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THE RIGHT RIEAMAN-LIOUVILLE FRACTIONAL
HERMITE-HADAMARD TYPE INEQUALITIES FOR CONVEX
FUNCTIONS

MEHMET KUNT, DUNYA KARAPINAR, SERCAN TURHAN, IMDAT iSCAN

ABSTRACT. In this paper, with a new approach, a new fractional Hermite-
Hadamard type inequality for convex functions is obtained by using only the
right Riemann-Liouville fractional integral. Also, to have new fractional trape-
zoid and midpoint type inequalities for the differentiable convex functions, two
new equalities are proved. Our results generalize the studies [1l [, [6]. We ex-
pect that this study will be lead to the new fractional integration studies for
Hermite-Hadamard type inequalities.

1. INTRODUCTION

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

1(57) it [ o < A0 -y

is well known in the literature as Hermite-Hadamard’s inequalities [2, [3].
In [1l [6], the authors used the following equality to obtain trapezoid type in-
equalities and some applications:

Lemma 1.1. Let a,b € I witha < b and f : I° — R is a differentiable mapping
(I° is the interior of I). If f' € L]a,b], then we have

fl+fe) 1 _
5 —b_aAf(u)du—

In [4], Kirmaci used the following equality to obtain midpoint type inequalities
and some applications:

b—a

/1 (1—2¢t) f' (ta+ (1 —t)b)dt. (1.2)
0
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Lemma 1.2. Let a,b € I witha < b and f : I° — R is a differentiable mapping
(I° the interior of I). If f' € L]a,b], then we have

b_la/:ﬂu)du—f(“;b)

2P (ta+ (1= ) b) dt ]

+f11/2 (t—=1)f (ta+ (1 —t)b)dt

= (b—a) (1.3)

Definition 1. [7, page 12]. A function f defined on I has a support at xg € I if
there exists an affine functions A (x) = f (xo) +m (z — x0) such that A (z) < f ()
for all x € I. The graph of the support function A is called a line of support for f
at xq.

Theorem 1.3. [7, page 12] f : (a,b) = R is a convezx function if and only if there
is at least one line of support for f at each xy € (a,b).

Following definitions of the left and right side Riemann-Liouville fractional inte-
grals are well known in the literature.

Definition 2. Leta,b € R witha < b and f € L[a,b]. The left and right Riemann-
Liouwville fractional integrals J&, f and J' f of order o > 0 are defined by

I f@) = s [ o= 07 0 2> a
and X , 1
Jf(x) = @/ (t—x)* " f(t)dt, x <b

respectively, where I'(c) is the Gamma function defined by T'(a) = [ e "t~ 1dt (see
0
[5l, page 69] and [9, page 4]).
In [8], Sarikaya et al. proved the following Hermite-Hadamard type fractional
integral inequalities:

Theorem 1.4. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lla,b]. If f is a convex function on [a,b], then the following inequality for
fractional integrals hold:

P50 < gt s+ g sto) < IO

with o > 0.

Remark. In Theorem|l1.4], it is not necessary supposing that f be a positive function
and a,b are positive real numbers. From the Definition[d, it is clear that a,b are
any real numbers such as a < b.

In literature, there are so many studies for Hermite-Hadamard type inequalities
by using the left and right fractional integrals (such as Riemann-Liouville fractional
integrals, Hadamard fractional integrals, Conformable fractional integrals etc.). In
all of them, the left and right fractional integrals are used together. As much as
we know, there is not any study for Hermite-Hadamard type inequalities by using
only the right fractional integrals or the left fractional integrals.
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In this paper, our aim is to obtain new fractional Hermite-Hadamard type in-
equalities by using only the right Riemann-Liouville fractional integral for convex
functions. Also, to have new fractional trapezoid and midpoint type inequalities,
we prove two new identities for the differentiable convex functions. We expect
that, this study will be fundamental to the new fractional integration studies for
Hermite-Hadamard type inequalities.

2. THE RIGHT FRACTIONAL HERMITE HADAMARD INEQUALITY

Theorem 2.1. Let a,b € R with a <b and f : [a,b] = R be a convex function. If
f € La,b], then the following inequality for the right Riemann-Liouville fractional
integral holds:

ataby L(t) o 0 f(@)+af)
15T < G st < HEEE 21

with o > 0.

