound for our inequalities we need the following identity.

Lemma 3.2. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. Then the following equality for fractional integrals holds:

[(x− a)α + (η(b, a) + a− x)α]

ηα+1(b, a)
f(x)− Γ(α+ 1)

ηα+1(b, a)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]
=

∫ x−a
η(b,a)

0

tαf ′(a+ tη(b, a))dt−
∫ 1

x−a
η(b,a)

(1− t)αf ′(a+ tη(b, a))dt, (3.3)

for each x ∈ [a, a+ η(b, a)].

Proof. By integration by part, we have:

I = I1 − I2 =

∫ x−a
η(b,a)

0

tαf ′(a+ tη(b, a))dt−
∫ 1

x−a
η(b,a)

(1− t)αf ′(a+ tη(b, a))dt,

I1 =

∫ x−a
η(b,a)

0

tαf ′(a+ tη(b, a))dt = tα
f(a+ tη(b, a))

η(b, a)

∣∣∣∣ x−aη(b,a)

0

− α

η(b, a)

∫ x−a
η(b,a)

0

tα−1f(a+ tη(b, a))dt =
(x− a)αf(x)

ηα+1(b, a)
− Γ(α+ 1)

ηα+1(b, a)
Jαx−f(a)

and

I2 =

∫ 1

x−a
η(b,a)

(1− t)αf ′(a+ tη(b, a))dt = (1− t)α f(a+ tη(b, a))

η(b, a)

∣∣∣∣1x−a
η(b,a)

+
α

η(b, a)

∫ 1

x−a
η(b,a)

(1− t)α−1f(a+ tη(b, a))dt

= − (η(b, a) + a− x)αf(x)

ηα+1(b, a)
+

Γ(α+ 1)

ηα+1(b, a)
Jαx+f(a+ η(b, a))

so we have:

[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]
=

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tαf ′(a+ tη(b, a))dt−
∫ 1

x−a
η(b,a)

(1− t)αf ′(a+ tη(b, a))dt

]
, (3.4)

which complete the proof. �
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Theorem 3.2. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a+ η(b, a)] and | f ′ | is preinvex function on K.
For α > 0, the following fractional inequality holds::∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(3.5)[

(x− a)α+1

α+ 1
+

[(η(b, a) + a− x)α+2 − (x− a)α+2]

(α+ 2)η(b, a)

]
|f ′(a)|+[

[(x− a)α+2 − (η(b, a) + a− x)α+2]

(α+ 2)η(b, a)
+

(η(b, a) + a− x)α+1

α+ 1

]
|f ′(b)|

for all x ∈ [a, a+ η(b, a)].

Proof. From (3.4) and since | f ′ | is preinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα[(1− t)|f ′(a)|+ t|f ′(b)|]dt

+

∫ 1

x−a
η(b,a)

(1− t)α[(1− t)|f ′(a)|+ t|f ′(b)|]dt

]
≤

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα(1− t)|f ′(a)|dt+

∫ x−a
η(b,a)

0

tα+1|f ′(b)|dt

+

∫ 1

x−a
η(b,a)

(1− t)α+1|f ′(a)|dt+

∫ 1

x−a
η(b,a)

(1− t)αt|f ′(b)|dt

]
≤

ηα+1(b, a)

[[
( x−a
η(b,a) )

α+1

α+ 1
−

( x−a
η(b,a) )

α+2

α+ 2

]
|f ′(a)|+

( x−a
η(b,a) )

α+2

α+ 2
|f ′(b)|

+
(η(b,a)+a−xη(b,a) )α+2

α+ 2
|f ′(a)|+

 (η(b,a)+a−xη(b,a) )α+1

α+ 1
−

(η(b,a)+a−xη(b,a) )α+2

α+ 2

 |f ′(b)|
 ≤

[
(x− a)α+1

α+ 1
+

[(η(b, a) + a− x)α+2 − (x− a)α+2]

(α+ 2)η(b, a)

]
|f ′(a)|+[

[(x− a)α+2 − (η(b, a) + a− x)α+2]

(α+ 2)η(b, a)
+

(η(b, a) + a− x)α+1

α+ 1

]
|f ′(b)|

where we have used the fact that∫ x−a
η(b,a)

