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ON SOME BOUNDS OF GAUSS ARC LEMNISCATE SINE AND

TANGENT FUNCTIONS

MANSOUR MAHMOUD, RAVI P. AGARWAL

Abstract. In the paper, we deduced some new bounds of Gauss arc lem-
niscate sine arcsl(x) and tangent arctl(x) functions. We will show that our

new bounds will be better than the bounds of a conjecture about the function

arctl(x) posed by Sun and Chen. Also, our bounds have superiority of some
recent results about lemniscate functions.

1. Introduction and main results

The lemniscate of Bernoulli (see [9]) was first introduced at the end of the seven-
teenth century and it is the locus of points P (x, y) in the plane so that the product
of the distances PF1 and PF2 is a constant c2, where F1 and F2 are two fixed
points with F1F2 = 2c. Taking F1 = (1/

√
2, 0) and F2 = (−1/

√
2, 0), we get the

Cartesian lemniscate equation
(
x2 + y2

)2
= x2 − y2 and its polar representation

r2 = cos (2θ). The arc length of the lemniscate curve is given by

arcsl(x) =

∫ x

0

1√
1− v4

dv, |x| ≤ 1. (1.1)

The function arcsl(x) is an analogue of the function sin−1(x) =
∫ x

0
1√

1−v2 dv and

hence it is called the arc lemniscate sine function. In 1718, Fagnano (see [22])
discover the doubling formula of the lemniscate integral and this was the birth of
the theory of of elliptic functions. After a few years, Euler (see [21]) discover the
addition theorem for the lemniscate integral which generalized the doubling formula
of Fagnano. To compute the arc length of one loop of the lemniscate, Gauss (see
[8, 11]) introduced the concept of arithmetic geometric mean M(α, β) of the real
numbers α and β and proved the generalized formula∫ π/2

0

dt√
α2 cos2 t+ β2 sin2 t

=
π

M(α, β)
, α ≥ β > 0. (1.2)

In 1827, Abel (see [1, 23]) deduced one of his most important results which deter-
mined the equation for the division of the lemniscate arc into n equal parts for all
numbers n, which is analogue of Gauss formula for division of circle. Legendre,
Abel, Jacobi and Weierstrass studied elliptic integrals (or functions) in great depth
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[12, 13, 21].

Other lemniscate function was introduced by Gauss is

arcslh(x) =

∫ x

0

1√
1 + v4

dv, x ∈ R (1.3)

which is called the hyperbolic arc lemniscate sine function. Neuman [15] introduced
two lemniscate functions, arctl(x) and arctlh(x), which are closely related to the
Gauss functions by the relations:

arctl(x) = arcsl

(
x

4
√

1 + x4

)
, x ∈ R (1.4)

and

arctlh(x) = arcslh

(
x

4
√

1− x4

)
, |x| < 1. (1.5)

The function arctl(x) is called the arc lemniscate tangent and the function arctlh(x)
is called the hyperbolic arc lemniscate tangent. Chen [6] deduced the following
power series expansions:

arcsl(x) =
1√
π

∞∑
m=0

Γ(m+ 1/2)

(4m+ 1)

x4m+1

m!
, |x| < 1 (1.6)

and

arcslh(x) =
1√
π

∞∑
m=0

(−1)mΓ(m+ 1/2)

(4m+ 1)

x4m+1

m!
, |x| < 1. (1.7)

Several inequalities of lemniscate functions have recently been deduced. Neuman
[17] presented the following double inequalities:(

5

3 + 2
√

1− x4

) 1
2

<
arcsl(x)

x
<
(
1− x4

)−1
10 , 0 < |x| < 1 (1.8)

and (
5

3 + 2
√

1 + x4

) 1
2

<
arcslh(x)

x
<
(
1 + x4

)−1
10 , 0 < |x| < 1. (1.9)

Deng and Chen [10] established some Shafer-Fink type inequalities for Gauss
lemniscate functions. Sun and Chen [24] deduced the following Shafer-type in-
equalities

arcsl(x) >
10x

5 + (25− 10x4)
1/2

, 0 < x < 1, (1.10)

arctlh(x) >
10x

5 + (25− 15x4)
1/2

, 0 < x < 1 (1.11)

and

arcslh(x) >
95x

80 + (225 + 285x4)
1/2

, x > 0. (1.12)

They also presented the following conjecture:

Conjecture 1.1. For x > 0,

1210x

940 + 9 (900 + 1210x4)
1
2

< arctl(x) <
1210x+ 2078417

280800 x
13

940 + 9 (900 + 1210x4)
1
2

. (1.13)



48 M. MAHMOUD, R. P. AGARWAL

Liu and Chen [14] deduced the following inequalities:

arcsl(x) >
265200x− 214500x5 + 23623x9

15 (17680− 16068x4 + 2445x8)
0 < x < 1 (1.14)

arcslh(x) <
265200x+ 214500x5 + 23623x9

15 (17680 + 16068x4 + 2445x8)
x > 0, (1.15)

and

x+ 63
130x

5 − 139
6240x

9

1 + 33
52x

4
< arctl(x) <

29490240x+ 24662664x5 + 2828975x9

15 (1966016 + 1939080x4 + 336105x8)
x > 0.

(1.16)
Also, they solved Conjecture (1.1). For more details about inequalities of Gauss
lemniscate functions, we refer to [6, 7, 16, 18, 19].

