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IDENTITIES ON THE &4, ;- INTEGRAL TRANSFORM

NESE DERNEK*, GULSHAN MANSIMLI , EZGI ERDOGAN

ABSTRACT. In the present paper, the authors prove a Parseval-Goldstein type
theorem involving the £4,,,1 — generalized exponential integral transform. Then,
the theorem is shown to yield a number of new identities involving several well-
known integral transforms. Using the theorem and its corollaries, a number of
interesting infinite integrals are presented with illustrative examples.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

The classical Laplace transform, £ is defined as,
£t @i = [ exp(can) f @) d, (1)
Lo-integral trasform is introduced in [§] as,
Lo{f(x);y} = /000 vexp (—2°y°) f (z) da. (1.2)

The following Laplace-type transforms which are the Lo, — transform and the
L4, — transform,

Lo {f (2) ;) = / TV exp (—a?™y?) | (@) da, (1.3)

Can{f (2) ;) = / T exp (—aty™) £ (@) da, (1.4)

are introduced by Dernek et al. [2],[3]. The L4, — transform, the L5, — transform
and the Laplace transform are related by the formulas,

Lan 1f ()19} = 5-Lon { £ (+72) 197} (15)
Lan A7 @)iw} = 37 (#17) 17} (16)
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76 N. DERNEK, G. MANSIMLI, E.EERDOGAN

The P4y, — generalized Widder potential transform, the &4, 1 — generalized exponen-
tial transform, the F; 2,- generalized Fourier sine-transform and F. 2, — generalized
Fourier cosine-transform are introduced in [3] as follows,

e’} ‘T4n71 T
Pan {1 ()14} =/O e flz)

T gin dr, neN, (1.7)

Emn {f (x);y} = /000 3" Lexp ( 4"y4") By (m4"y4") f(x)dx, (1.8)

where Fj (z) is the exponential integral function defined by

By (z) = —E; (~2) = /OO %u_u)du - /100 Mdt, (1.9)
FuanAf @) = [~ o™ sin (a2") ] () do. (1.10)

and -
Feon {f(x);y} = /0 " eos (z*"y*") f (z) da. (1.11)

The P4, — transform is related to the Widder potential transform and the Stieltjes
transform [5] with the identity,
1 1/2n) 2n} 1 { ( 1/4n) 4n}
n P = o ; = ; . L12
Pan {f @)iy} = 5P {F («12) sy} = =8 {£ (a7 sy (1.12)
where the Widder potential transform and the Stieltjes transform are defined by

P{f(x);y} = /x2+y x, (1.13)

S{f(z);y} = / m+y . (1.14)

The &4p,,1— transform is related to the £ ;— transform, which is defined in Brown
et al. [1] by the following relation,

Ena {f (x);y} = %52,1 {f (1;1/2") ;yQ"} ) (1.15)

In this paper, we first show that the third iterate of the £4,,— transform (1.4) is a
constant multiple of the £4,, 1 — transform (1.8). By using this iteration identity, we
establish a Parseval-Goldstein type theorem. The identities proven in this article
give rise to useful corollaries for evaluating infinite integrals of special functions.
Some examples are also given as illustrations of the results presented here.

1.1. The Main Theorem.

Lemma 1.1. The following identities,

L3 AT (0)50) = 3 Pan {Lan {F (@) 10} 0 (1.16)
L3, 45 ()} = ﬁcm {Pan i (@)} i) (117
and

hold true, provided that each member of the assertions (1.16)-(1.17) exist.
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Proof. The proof of the identities (1.16) and (1.17) easily follows from the relation,

ALy, {f (x);y} = Pan {f (x);9}, (1.19)

which is proven in ([3] p.538, E. (33)). Using the definition of the £4,— transform
(1.4) and the relation (1.19), we have

a7 @iy =g [ ur e (cumyty | [

Changing the order of integration, which is permissible by absolute convergence of
the integrals involving and using the definition of the Py, — transform (1.7), we get

o) x4n—1f (.’L’)

oo ,,4n—1 4n, 4dn

Lin{f ()59} = ﬁ/o a7 f () VO . ;;piﬁn / )dul dz

_ 1
_4n 0

1
4n—1 .
x f(z)£4n{u4n+x4n,y} dz. (1.21)

Utilizing (1.6), the equation (1.21) can be written as
1 1 .