0

tα(1− t)|f ′(a)|dt =

[
( x−a
η(b,a) )

α+1

α+ 1
−

( x−a
η(b,a) )

α+2

α+ 2

]
|f ′(a)|

∫ x−a
η(b,a)

0

tα+1|f ′(b)|dt =
( x−a
η(b,a) )

α+2

α+ 2
|f ′(b)|∫ 1

x−a
η(b,a)

(1− t)α+1|f ′(a)|dt =
(η(b,a)+a−xη(b,a) )α+2

α+ 2
|f ′(a)|
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∫ 1

x−a
η(b,a)

(1− t)αt|f ′(b)|dt =

 (η(b,a)+a−xη(b,a) )α+1

α+ 1
−

(η(b,a)+a−xη(b,a) )α+2

α+ 2

 |f ′(b)|
which complete the proof. �

Remark 3.1. (1) In theorem (3.2), choose α = 1, then inequality (3.5) reduce
to (3.2).

(2) In theorem (3.2), suppose η(b, a) = b − a, |f ′| < M , then inequality (3.5)
reduce to∣∣∣∣( (x− a)α + (b− x)α

b− a

)
f(x)− Γ(α+ 1)

b− a
[
Jαx−f(a) + Jαx+f(b))

]∣∣∣∣ ≤ (3.6)

M

b− a

[
(x− a)α+1 + (b− x)α+1

α+ 1

]
This inequality is the same inequality of corollary 1 in [27].

(3) With all assumption of theorem (3.2), let x = 2a+η(b,a)
2 , η(b, a) = b−a, α =

1, we have∣∣∣∣∣f(
a+ b

2
)− 1

b− a

∫ b

a

f(u)du

∣∣∣∣∣ ≤ (b− a)

8
[|f ′(a)|+ |f ′(b)|]

which is the inequality (1.3) in [12].

(4) With all assumption of theorem (3.2), let x = 2a+η(b,a)
2 , η(b, a) = b−a, α =

1 and |f ′| < M we have∣∣∣∣∣f(
a+ b

2
)− 1

b− a

∫ b

a

f(u)du

∣∣∣∣∣ ≤ (b− a)M

4

which is the inequality (1.2) in [12].

Theorem 3.3. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a + η(b, a)] and | f ′ |q is preinvex function on
K for some fixed q > 1. If η satisfies condition C,for α > 0,then the following
fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤(
1

pα+ 1

) 1
p

[
(x− a)

α+1

(
|f ′(a)|q + |f ′(x)|q

2

) 1
q

+ (a+ η(b, a)− x)
α+1

(
|f ′(a+ η(b, a))|q + |f ′(x)|q

2

) 1
q

]
(3.7)

for all x ∈ [a, a+ η(b, a)], where 1
p + 1

q = 1.

Proof. From (3.4) and since | f ′ |q is preinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤
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ηα+1(b, a)

(∫ x−a
η(b,a)

0

tpαdt

) 1
p
(∫ x−a

η(b,a)

0

|f ′(a+ tη(b, a))|qdt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)pαdt

) 1
p
(∫ 1

x−a
η(b,a)

|f ′(a+ tη(b, a))|qdt

) 1
q

 ≤
we have the following integrals and inequalities:(∫ x−a

η(b,a)

0

tpαdt

) 1
p

=

(
tpα+1

pα+ 1

∣∣∣∣ x−aη(b,a)

0

) 1
p

=

(
( x−a
η(b,a) )

pα+1

pα+ 1

) 1
p

(∫ 1

x−a
η(b,a)

(1− t)pαdt

) 1
p

=

(
−(1− t)pα+1

pα+ 1

∣∣∣∣1x−a
η(b,a)

) 1
p

=

(
(1− x−a

η(b,a) )
pα+1

pα+ 1

) 1
p

(∫ x−a
η(b,a)

0

|f ′(a+ tη(b, a))|qdt

) 1
q

≤
(
x− a
η(b, a)

(
|f ′(a)|q + |f ′(x)|q

2

)) 1
q

(∫ 1

x−a
η(b,a)

|f ′(a+ tη(b, a))|qdt

) 1
q

≤
(
a+ η(b, a)− x

η(b, a)

