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ASYMPTOTICALLY f-LACUNARY STATISTICAL EQUIVALENT
OF SET SEQUENCES IN WIJSMAN SENSE

NAZLIM DENIZ ARAL, SUKRAN KONCA

ABSTRACT. In this work, we introduce a generalization of asymptotically la-
cunary statistical equivalence of set sequences in Wijsman sense by using mod-
ulus functions and we obtain some inclusion results related to asymptotically
f-lacunary statistical equivalence of set sequences in Wijsman sense with the

notion of strongly asymptotically f-lacunary equivalence.

1. INTRODUCTION

Marouf [8] presented the study of the relationships between the asymptotic equiv-
alence of two sequences and asymptotic regular matrix in 1993. As the same year
lacunary statistical convergence was introduced by Fridy and Orhan [6]. Patterson
[T1] defined asymptotically statistical convergence by combining of the definition
for asymptotically equivalence and statistical limit in 2003. Patterson and Savas
[12] extended this definition to lacunary sequences in 2006. Nuray and Rhoades
[10] introduced Kuratowski, Wijsman and Hausdorff statistical convergence of se-
quences of sets in 2012. In addition to, Ulusu and Nuray [16] defined Wijsman
lacunary statistical convergence of sequences of sets and gave the relations between
Wijsman statistical convergence and Wijsman lacunary statistical convergence of

sequences of sets in 2012. Afterwards, Ulusu and Nuray [I7] extended the definition
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of asymptotically lacunary statistical equivalent sequence to Wijsman statistically
convergent sequences and Wijsman lacunary statistically convergent sequences in
2013. Related papers can be seen in [3] 4] [I5]. The concept of a modulus function
was introduced by Nakano [9] in 1953. Maddox [7] and Ruckle [I3] used a modulus
function to construct some sequence spaces.

In this work, we introduce a generalization of asymptotically lacunary statistical
equivalence of set sequences in Wijsman sense by using modulus functions and we
obtain some inclusion results related to asymptotically lacunary f-statistical equiv-
alence of set sequences in Wijsman sense with the notion of strongly asymptotically

f-lacunary equivalence.

2. DEFINITIONS AND NOTATIONS

Before beginning of the presentation of the main results, we recall the following
definitions. Throughout the paper, for brevity, by the notation limy xy, we mean
limg 0z and by N and R, we mean the set of all natural numbers and the set of

all real numbers, respectively.

Definition 2.1. [§] Let = = (z3) and y = (yx) be two nonnegative sequences, then

Tk —

we say that z = (zx) and y = (yx) are asymptotically equivalent if limy 7= =

(denoted by x ~ y). If the limit is L, then it will be denoted by x 9 y.

Definition 2.2. [5] The sequence x = (zy) is said to be statistically convergent to

the number L if for every € > 0,
1
lim—|{k<n:|zy—L| >} =0,
non
where the vertical bars indicate the number of elements in the enclosed set. It is

denoted by st — limixr = L.

The sequence 8 = {k,.} is called lacunary if there exist an increasing sequence

of nonnegative integers such that kg = 0 and h, = k. — k._1 — o0 as r — 0.
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Throughout this paper the intervals determined by 6 will be denoted by I, =

(kr—1,k,] and 72— will be abbreviated by ;.

Definition 2.3. [I2] Let 6 be a lacunary sequence and x = (x) and y = (yx) be
two nonnegative sequences, then we say that  and y are asymptotically lacunary

statistical equivalent of multiple L provided that for every ¢ > 0
.1 Tk
lim — |{k € I, : ‘7 —L‘ > e} =0
r Yk

SL
(denoted by 2~ y) and simply asymptotically lacunary statistical equivalent if

L=1.

Let (X, p) be a metric space. For any point € X and any nonempty subsets A

of X, we define the distance from z to A by
d(z, 4) = inf p(z,a).

Definition 2.4. [I] Let (X, p) be a metric space. We say that the sequence {4}
is Wijsman convergent to A for any nonempty closed subsets A, A C X if
lim d(z, A) = d(z, A)

k—o0

for each x € X. In this case we write W — lim A, = A.

Definition 2.5. [I0] Let (X, p) be a metric space. We say that the sequence {Ax}

is bounded for any nonempty closed subset Ay of X if
supd(z, A) < oo
k
for each x € X. In this case we write {Ax} € Loo.