Proof. Let a > 0. Since f is convex on [a, b], using Theorem there is at least
one line of support

zM@f(ZT?>+m(xZT?>§f@) (2:2)

for all x € [a,b]. From (2.2]), we have

Ath+(1—t)a) = f(‘?ﬁ’) +m(tb+(1—t)a— “O;alb)

< f(tb+(1—t)a) (2.3)

for all ¢ € [0,1]. Multiplying both sides of (2.3 with at®~! and integrating over
[0, 1] respect to t, we have

1
a/ t* TAb+ (1 —t)a)dt
0

1
B o1 a+ab - _atab
= a/ot [f<a+1>+m(tb+(1 t)a a—|—1)]dt
1 1 a a—1 _ to
_ af(a+ab>/ 01t 4 m Jo a[tb+ (¢ t)a}dt}
a+1 0

_a-l—abafol ta_ldt
a+ ab at+ab a+ab
= f +m -

a+1

a+1 at+l a+l
e

1
< a/o L f b+ (1 —t)a)dt
_ (b_aa)a/ab(t—a)a‘lf(t)dt
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On the other hand, using the convexity of f on [a,b], we have

fb+ (1 —t)a) <tf(b)+(1—1)f(a) (2.5)

for all ¢ € [0,1]. Multiplying both sides of (2.5) with at®*~! and integrating over
[0, 1] respect to ¢, we have

1 b
a/o P b+ (1=t a)dt = (b—aa)“/ (t—a)® F(t)dt
r 1
= (b(oi—g)a) Jbaff(a)
1 1
b ad a—1 _ j«a d
< af()/ot t+af(a)/o(t ) dt
_ fla)+af(b)
TSI (2:6)
By using and , we have . This completes the proof. ([l

Remark. In Theorem (2.1}, if one takes o = 1, one has (1.1) (Hermite-Hadamard
inequalities).

3. LEMMAS

In this section we will prove the two identities related to Lemma[T.I]and Lemma
1

Lemma 3.1. Let a,b € R witha < b and f : [a,b] — R be a differentiable function
n (a,b). If f' € Lla,b], then the following equality for the right Riemann-Liouville
fractional integrals holds:

fla)+af(b) Tla+1)

a+1 - (b— a)oz Jl()):f(a‘)
b—a [* o ,
= a+1/0 [(@+1)(1=t)% =1] f' (ta+ (1 — ) b) dt (3.1)

with o > 0.
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Proof. If we apply the partial integration to the right hand side of the equation
(3.1), we have

b—a [! o ,
a+1/0 (a+1) (1= 8% —1]F (ta+ (1 —1)b)dt
r 1
— (h-a) / (l—t)af’(ta—i—(l—t)b)dt——/ F (ta+( 1—t)b)dt]
L/ O
r 1
~ (h-a) /t“f’(tb+(1—t) )dt—i/ £+ (1—1) )dt]
L/ 0
R t)a) o [} a1 £00HA=00) g,
= 6-9 C Y seraee|!
I BEs S =

= {f(b)—a/o L (b + (1 — t) a) di — W}

_ f@+af®) Tlatl) ,

o a+1 - (b_a)a Jy f(a).

This completes the proof. O

Remark. In Lemmal[3.1} if one takes a = 1, one has the Lemma

Lemma 3.2. Let a,b € R witha < b and f : [a,b] — R be a differentiable function
n (a,b). If f' € Lla,b], then the following equality for the right Riemann-Liouville
fractional integrals holds:

P(a+1) a+ ab
W‘Jb fla )—f<a+1)
- "“ —t*f (tb+ (1 —t)a)dt
= (b-a) +fq (1 —t) f (th+ (1 —1) )dt] (3:2)

with o > 0.
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Proof. If we apply the partial integration to the right hand side of the equation
(13.2), we have

(b—a) /Oail—taf’(tb—k(l—t)a)dt—i—/l (1—t“)f’(tb+(1—t)a)dt]

J= 2
L a+1

— (b-a) /01 o (b4 (1— 1) a) dt+/ £+ (1—1) )dt]

o fb+(1—-t)a)

b—a

+af ra— 1f(tb4l;(1a t)a)

= (b—a) 1
+ f(tb+(1 t)a)

e 2
a+1

_Jra ta—lf(tb+(1—t)a)dt+ <f(b)—f<a+ab>>]

[ a+1
[ ta Lr(tb+ (1 —1t) )dt—f<a+ab>}

r

(

a+1
b(onr)l) ()f<a+ab)'

a—+1

This completes the proof. [l

Remark. In Lemmal[3.9, if one takes a = 1, one has the Lemma[I.3

4. THE RIGHT FRACTIONAL TRAPEZOID AND MIDPOINT TYPE INEQUALITIES

In this section we will obtain some new right Riemann-Liouville fractional trape-
zoid and midpoint type inequalities by using Lemma [3.1] and Lemma

Theorem 4.1. Let a,b € R with a < b and f : [a,b] — R be a differentiable
function on (a,b). If |f'| is conver on [a,b], then the following right Riemann-
Liouville fractional integral inequality holds:

fla)+afd) T(a+1)
‘ a+l  (b—a)® Sy f(a)
b—a | Ry(a)|f (0)+ Ra () [f' (a)
atl { +R3 () [ (0)] + Ra () |£' ()] ] 1)
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where
< o
Ri(a) = /0 (1—(a+1)t)tdt—2(a+2)(a+1)é,
Ro(a) = /OWQ—(aH)ta)(l_t)dt
a(?(a+2)(a+l)é_l—1)
- 2(a+2) (a+1)s
Ry (o) = /1 ( +1)ta—1)tdt—a(1+(a+l)§)
E . T2+ (a+D)F
Ri(a) = / (a4 1) — 1) (1— ) dt
ot
a(2(@+2) @+ —1-(a+1)*)
- 2(a+2)(a+1)a ’
with o > 0.