(
|f ′(a+ η(b, a))|q + |f ′(x)|q

2

)) 1
q

so we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

( ( x−a
η(b,a) )

pα+1

pα+ 1

) 1
p (

x− a
η(b, a)

(
|f ′(a)|q + |f ′(x)|q

2

)) 1
q

+

(
(1− x−a

η(b,a) )
pα+1

pα+ 1

) 1
p (

a+ η(b, a)− x
η(b, a)

(
|f ′(a+ η(b, a))|q + |f ′(x)|q

2

)) 1
q

 ≤
ηα+1(b, a)

[(
1

pα+ 1

) 1
p
(
x− a
η(b, a)

)α+1( |f ′(a)|q + |f ′(x)|q

2

) 1
q

+

(
1

pα+ 1

) 1
p

(
1− x−a

η(b,a)

η(b, a)

)α+1(
|f ′(a+ η(b, a))|q + |f ′(x)|q

2

) 1
q

 ≤
(

1

pα+ 1

) 1
p

[
(x− a)

α+1

(
|f ′(a)|q + |f ′(x)|q

2

) 1
q

+ (a+ η(b, a)− x)
α+1

(
|f ′(a+ η(b, a))|q + |f ′(x)|q

2

) 1
q

]
which complete the proof. �

Remark 3.2. (1) In theorem (3.3), choose α = 1, then inequality (3.7) reduce
to equation (2.5) of theorem (2.4) in [12].
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(2) In theorem (3.3), suppose η(b, a) = b − a, |f ′| < M , then inequality (3.7)
reduce to∣∣∣∣( (x− a)α + (b− x)α

b− a

)
f(x)− Γ(α+ 1)

b− a
[
Jαx−f(a) + Jαx+f(b))

]∣∣∣∣ ≤ (3.8)

M

(pα+ 1)
1
p

[
(x− a)α+1 + (b− x)α+1

b− a

]
which is the same inequality of corollary 2 in [27] and so on.

In the following theorem we prove the previous theorem in a different way:

Theorem 3.4. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a+ η(b, a)] and | f ′ |q is preinvex function on K
for some fixed q ≥ 1. For α > 0, the following fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(3.9)

ηα+1(b, a)

( ( x−a
η(b,a) )

α+1

α+ 1

)1− 1
q
([

( x−a
η(b,a) )

α+1

α+ 1
−

( x−a
η(b,a) )

α+2

α+ 2

]
|f ′(a)|q +

( x−a
η(b,a) )

α+2

α+ 2
|f ′(b)|q

) 1
q

+

 (a+η(b,a)−xη(b,a) )α+1

α+ 1

1− 1
q
 (a+η(b,a)−xη(b,a) )α+2

α+ 2
|f ′(a)|q

+

 (a+η(b,a)−xη(b,a) )α+1

α+ 1
−

(a+η(b,a)−xη(b,a) )α+2

α+ 2

 |f ′(b)|q
 1

q


for all x ∈ [a, a+ η(b, a)].

Proof. From (3.4) and since | f ′ |q is preinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

(∫ x−a
η(b,a)

0

tαdt

)1− 1
q
(∫ x−a

η(b,a)

0

tα|f ′(a+ tη(b, a))|qdt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q
(∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|qdt

) 1
q

 ≤
ηα+1(b, a)

(∫ x−a
η(b,a)

0

tαdt

)1− 1
q
(∫ x−a

η(b,a)

0

tα[(1− t)|f ′(a)|q + t|f ′(b)|q]dt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q
(∫ 1

x−a
η(b,a)

(1− t)α[(1− t)|f ′(a)|q + t|f ′(b)|q]dt

) 1
q

 ≤
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we have the following integrals and inequalities:(∫ x−a
η(b,a)

0

tαdt

)1− 1
q

=

(
tα+1

α+ 1

∣∣∣∣ x−aη(b,a)

0

)1− 1
q

=

(
( x−a
η(b,a) )

α+1

α+ 1

)1− 1
q

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q

=

(
−(1− t)α+1

α+ 1

∣∣∣∣1x−a
η(b,a)

)1− 1
q

=

(
(1− x−a

η(b,a) )
α+1

α+ 1

)1− 1
q

(∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|qdt

) 1
q

≤

([
( x−a
η(b,a) )

α+1

α+ 1
−

( x−a
η(b,a) )