Definition 2.6. [I7] Let (X, p) be a metric space. We say that the sequences {Ax}

and {By} are asymptotically equivalent (Wijsman sense) for any nonempty closed
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subsets Ay, By, C X such that d(z, Ax) > 0 and d(z, Bi) > 0 for each z € X if for

each x € X
G

2R
k d(x,Bk)

(denoted by Ay ~ By).

Definition 2.7. [9] We recall that a modulus f is a function from [0, 00) to [0, 00)
such that

(i) f(z) =0if and only if z =0,

(i) f(z +y) < f(x) + f(y), forallz >0,y >0,
(iii) f is increasing,

(

iv) f is continuous from the right at 0.

A modulus may be unbounded or bounded. For example, f(z) = zP where
0 < p < 1, is unbounded, but f(z) = 177 is bounded. It is said that a modulus
f:]0,00) = [0,00) is slowly varying if the limit relation lim,_, % =1 holds
for every a > 0. All bounded modulus are slowly varying. The function f(z) =

log(x + 1) is an example of unbounded, slowly varying modulus (see, chapter 1 in

[14]).

Lemma 2.8. [7] Let f : [0,00) — [0,00) be a modulus. Then there is a finite

lim,, 00 @ and equality lim,, @:inf{@ :t € (0,00)} holds.

Definition 2.9. [2] Let f : [0,00) — [0,00) be an unbounded modulus. The
f-density df (K) of a set K C N is defined as

roey o e SR <0k e K})
d!(K) = lim o)

if this limit exists. A sequence (x) C R is said to be f-statistically convergent to

[ € R, if for each € > 0, the set {k € N: |z — | > £} has the zero f-density.
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3. MAIN RESULTS

Now, we present our main results. Throughout this section, let f be an un-

bounded modulus function from [0, 00) to [0, 00), unless otherwise stated.

Definition 3.1. Let (X, p) be a metric space, 6 be a lacunary sequence. For any
non-empty closed subsets Ay, By C X, such that d(z, Ax) > 0 and d(z, Bx) > 0
for each z € X, we say that the sequences {A;} and {B;} are asymptotically f-
lacunary statistical equivalent of multiple L in Wijsman sense if for every ¢ > 0
and each z € X,

d(x, Ag)

ﬁf(‘{ke],a:‘m—q)e}

WSE ()

lim
T

) =0 (3.1)

(denoted by Ag By,) and simply asymptotically f-lacunary statistical equiv-

alent in Wijsman sense if L = 1.

In equation (3.1) if we take § = {k.} = 2" then it reduces to definition of
asymptotically f-statistical equivalance of set sequences { Ay} and {By} [Konca, 3,
Kiigiikaslan, M: On asymptotically f-statistical equivalent set sequences in Wijsman

sense, 2017, submitted], that is;

iy ([0 <o |55 2] > ) =0

L
denoted by Ay wew By,.

For f(z) = = and 6 = {k,} = 2", the Definition reduces to the definition
of asymptotically statistical equivalence of multiple L given in [I7] denoted by

WS
Ay sF By.

Definition 3.2. Let (X, p) be a metric space, § be a lacunary sequence. For any
non-empty closed subsets Ay, By C X, such that d(x, A;) > 0 and d(x, By,) > 0 for
each z € X, we say that the sequences { Ay} and { By} are strongly asymptotically

f-lacunary equivalent of multiple L in Wijsman sense if for each x € X,
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hm— 3 f(‘ LD -0 (3.2)

" kel

[WNe%

(denoted by Ag By) and simply strongly asymptotically f-lacunary equiva-

lent in Wijsman sense if L = 1.

If f(x) =2 in | then the limit reduces to limrhi > ke,
Ny

d(z,Ar) -
ey -1 =0

for each € X (denoted by Ak By,) and we say that the sequences {4} and
{By} are strongly asymptotically lacunary equivalent of multiple L in Wijsman

sense (see [I7]).

For 6 = {k.} = 2", the equation (3.2) reduces to

i (A ) < e

[CeSL (Nl

and denoted by Ay By, [Konca, S, Kiigiikaslan, M: On asymptotically f-

statistical equivalent set sequences in Wijsman sense, 2017, submitted].