Making the change of variables u + z*® = t and then ty*” = v on the right-hand
side of (1.22), we arrive at the relation (1.18). O

Example 1.2. We show for Re (v) > 0, Re (y*") > 0,

847%1 {x4n(u—1);y} — / m4n(u—1) exp (x4ny4n) )N (x4ny4n) dr
0

= % cosec[r (v —1)]T (v)y~4n+), (1.23)
n

5477,,1 {x2n(y—1);y} :/ x?n(u-&-l)—l exp (x4ny4n) El (x4ny4n) dr
0

1
=7 sec (ﬂ) T (ﬁ) y~ 2t (1.24)
n

Demonstration. We start with the proof of assertion (1.23) by setting f (z) =
z**(=1) into identity (1.18) of Lemma 1.1.

Euns {7 Dy} = [T e (a) By ) o
0

= (4n)* L3, {x4"(”_1); y}
=4nLyy, {734n {304"(”_1); u} ;y} , (1.25)

where
4n—1x4n(1/—1)

o0
Pun {x4n(u—1);u} :/ rr (1.26)
0

134” + u4n
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t
Setting 4" =t and then —, = w, we obtain
u

P, {x4n(u—1),u}:i/0° -1 Y
" ’ dn Jo t+utn

an\v—1 0o v—1
_ () / wt
0

4n 1+w

an\V—1
_ @) LN (1.27)
dn  wcosec(mv)

On the other hand, using the relation (1.6) and ([5], p.137, E (1)), we get
4n(v—1). _ ™ v—1, 4n
wcosec(wu)£4n{u ( )7y}——@cosec[7r(u—1)]£{u sy}

= —% cosec[r (v —1)]— (v)y~ ™, (1.28)

where Re (v) > 0. Substituting (1.28) into the relation (1.25), we arrive at (1.23).

Assertion (1.24) immediately follows from substituting f (x) = 22"*~1 into the
identity (1.18) of Lemma 1.1., then making the change of variables z%" = ¢ and
t = wu*™" in obtained relation and using (1.6).

Example 1.3. We show

Ean,1 {sin (az®) sy} = /000 2" exp((zy)*™) B ((vy)*") sin (az®) da

T [ _un  VTa a? a
= — - E — |- 1.29
4n {y 25 (4y4”> e (22/2”)] (129

Demonstration. We set

@)= —75— (1.30)
in the relation (1.18) of Lemma 1.1. We have

e 2m—+1 o0 2n(2m+1)
: 2n\ . _ m @ an—1T
Pan (sin (aa™) s = 3 ()" o [
a2m+1

= 3 0" Gy e (O )

_ i io: ( l)m a,2m+1 S{ m«‘,»% 4’!7.}
B 4dn £ (2m + 1)! o
St 2m+1
_ T 2m @ 2n(2m+1)
- )P =
4n > (1) @m+
=— —au®™). 1.31
—exp (—au®) (1.31)
Using the relation (1.6) and the formula ([5], p.146, E (31)), we get

AnLyy, {16_‘“‘%;3;} = %E {exp (—aul/Q) ;y4”}

4an
2 4n
an VTa a’y a
y ~ 5y exp <4> Erfc <2y2")] (1.32)

oo
T 4n
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where Re (y*") > 0. Substituting (1.30), (1.31) and (1.32) into (1.18), we arrive at
(1.29).