α+2

α+ 2

]
|f ′(a)|q +

( x−a
η(b,a) )

α+2

α+ 2
|f ′(b)|q

) 1
q

(∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|qdt

) 1
q

≤

(
(1− x−a

η(b,a) )
α+2

α+ 2
|f ′(a)|q +

[
(1− x−a

η(b,a) )
α+1

α+ 1
−

(1− x−a
η(b,a) )

α+2

α+ 2

]
|f ′(b)|q

) 1
q

so we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

( ( x−a
η(b,a) )

α+1

α+ 1

)1− 1
q
([

( x−a
η(b,a) )

α+1

α+ 1
−

( x−a
η(b,a) )

α+2

α+ 2

]
|f ′(a)|q +

( x−a
η(b,a) )

α+2

α+ 2
|f ′(b)|q

) 1
q

+

(
(1− x−a

η(b,a) )
α+1

α+ 1

)1− 1
q
(

(1− x−a
η(b,a) )

α+2

α+ 2
|f ′(a)|q

+

[
(1− x−a

η(b,a) )
α+1

α+ 1
−

(1− x−a
η(b,a) )

α+2

α+ 2

]
|f ′(b)|q

) 1
q


which complete the proof. �

In theorem (3.4), choose α = 1, then inequality (3.9) reduce to theorem (2.8) in
[12].

4. Ostrowski’s inequalities for logarithmic preinvex functions and
prequasiinvex functions via fractional integral

In this section we prove the Ostrowski’s type inequality for logarithmic preinvex
functions via fractional integral. Then we prove it for prequasiinvex functions via
fractional integral.

Theorem 4.1. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a+ η(b, a)] and | f ′ | is log-preinvex function on
K. For α > 0, the following fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(4.1)
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ηα+1(b, a)|f ′(a)|

 ( x−a
η(b,a) )

α( |f
′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

− α

log( |f
′(b)|
|f ′(a)| )

γ(α,
x− a
η(b, a)

)

−
(1− x−a

η(b,a) )
α( |f

′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

+
α

log( |f
′(b)|
|f ′(a)| )(

−(
|f ′(b)|
|f ′(a)|

)(1− x− a
η(b, a)

)α
(

(1− x− a
η(b, a)

)log(
|f ′(b)|
|f ′(a)|

)

)−α
Γ(α,−(

x− a
η(b, a)

− 1)log(
|f ′(b)|
|f ′(a)|

))

)]
for all x ∈ [a, a+ η(b, a)].

Proof. From (3.4) and since | f ′ | is log-preinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα[|f ′(a)|(1−t)|f ′(b)|t]dt+

∫ 1

x−a
η(b,a)

(1− t)α[|f ′(a)|(1−t)|f ′(b)|t]dt

]
≤

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα[|f ′(a)|
(
|f ′(b)|
|f ′(a)|

)t
]dt+

∫ 1

x−a
η(b,a)

(1− t)α[|f ′(a)|
(
|f ′(b)|
|f ′(a)|

)t
]dt

]
≤

ηα+1(b, a)|f ′(a)|

[∫ x−a
η(b,a)

0

tα
(
|f ′(b)|
|f ′(a)|

)t
dt+

∫ 1

x−a
η(b,a)

(1− t)α
(
|f ′(b)|
|f ′(a)|

)t
dt

]
≤

ηα+1(b, a)|f ′(a)|

 ( x−a
η(b,a) )

α( |f
′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

− α

log( |f
′(b)|
|f ′(a)| )

γ(α,
x− a
η(b, a)

)

−
(1− x−a

η(b,a) )
α( |f

′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

+
α

log( |f
′(b)|
|f ′(a)| )(

−(
|f ′(b)|
|f ′(a)|

)(1− x− a
η(b, a)

)α
(

(1− x− a
η(b, a)

)log(
|f ′(b)|
|f ′(a)|

)

)−α
Γ(α,−(

x− a
η(b, a)

− 1)log(
|f ′(b)|
|f ′(a)|

))

)]
where∫ x−a

η(b,a)

0

tα
(
|f ′(b)|
|f ′(a)|

)t
dt =

( x−a
η(b,a) )

α( |f
′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

− α

log( |f
′(b)|
|f ′(a)| )

γ(α,
x− a
η(b, a)