Theorem 3.3. Assume that (X, p) is a metric space and let Ay, By, be non-empty

L
closed subsets of X and § = (k,.) be a lacunary sequence. If A Wsi(f) By then
Ay s By,.
WSg (f) .
Proof. Assume that Ay, ~" "By . Forallz € X, e >0 and r € N, let us write
KT ::{k Lﬂ:"ipr } 3.3
T,E € d(.’L‘, Bk) € ( )

If A wee Bk, that is {Ar} and {By} are not asymptotically lacunary statistical

equivalent of multiple L in Wijsman sense (see [I7]), then there are z € X and
\ |

€ > 0 such that limsup,

sequence (r;) C N such that

lim h,., = oo (3.4)

Jj—00
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nd u}(f’;al > % for every j € N. From the last inequality we have
7y

By < pIKTL| (3.5)

Using the subadditivity of f and (3.5), we obtain f(h,,) < pf(|Kz’|). Conse-

quently, the inequality

T
f (h""j) p
holds for every j € N. Equations 1) and 1) imply limsuprll,g—””u > %, contrary
7
L
to Ak stel(f) Bk O

Theorem 3.4. Let (X, p) be a metric space, § = {k,} be a lacunary sequence and
let Ak, B be non-empty closed subsets of X. Assume that f is an unbounded

modulus satisfying the inequalities

lim @ >0 and f(zy) > cf(z)f(y)

t—o00

with some ¢ € (0,00) for all z,y € [0,00). Then the following statements hold

]f

W N wsk
[ ~E By, then A, ng(f)

(i) If Ay By.
5 ()

f
(ii) I {Ap} € Loo and 4,2 By then 4, "X

~ " By.

Proof. (i) Let K . be defined as in (3.3). By subadditivity of moduli we have

> o(5eg - - X (s )

ke, kr—1+1

»(zuz: =)

kel

> f(IK |-) = cf (KL ) f(e)-

Then, we obtain the following inequality

(K. f
o Zf(‘ LD” Fli) Fdse),

kel,.
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which gives us the result by taking the limit for r — oc.
(ii) Let {Ax} be Wijsman bounded and let A (f) By. Then the sequences
{A} and {Bj} are asymptotically f-lacunary statistical equivalent of multiple L

in Wijsman sense if for every € > 0 and each x € X,

p e 5 <)) <o

Since {Ay} € Lo then we may assume that there exists an M > 0 such that

N

d(z, Ax) ‘ M

dek)

for each € X and for all k. For a given £ > 0 we have

L)k S ()t S (e
v aems ) =w 2, s Do 2, o (as
" kel, kel keKT . kel kgK7 .

| K 1
<L)+ e ().

Letting » — oo we obtain
BEO;TZJ”(\ - 1) <e
kel,

O

Theorem 3.5. Let (X, p) be a metric space, 6 be a lacunary sequence and f, g be
unbounded modulus functions. Then, for all Ay, Br non-empty closed subsets of

X

)

WSt WSL2
Ap fv(f) By and Ay @) By imply Ly = Ls.

Proof. From Theorem [3.3] we have

WSL1 WSt
Ak W By = Ak ~ By,

Sy2(g sr2
AkW ()Bk=>AkWN9 By,

using the uniqueness of statistical limits of numerical sequences we get Ly = Ly. O
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Corollary 3.6. Let (X, p) be a metric space, § = {k.} be a lacunary sequence
and Ay, By non-empty closed subsets of X. Then for every unbounded modulus
f:]0,00) = [0,00), the sequences {Ay} and {By} are asymptotically f-lacunary

statistical equivalent of an unique multiple L if it exists.

Theorem 3.7. Let (X, p) be a metric space, Ak, By, be non-empty closed subsets of

s
X. If f:]0,00) — [0, 00) is a modulus such that 8 =lim,. (, =) > 0 and Ay, Wikl By,

then Ak [Wf]\/V]B Bk.

f
Proof. Let a modulus f satisfy the condition g3 zlimrM > 0 and let Ag Wk By.

By Lemma 2.16 [2], we have § —1nf{f } Consequently, f(h,) = h,. holds.

Then
1 d(z, Ar) 11 ’
L g~ |dios ) 1))
he Z ’d(@B ) ’ p Z /
kel, " kel,
f L
Since Ay, [ QQ]L By, then we have Ay W ls By, by taking limit for » — oc. O

Corollary 3.8. Let (X, p) be a metric space, A, Bx be non-empty closed subsets
of X and 6 = {k,} be a lacunary sequence. Assume that f is an unbounded

modulus satisfying the inequalities lim,. %h:) > 0 and f(zy) > cf(z)f(y) with

[W Ngl¥

L
same ¢ € (0,00) for all x,y € [0,00). If Ay * B, then Ay, "'~’ By.

Theorem 3.9. Let (X, p) be a metric space, A, By be non-empty closed subsets
of X and f : [0,00) — [0, 00) be an unbounded modulus function satisfying f(zy) >

cf(z)f(y). If @ = (k) is a lacunary sequence with liminf,g,. > 1 then

WSNL(f) Wsé(f)

Ak By = Ak By.