Proof. Using Lemma and the convexity of |f’|, we have

fla)+af(d) T(a+1)
ot (boar -l )‘

b—a o ,
< — — _
< a+1/ [(a+1)(1—-1) 1 |f" (ta+ (1 —t)b)|dt
= 1)t -1 1-—
a+1/'“+'> [1f 1+ (1= t) )| dt
_ ob—a | VA (et D) [t O) + (L= 6) IS (a)] dt
- oatl +f7 (a+ 1)t =1)[t|f @)+ (1 —1)[f (a)]] dt
L Fat1
i e (2(a+2)(a+1)3‘1—1) .
Cval| mmmE O T @)
- a+1 al+(a+1 « 2(a+2)(a+1)371717(a+1)5
A7)y 4 £ ()
L 2(a+2)(a+1)« 2(a+2)(a+1)«
This completes the proof. ([l

Remark. In Theorem if one takes o = 1, one has the inequality proved in [I,
Theorem 2.2].

Theorem 4.2. Let a,b € R with a < b and f : [a,b] — R be a differentiable
function on (a,b). If |f'|? is convex on [a,b] for ¢ > 1, then the following right
Riemann-Liouville fractional integral inequality holds:
fla)+af®) TI(a+1)
- ———a i fla)
a+1 (b—a)”

b—a 2 -3 Ry (@) | (B)|” + Ra () | ()| :
a+1 ((a+ 1)1+é> ( +Rs (@) |f' (b)|7 + Ry () | f' (a)| ) (4.2)
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where Ry (a)-Ry (o) are the same as in Theorem[4.1] and o > 0.

Proof. Using Lemma power mean inequality and the convexity of | f/|?, we have
fla)+af(®d) T(a+1)
a+l  (b-a) Jifla )‘
< boa 1) (1—6)* —1|[f (ta+ (1 — ) b)| dt
< 228 [+ -0 117 Gas (- 0)
b—a
- a+1/ (o 1)1 — 1| (tb+ (1 — t) a)| dt
B N S P R
ot ><(fol|(a+1)t“71||f’(tb+(1—t)b)|th)q
ﬁ(lf(a+1)t°‘)dt+ T ((a+1)t >
L (fo I 7
-oafl fo —(a+ Dt [t O + A=) [f ()] dt
I (a+1)t“*1)[t|f’(b)|q + (L=t [f ()] dt
L bmaf 2 ( Ry (@) | O + Ry (@) | (@) )5
T atl\(at)ttE +Rs () |[f' 0" + Tu (@) [ ()|
This completes the proof. O

Remark. In Theorem if one takes o = 1, one has the inequality proved in [0
Theorem 1].

Theorem 4.3. Let a,b € R with a < b and f : [a,b] — R be a differentiable
function on (a,b). If |f'|? is convex on [a,b] for ¢ > 1, then the following right
Riemann-Liouville fractional integral inequality holds:

‘f a++cv1f(b>_r(b<ci+)1>Jb fa )’
< Z;i(Rs(a,p)—kR(j(am));<f/<b)q;|fl(a)|q>é (13
where
Rs(ap) — /0”3‘7“(1—(a+1)ta) d
Ro(ap) = / ((a+ 1)t~ 1) dt,

01,1
wzth;—&—a—l and o > 0.
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Proof. Using Lemma Hélder inequality and the convexity of |f/|?, we have

‘f )+ af(b) _F(a—l—l)Jb fa)

a+1 (b—a)”

< a+1/|a+4xl—w A1 (ta+ (1 — ) b)] dt
= Z;‘i/o [(a+1)t* = 1] |f (tb+ (1 —t)a)|dt
b—a ! a /
_ a+1/ 11— (a+ 1) | |f (th+ (1 — t) ) dt
b_a a|P }17 ! ! o a q %
< 5 (/ 11— (a t|dt) (/0 If' (tb+ (1 —t)a)l dt)]
fo —(a+1)t*)Pdt ’
< boo a+1)t0‘—1) dt
- oa+l1 W N
< (fy PO+ (=01 (@) dt)”
< i;i (R5(a,p)+R6(a,p));(|fl(b)| ;'f/(a” )]

This completes the proof.

O

Remark. In Theorem if one takes o = 1, one has the inequality proved in [I,

Theorem 2.3].