Example 1.4. We show for Re (yQ") >0,

2n [e'e]
Eon1 {COS(ZZ); y} = / 24 Lexp (x4"y4") FE (x4"y4") sin (amQ") dx
0

x
m3/2 a? a
= Ty exp <4y2") erfc (2y2”> . (1.33)

cos (az®")
2n
1.1. Using the formula ([6], p.221, E (55)), we have for a > 0,

i el o))
- )\ 21
- %u_zn Z (_?;;))!

m=0

Demonstration. We set f (z) = in the relation (1.18) of Lemma

= T y2n exp (—au®). (1.34)

4n
Using (1.6) and the known formula ([5], p.147, E (33)), we get

%ﬁ {u*1/2 exp (faul/z) ;y4"}

:% ; w1t 2e=(wy " raut ) gy (1 35)

4n%£4n {U*Q” exp (fau%) ;y} =

Changing the variable of integration u'/? = ¢ on the right-hand side of (1.35), we
have from Lemma 1.1,

Ccos (axQ") T o0 > dn
Ein {m%,y} = %/o 2exp (—t*y™™ — at) dt
o) 2
- exp a—Z / exp |—y*" [t + 4 dt
2n 4qyin 0 2yin

/2 a® a
= g exp <4y4”> Erfc <2yQ") , (1.36)

) = w on the right-hand side of the integral in (1.36).

a
2y4n

where we set y" (t +

Theorem 1.5. The following Parseval-Goldstein type identities;

/oo VL U (2) ) Pan {g (1) s ) dy = % /OO " (1) g {9 (u) s 2} da,
0 0 (1.37)
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|t G @) Pt sy = g [0 € {f )0

0 4dn
(1.38)
and

/oo $4n71f (Z‘) &m,l {g (u) ;x} dr — /OO u4n71g (u) g4n,1 {f (gj) ;u} du, (1.39)
0 0

hold true, provided that the integrals involved converge absolutely.

Proof. We only give the proof of (1.37), as the proof of (1.38) is similar. The identity
(1.39) follows easily from the assertions (1.37) and (1.38). By the definition (1.4)
of the L4, — transform, we have

/OOO Y " Ly {f (@) 5y} Pan {g (w) 5y}

= [Tyt [T e (et @) | Pt @b 40

Changing the order of integration, which is permissible by absolute convergence of
the integrals involved and using the relation (1.18), we find from (1.40) that

/Ooo y4n—1£4n {f (CC) §y} Pan {g (U) ;y} dy = /Ooo $4n_1f (l‘) Ly {7)471 {g (u) ;y} ;33} i
= % N at Tl f () Eana {9 (u);x}de.
0
(1.41)

O

Corollary 1.6. If the integrals involved converge absolutely, then we have for
Re (v) > —1,

[t i = e (Y50 [ o 0

0 4n 2 z2nv=1 1’
> —v)— m v > n(l—v)—
/ YT Py {g(u) v} dy = I ¢ (?)/ u? I g (u)du. (1.43)
0 n 0

Proof. We set g (u) = u***~1) in relation (1.37) of Theorem 1.5. Using the relations
(1.27) and (1.28), we obtain the Parseval-Goldstein identity (1.42). Similarly, we
put f (x) = 2>~ in relation (1.38) of Theorem 1.5 and use (1.7), then we have

/ YLy, {xg”(”‘”; y} Pan {9 (u);y} dy

0 ) -
= @ m4n—1x2n(u—1)g4n71 {g (U) ;1’} dl’, (144)
0
where
1 v—1 1 v+1
2n(v—1). } _ { . 4n} -7 7271(1/4’1).. 1.4
£4n {x Y 4n£' Ty dn 9 Y ( 5)

Setting the relations (1.24) and (1.18) in (1.38), we obtain (1.43). O
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Corollary 1.7. The following identities hold true for 1 > Re (v) > —1;

o o 1 > n V)—
/ P I Py {g (u) sy} dy = Viﬂ/ p O E 1 {g (u) s 2} do,
0 r (=) Jo

(1.46)
and
00 oo
2n(v+1)—1 . — 1 v+l B &
/0 u 8471,1 {f (33) 7“]’ du 4nF ( 2 Sec( ) ) 1 o x2n(z/71)*1dw’
(1.47)

provided that the integrals involved converge absolutely.