Proof. Suppose that liminf,q. > 1, then there exists a § > 0 such that ¢, >

1 + 0 for sufficiently large values of r, which implies that Z—: > %é. From the

subadditivity of f and since %H.k h, then f(% r) < f(hy). Assume that f
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is an unbounded modulus function such that f(z.y) > c.f(z).f(y). Thus we have,
(f)

h—

Flhe) = f(25-ke) > e.f (k). f(125)- Hence, 54 > c.f(135). 1f AR gy
then for every ¢ > 0, for each z € X and for sufficiently large r, we have
(<t i35 1)
z f(k, S(ltrer ’dm sAREL)
r Ayg)

=ty (e [igg - =9

> et 7 (ke \d 3429l
This completes the proof. ([l

Theorem 3.10. Let (X, p) be a metric space, A, Br be non-empty closed subsets

of X, 0 = {k,} be a lacunary sequence and let f be an unbounded modulus such

that limsup, ff( T)) < oo. Then

Wgé f

L
Ak B = Ak WSN(f) By.

Proof. Let f be an unbounded modulus such that limsup, f(,g )) < 00. Then there

exists M > 0 such that f{lg )) < M. Suppose that Ay fi(f)

there exists R > 0 such that for every j > R

f(izj)f (’{k €l ‘Zg:g:; —L‘ > 5}‘) < e

We can also find H > 0 such that A; < H for all j € N. Let n be any integer

By, and € > 0. Then

A; =

satisfying k.1 < n < k, where r > R. Since § = {k.} is an increasing integer

sequence and f is increasing unbounded modulus, then we have

(o 283120

< sy (lo<n 525 2> 4)
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- @f (‘{o <k <k ‘d&g’“ Y E 5}‘ n ]{kl <k <k ‘dggg —L] > e+
s x5
- s (e ne[Gegs o= 9l wen | 305 - 1= al+
+ ‘{k el ZEJE :Ar) L‘ > e}()
< gt (e -t s (ke e [0 1] )
et gt (e dﬁiiéirL\%}D
T e ey T ey
BB e e i Ty ey (vt
< dsupim sl (f{likl)> ’ f%r__ff) T W) ’
<n (i Ty o D e (M e+ M5
- (f(kR) + f(;céz)i) -+ f(kR)> e (f(kr) + f(fk(k):) s f(/w))
- RS el = R
<(HR+e(r—R).M
This completes the proof.
U
Theorem 3.11. Let f be any unbounded modulus.
(i) If liminf,q, > 1 then A, ©“L U g, o a, W2
(i) Tf limsupr g < 0o then A VA B, = 4, €L D g

Proof. (i) Let liminf,.q, > 1, then there exists a § > 0 such that ¢, > 1+ ¢ for

fhciently 1 lues of 7, which implies that %= > & Tet 4, LW p
sufliciently large values of 7, which implies t atz/?. et Ag ~ ks
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then we have

kr

o liss ) a5 (s )
=2:52f<!3“k 1)
kel
i )
[W Ny]{

which yields that Ay " ~'F By

(ii) If limsup,.q, < oo, then there exists K > 0, ¢, < K for every r. Now suppose

[WNg]¥

that Ay ~9]L By.. Then for a given € > 0, there exists my € N such that for every

m>m0a

1 d(x, Ag)
H, — — ‘ Lk) L‘ :
e 2 f( aw, By~ 1) = F
k€l
We can also find R > 0 such that H,, < R for all m. Let n be any integer with

k. > n > k,._1 where r > mg. Then we have

zf<1 m o af) < g 2o (|5 - o

Pl

D > (laesg ) ++ 2o (156 - )
—k;[:;;hf(;“iz” R = (o)

kmo — kmo 1 Z, Ak kr — kT,1 d(l‘,Ak)
+“.+k‘m0_k‘ Z f(‘ _L’)—’_.“—’_kr_kr 1 Zf(‘d(x’Bk)_L‘>‘|

mo—1

k€I, T kel
k1 ko — Ky kmo — Emo—1 kp —kr_1
— H Hy 4o Zmo —Pmozdpr oy M hrelpg
kr—l ! + kr—l ? + + kr—l 0 + + kr—l
k. —k
< Fmg sup Hj + sup H;CM
kr—1 1<k<mo E>mo kr_1
km
<R/ +¢e¢K
krfl
. . Cesy, 7]
which yields that Ak By. O
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