Theorem 4.4. Let a,b € R with a < b and [ : [a,b] — R be a differentiable
function on (a,b). If |f'| is convex on [a,b], then the following right Riemann-

Liouwville fractional integral inequality holds:

%ﬁZﬁﬁ,ﬂ>—f(Z:?ﬂ

Ry (o) |7/ ()] + Re ()| (@)
< “‘aﬂu%mnf@n+§mmnfmn}

where
a+1

Rr(a) = / o+ g — o (s1)

0 (a+1)(a+2)’

2( o a+1

afT a1
R = t — ot = ,
s (@) /0 (@+1)(at2)

1 20% 1a
Ro(a) = / t - gotlgr = 2120 J;J(rofr )

=25 2(a+1) (a+2)

! 40Tt —a (a+1)"
Ruo (o =/ 1t (1 —t)dt = ,
o) = [ aema-na= et

with o > 0.
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Proof. Using Lemma [3.2| and the convexity of |f'|, we have

e s (552)

ST (b + (1= t)a)| dt
*fi%l (1=t |f' (th+ (1 —t)a)|dt

VAN
—
>
I
S
=

[ TR O+ Q-0 @l at
< (b—a) 1 o ’ ’
| e, A=) [ B) + (L =8 [f (a)]] dt
[ o(s5)" 2(55)""
< Gma| Sl O EER @
i JF%W(Z)”JF%V% a)l
This completes the proof. ([l

Remark. In Theorem if one takes o = 1, one has the inequality proved in [4,
Theorem 2.2].

Theorem 4.5. Let a,b € R with a < b and f : [a,b] — R be a differentiable
function on (a,b). If |f'|? is convex on [a,b] for ¢ > 1, then the following right
Riemann-Liouville fractional integral inequality holds:

‘Wbe(a) -/ (aol++a1b>’

B (1) + (Ro () | (b)|q+R10( )If’ (a)lq)a

where Ry (a)-Rio (a) are the same as in Theorem and a > 0.
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Proof. Using Lemma power mean inequality and the convexity of | f/|?, we have

(52

fﬁto‘lf’(thr(lft) a)| dt
S (b*d) +f 1_to¢ |f/(tb+(]_—t) )dt‘|
< (b—a) _ (foﬁ tadt>1_E (foai+1 | f b+ (1—1) a)|th>E
+ (f%( )dt)l_E (fi%l (1 —t2) |f/ (th+ (1—1) a)|th>6

1—1
q
oz+2

o
(fo S O+ (L= D)1f (@) de)”
([l Q=) [t )+ = D)1f (@))7] dt)

aa+1 1_%
o0 ()

AN

I

Q
A r

X

Q=

<
o \otl H
| (e o+ 1 )
L
(S | pr )7+ s U (o))
This completes the proof. (Il

Remark. In Theorem[].5, if one takes o =1, one has the following midpoint type

inequality
1 b a+b
i [ rwae- g (% )|

) bgaKf/(b)umf'(aw)é+(2|f’<b>|q+|f’(a)lqﬂ (46)

3 3

Theorem 4.6. Let a,b € R with a < b and f : [a,b] — R be a differentiable
function on (a,b). If |f'|? is convex on [a,b] for ¢ > 1, then the following right
Riemann-Liouville fractional integral inequality holds:

‘mJb f(a)~ f(?ﬁ)’

1
q

5 042 0(2 [e]
R (a0p) (g 11 017+ £ | (a)])
1

< (b-a)
+R (0,p) (52255 1 O + 5t 1 (@)

(4.7)

Q=
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where

¥t
RH (Oé,p) = / tapdt,
0

ey

o+l

1
R12 (avp) = / (1 - toz)P dt?
201, 1 _
wzth5+6f1 and o > 0.

Proof. Using Lemma Hélder inequality and the convexity of |f/|?, we have

’MJ;‘J(@) -/ (C;tralb)

T @b+ (1= tya) dt
= -9 + (1—t“)|f’(tb+(1—t)a)|dt]
< ooa|  UTTEma) (G @ 0ol )’
_+(fi%(1—ta)pdt>;(f1% \f’(1tb+(1—75)a)|th)E
< ooa|  UETEE)T (TR OF 001 @)
(Sl =) ([l [ ) (=01 (@) dr)”
S Rf11<a,p>(2(a+l 2 1S )1 + St If’(a)\q)i
| +RE () (2255 1 O + gty 1 (@))
This completes the proof. ([l

Remark. In Theorem 4.0, if one takes o = 1, one has the inequality proved in [4,
Theorem 2.3].

5. CONCLUSION AND OBSERVATION

We have derived new Hermite-Hadamard type inequalities via convex functions
involving only the right Riemann-Liouville fractional integral. Two new fractional
integral identities are also obtained. It is expected that idea of this article may
attract interested readers
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