Proof. Setting g (u) = u?>*~1 in (1.38), we get

o . 1 [ i
/ y4n 1£4n {f (x);y}'P4n {UQ ( 1);y} dy = EA u? (v+1) 15271,1 {f (I),U}du

0
(1.48)
Using the relations (1.12) and the formula ([6] p.216, E(5)), we have for —1 <
Re (v) <1,

Pin {u2n(y—1);y} _ LS {UVTA,:I/UL} — 7TyZn(y—l) sec (B) )
4n 2

—_

(

Substituting (1.49) into (1.48), we arrive at (1.46). Similarly, setting g (u) =
u?=1) in relation (1.38), using (1.12) and the formula ([6], p.216, E (5)), we
obtain (1.46). The assertion (1.47) follows from the relations (1.46) and (1.42). O

49)

Example 1.8. We show for —1/2 < Re (v) < 5/2,

Euna (#2, (a2 sy} = [P0 By (1)) T, (0™ da

0
_T'w+1) a” a2 a?
= i, y4n(y+1)e4y (—1/, 443/4” ; (1.50)
where J, (x) is the Bessel function of first kind defined as
& (_1)m xr\ v+2m
= _— (= . 1.51
Iy (@) mZ_OmIF(VerJrl)(Q) (1.51)

Demostration. We set f (z) = 2" 7, (az®") in (1.18) of Lemma 1.1. Using
the relation (1.12) and the formula ([6], p.225, E (10)), we have

Pay {2*™ T, (az®) ;u} = %S {x”/QjV (aw1/2> ;u4”}

1
= %u%”lﬁ, (au®), (1.52)

where KC,, () is Macdonald function. Then, using the relation (1.6) and the formula
(El, p.218, E (36)), we get

Eana {zzn”ju (azZ”) iy} =2nLyy {uQ"VICV (auzn) iy}
1
_ v/2 12\ .. 4n
= —Znﬁ{u K, (au Y }

I (l/ + 1) a¥ Ty a?
= v+24 y4n(l/+1) € r <_V’ w ’ (153)
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where T (a, b) is incomplete gamma function [7]. Now, assertion (1.50) follows when
we use relationship (1.18).

Corollary 1.9. The following identity,

2 / YD TLL L {f (2) 5y K (27 dy
0

= / urvH-t g (2"u®") Ean1 {f () ;u} du, (1.54)
0

holds true, where Re(z"™) > 0, —1 < Re(v) < 3/2, and the integrals involved
converge absolutely.

Proof. Setting g (u) = u®™ 7, (2"u®") in (1.38) of Theorem 1.5, then using (1.52),
we obtain assertion (1.54). O

We recall the definitions of the K, o, — transform, the #,, o, — transform [5],

Kyon{f (2);2} = / g (@222 K, (1222 £ (x) da, (1.55)
0

Hoon {f (2);2} = /OO Pt (302"272")1/2 Ty (2°"2%") f () da, (1.56)
0

respectively, where 7, is the Bessel function. C,, is the modified Bessel function of
second kind. It is defined as

7, (z) -1, (x)

v = 5 1.
K (@) 2 sin (7v) (1.57)
in which Z, (z) is the modified Bessel function defined as
> . 1 T\ v+2)
7, = 1) (= . 1.
0= 2L e (3) (1.58)

Remark. We have the following identity involving the H, 2,— transform, the
Ky on— transform, Lin— transform and the E4y, 1—transform,

2K, 21 {y%(l"*‘%)ﬁm {f(x);y}; z} =Hyon {u2n(v+%)g4n71 {f(z);u}; z} .

2. EXAMPLES

Example 2.1. We show for 0 < Re (v) < 1, Arga4”| <7, Re (y4”) >0,

—2nv

> 2nv—1 4dn,_ 4dn 2n, 2n a v v
E dy = r (f) (—) .21
/0 Yy exp (a*"y*™) Erfc(a®y*") dy i 5) 55 (2.1)

—1/2

Demonstration. We set f (z) = (z*" + a*")
obtain for ‘Arga‘l"’ <, Re (y4") >0,

o] o 4an 4n —-1/2
2n(v+1)—1 4n 4n _1/2, __4}; v+1 (x +a )
/0 Yy £4n {(1‘ +a ) 7y} dy = 47’LF D) 0 r2n(v—1)+1 dx.