)

∫ 1

x−a
η(b,a)

(1− t)α
(
|f ′(b)|
|f ′(a)|

)t
dt = −

(1− x−a
η(b,a) )

α( |f
′(b)|
|f ′(a)| )

( x−a
η(b,a)

)

log( |f
′(b)|
|f ′(a)| )

+
α

log( |f
′(b)|
|f ′(a)| )

(
−(
|f ′(b)|
|f ′(a)|

)(1− x− a
η(b, a)

)α
(

(1− x− a
η(b, a)

)log(
|f ′(b)|
|f ′(a)|

)

)−α
Γ(α,−(

x− a
η(b, a)

− 1)log(
|f ′(b)|
|f ′(a)|

))

)
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Γ(a, x) =

∫ ∞
x

ta−1e−tdt

γ(a, x) =

∫ x

0

ta−1e−tdt

�

Theorem 4.2. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a+ η(b, a)] and | f ′ | is prequasiinvex function on
K. For α > 0, the following fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(4.2)

ηα+1(b, a) max{|f ′(a)|, |f ′(b)|}
[

(x− a)α+1 + (η(b, a) + a− x)α+1

α+ 1

]
for all x ∈ [a, a+ η(b, a)].

Proof. From (3.4) and since | f ′ | is prequasiinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα[max{|f ′(a)|, |f ′(b)|}]dt+

∫ 1

x−a
η(b,a)

(1− t)α[max{|f ′(a)|, |f ′(b)|}]dt

]
≤

ηα+1(b, a) max{|f ′(a)|, |f ′(b)|}

[∫ x−a
η(b,a)

0

tαdt+

∫ 1

x−a
η(b,a)

(1− t)αdt

]
≤

ηα+1(b, a) max{|f ′(a)|, |f ′(b)|}
[

(x− a)α+1

α+ 1
+

(η(b, a) + a− x)α+1

α+ 1

]
which completes the proof. �

Theorem 4.3. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a + η(b, a)] and | f ′ |q is prequasiinvex function
on K, for some fixed q > 1. If η satisfies condition C,for α > 0,then the following
fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(4.3)

(max{|f ′(a)|q, |f ′(b)|q})
1
q

(
1

pα+ 1

) 1
p [

(x− a)
α+1

+ (η(b, a) + a− x)
α+1
]

where 1
p + 1

q = 1, for all x ∈ [a, a+ η(b, a)].
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Proof. From (3.4) and since | f ′ |q is prequasiinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

(∫ x−a
η(b,a)

0

tpαdt

) 1
p
(∫ x−a

η(b,a)

0

|f ′(a+ tη(b, a))|qdt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)pαdt

) 1
p
(∫ 1

x−a
η(b,a)

|f ′(a+ tη(b, a))|qdt

) 1
q

 ≤
ηα+1(b, a)

(∫ x−a
η(b,a)

0

tpαdt

) 1
p
(∫ x−a

η(b,a)

0

max{|f ′(a)|q, |f ′(b)|q}dt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)pαdt

) 1
p
(∫ 1

x−a
η(b,a)

max{|f ′(a)|q, |f ′(b)|q}dt

) 1
q

 ≤
ηα+1(b, a)

( ( x−a
η(b,a) )

pα+1

pα+ 1

) 1
p (

max{|f ′(a)|q, |f ′(b)|q} x− a
η(b, a)

) 1
q

+

(
(1− x−a

η(b,a) )
pα+1

pα+ 1

) 1
p (

max{|f ′(a)|q, |f ′(b)|q}(1− x− a
η(b, a)

)

) 1
q

 ≤
ηα+1(b, a) (max{|f ′(a)|q, |f ′(b)|q})

1
q

(
1

pα+ 1

) 1
p

[(
x− a
η(b, a)

)α+1

+

(
η(b, a) + a− x

η(b, a)

)α+1
]

≤ (max{|f ′(a)|q, |f ′(b)|q})
1
q

(
1

pα+ 1

) 1
p [

(x− a)
α+1

+ (η(b, a) + a− x)
α+1
]

where (∫ x−a
η(b,a)

0

tpαdt

) 1
p

=

(
tpα+1

pα+ 1

∣∣∣∣ x−aη(b,a)