(2.2)

in (1.42) of Corollary 1.6, we
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Using the relation (1.6), we have

Lo (@ +a*) iy} = ﬁﬁ{(m +at) Ty

=1 ; (z+ a4”)_1/2 exp (—zy*") dz. (2.3)

Making change of variables (ac + a4") =t, —y*"t =w and w = 2>

the right-hand side of (2.2), we get

4n, 4n e}
Lo {(934” Jra4n)—1/2 ;y} _ €Xp (a 4 ) / =12 exp (y4nt) dt

, respectively on

4n 4an
4n, 4dn 00
_ 1o (ay') [ e
an y2n adnyin
exp (a4”y4") Erfe (azny%) . (2.4)

- 4ny?n

The integral on the right of (2.2) is evaluated by making the change of variable
2? =t and using the relation ([4], p.5, E.(33)),

00 z72n(u71)71 1 00 tn(ufl)fl
/ _1/2da:= §/ —1/2dt
0o (x4 + a) 0 |:t2n + (az)Qn]

1 —nv+n—
- §g2n {t + 1;a2}
1

= %2”—1 (a2)7m’B(1 —v;v/2), (2.5)
where B (a, b) is the Beta function [7]. Now, making use of the well known formulas,
ra—-v)r' (%
B(l—viv)2) = M (2.6)
r-%)
v v+1 o1
F(Q)F( . >_2 VAl (v), (2.7)
™
') 'r(1—-v)= 2.
ML (-v)= (28)
v v . [TV
I‘(§)F(1f 5) — msin (7) (2.9)

the assertion (2.1) follows upon inserting (2.3) and (2.4) - (2.9) into (2.2).

1
Remark. The identity (2.1) is obtained earlier in ([1], p.1564, E.(48)), for n = 3

as follows:
*° v %
2/ y* " Yexp (a®y?) Erfe(ay)dy = a "T (= ) sec ([ — ) . 2.10
i (a*y?) Brfe (ay) (5)sec (). o)
Example 2.2. We show for Re (\) <1, Re(v) < 1,

A an(lfu)flféln)\ exp (a4ny4n) T (}\, a4ny4n) dy

@ () @
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Demonstration. We set g(u) = u™?"*exp (—a®"u?") in relation (1.43) of
Corollary 1.6. Then, using the relation (1.12) and the formula ([6], p.217, E (17)),
we have

0
/ an(l—V)—er4n {u—4nk exp (_a4nu4n) 7@/} dy
0

= % /0 wn =)=y =4nd oy (—a*u'™) sec (%) du, (2.12)

Pan {u™ " exp (—a*ut™) sy} = -8 {u exp (~atmu) 14"}

F(l_)‘) au)t™ 4n, An

where Re (a'™) > 0, Re (v) <1, T (a,b) is incomplete gamma function [7]. Substi-
tuting the formula (2.13) into the identity (2.12) and using the relation (1.6), we
obtain

/ yZn(lfu)fll—‘ (1 . I/) y74n)\ exp (a4nu4n) T ()\7 a4ny4n) dy
0
— Tsec (%) / u4n71u72n(1+u+2/\) exp (_a4nu4n) du

0

= T sec (%) Lay {U_Q"(1+”+2>‘); a}

— ™ v —1(14v+2)).  4n
4nsec(2)£{u 2 ;a } (2.14)
We know

L {u—%(1+u+2)\);a4n} — a4n()\+%*%)r (—>\ . (1/ ; 1)) : (215)

where Re (2A +v) < 1, Re (a®") > 0. Substituting (2.15) into (2.14), we arrive at
the relation (2.11).

1 1

Remark. If we setn= -, A= 7 VEH in (2.11) and use

5;
r (;, a2y2> = rmErfc(ay), (2.16)
then we obtain the known relation ([1I, p.1564, E (4.1)),
S 1 T
=1 2,2 _ R T
/0 y*~Lexp (a*y?) Erfc(ay)dy =T (11/2) g sec ( 5 ) . (2.17)

We conclude by remarking that many other infinite integrals could be evaluated by
using the identities in this work.
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