0

) 1
p

=

(
( x−a
η(b,a) )

pα+1

pα+ 1

) 1
p

(∫ 1

x−a
η(b,a)

(1− t)pαdt

) 1
p

=

(
−(1− t)pα+1

pα+ 1

∣∣∣∣1x−a
η(b,a)

) 1
p

=

(
(1− x−a

η(b,a) )
pα+1

pα+ 1

) 1
p

the proof is complete. �

Theorem 4.4. Let K ⊂ R be an open invex subset with respect to η(., .) : K×K →
Rn and a, b ∈ K with a < a + η(b, a). Suppose that f : K → R is a differentiable
function. If f ′ is integrable on [a, a + η(b, a)] and | f ′ |q is prequasiinvex function
on K, for some fixed q ≥ 1. If η satisfies condition C,for α > 0,then the following
fractional inequality holds:∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)

[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
(4.4)

≤ (max{|f ′(a)|q, |f ′(b)|q})
1
q

(
1

α+ 1

)[
(x− a)

α+1
+ (η(b, a) + a− x)

α+1
]
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where 1
p + 1

q = 1, for all x ∈ [a, a+ η(b, a)].

Proof. From (3.4) and since | f ′ |q is prequasiinvex on [a, a+ η(b, a)], we have∣∣[(x− a)α + (η(b, a) + a− x)α]f(x)− Γ(α+ 1)
[
Jαx−f(a) + Jαx+f(a+ η(b, a))

]∣∣ ≤
ηα+1(b, a)

[∫ x−a
η(b,a)

0

tα|f ′(a+ tη(b, a))|dt+

∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|dt

]
≤

ηα+1(b, a)

(∫ x−a
η(b,a)

0

tαdt

)1− 1
q
(∫ x−a

η(b,a)

0

tα|f ′(a+ tη(b, a))|qdt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q
(∫ 1

x−a
η(b,a)

(1− t)α|f ′(a+ tη(b, a))|qdt

) 1
q

 ≤
ηα+1(b, a)

(∫ x−a
η(b,a)

0

tαdt

)1− 1
q
(∫ x−a

η(b,a)

0

tα max{|f ′(a)|q, |f ′(b)|q}dt

) 1
q

+

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q
(∫ 1

x−a
η(b,a)

(1− t)α max{|f ′(a)|q, |f ′(b)|q}dt

) 1
q

 ≤
ηα+1(b, a)

( ( x−a
η(b,a) )

α+1

α+ 1

)1− 1
q
(

max{|f ′(a)|q, |f ′(b)|q}
( x−a
η(b,a) )

α+1

α+ 1

) 1
q

+

(
(1− x−a

η(b,a) )
α+1

α+ 1

)1− 1
q
(

max{|f ′(a)|q, |f ′(b)|q}
(1− x−a

η(b,a) )
α+1

α+ 1

) 1
q

 ≤
ηα+1(b, a) (max{|f ′(a)|q, |f ′(b)|q})

1
q

(
1

α+ 1

)[(
x− a
η(b, a)

)α+1

+

(
η(b, a) + a− x

η(b, a)

)α+1
]

≤ (max{|f ′(a)|q, |f ′(b)|q})
1
q

(
1

α+ 1

)[
(x− a)

α+1
+ (η(b, a) + a− x)

α+1
]

where (∫ x−a
η(b,a)

0

tαdt

)1− 1
q

=

(
tα+1

α+ 1

∣∣∣∣ x−aη(b,a)

0

)1− 1
q

=

(
( x−a
η(b,a) )

α+1

α+ 1

)1− 1
q

(∫ 1

x−a
η(b,a)

(1− t)αdt

)1− 1
q

=

(
−(1− t)α+1

α+ 1

∣∣∣∣1x−a
η(b,a)

)1− 1
q

=

(
(1− x−a

η(b,a) )
α+1

α+ 1

)1− 1
q

the proof is complete . �

5. Conclusion

Recently, investigating some problems in fractional case have been considered
widely. To do so, we make inquiries about fractional Ostrowski inequality for the
functions whose derivatives are preinvex, prequasiinvex and logarithmic preinvex.
An interesting line of work is the study of fuzzy fractional Ostrowski inequality
for the functions whose derivatives are preinvex, prequasiinvex and logarithmic
preinvex.
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