In the paper, we will present new bounds of the functions arcsl(x) and arctl(x).
Our results will prove Conjecture 1.1 and will be better than it. Also, we will show
that our new bounds will be better than the lower bound of (1.16) for x ≥ 1 and
its upper bound for x ≥ 4.52. Our main results can be stated as the following
theorems:

Theorem 1.2. For 0 < x < 1, we have

240 + 360x4 + 18x8 + 5x12 − 240
√

1− x4

480x3
< arcsl(x)

<
x
[
30 +

(
360 + 24x4 + 5x8

)√
1− x4

]
390
√

1− x4
. (1.17)

As consequence of Theorem 1.2 and using the relation (1.4), we get

Theorem 1.3. For x > 0, we have(
240 + 1080x4 + 1458x8 + 623x12

)√
1 + x4 −

(
240 + 720x4 + 720x8 + 240x12

)
480x3 (1 + x4)

11/4

< arctl(x) <
x
[
360 + 744x4 + 389x8 +

(
30 + 60x4 + 30x8

)√
1 + x4

]
390 (1 + x4)

9/4
. (1.18)

Theorem 1.4. For 0 < x < 1, we have

x

8
Φ
(
x4, 3/2, 1/4

)
< arcsl(x) <

x

4
Φ
(
x4, 3/2, 1/4

)
, (1.19)

where

Φ (z, s, α) =

∞∑
m=0

zm

(α+m)s
, α 6= 0,−1, 2, ..., |z| < 1;R(s) > 1, |z| = 1

is Lerch transcendent (or Lerch Phi function) [20].

As consequence of Theorem 1.4 and using the relation (1.4), we get

Theorem 1.5. For x > 0, we have

x

8 4
√

1 + x4
Φ

(
x4

1 + x4
, 3/2, 1/4

)
< arctl(x) <

x

4 4
√

1 + x4
Φ

(
x4

1 + x4
, 3/2, 1/4

)
.

(1.20)
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2. Lemmas

Padé approximant [2, 3, 4] of order (m,n) of a function F (z), whose only sin-

gularities are poles, is a rational function Rm,n(z) =
∑m

i=0 aiz
i∑n

i=0 biz
i , m;n ≥ 0. Without

loss of generality we can consider b0 = 1 and there are many different ways to deter-
mine the rest coefficients a′js and b′ks for 0 ≤ j ≤ m, 1 ≤ k ≤ n. Among them, the

matching between the first m+n+1 coefficients in Taylor series F (z) =
∑∞
k=0 fkz

k

around z = 0 and the the first m + n + 1 coefficients of Padé approximant by the
relation

m+n+1∑
k=0

fkz
k =

∑m
i=0 aiz

i∑n
i=0 biz

i
or

(
m+n+1∑
k=0

fkz
k

)(
n∑
i=0

biz
i

)
=

(
m∑
i=0

aiz
i

)
.

Hence, we solve the following equations for a′is and b′is

fm+1 +

n∑
k=1

fkbm+1−k = 0 and ar =

m∑
k=0

br−kfk

and we have

Rm,n(z)− F (z) = O(zm+n+1).

Based on Padé approximation method, we can conclude the following inequalities.

Lemma 2.1. For 0 < x < 2, we have

H1(x) =
360 + 744x4 + 389x8 +

(
30 + 60x4 + 30x8

)√
1 + x4

(1 + x4)
9/4

−
390 + 280449x4

556 + 432895x8

4448

1 + 1605x4

1112 + 45465x8

115648

< 0.

Proof.

H1(
4
√
z4 − 1) =

(z − 1)5

z9

H2(z)

45465z8 + 75990z4 − 5807
, 1 < z <

4
√

17

where

H2(z) = 29035 + 145175z + 435525z2 + 1016225z3 + 1455062z4 + 771470z5

− 2563470z6 − 10627030z7 − 21429577z8 − 30889975z9 − 32661375z10

− 18131215z11 − 4435520z12 + 1363950z13.

Now let

H3(z) = (29035 + 145175z + 435525z2 + 1016225z3 + 1455062z4 + 771470z5

+ 1363950z13)/(2563470z6 + 10627030z7 + 21429577z8 + 30889975z9

+ 32661375z10 + 18131215z11 + 4435520z12).
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Then

d

dz

(
H3(z)− 1

z − 1

)
= (446582108700 + 3499637038450z + 13998800642160z2

+ 38824558975695z3 + 79967888534530z4 + 118581101724485z5

+ 113304347631456z6 + 32501777826075z7 + 2083687706030550z12

+ z8H4(z) + 2737656918523575z13 + 2823189702562560z14

+ 2303342937876705z15 + 1406792989056850z16 + 611233018366225z17

+ 200479556977600z18 + 38354080865650z19)/(z7(z − 1)2(2563470

+ 10627030z + 21429577z2 + 30889975z3 + 32661375z4 + 18131215z5

+ 4435520z6)2),

where

H4(z) = 1151170728218219z3 + 342079522563200z2 − 64871900964535z

− 86359810679510 > 0, z ≥ 1.

Hence the function H3(z)−1
z−1 is increasing for z ≥ 1 and its value is negative at

z = 4
√

17. Then H3(z)−1
z−1 < 0 or H3(z) < 1 for 1 < z < 4

√
17. Consequently,

H2(z) < 0 and hence H1( 4
√
z4 − 1) < 0 for 1 < z < 4

√
17 or H1(x) < 0 for

0 < x < 2. �

Lemma 2.2. For 0 < x < 2, we have

H5(x) = −
390(1210 + 2078417

280800 x
12)

940 + 9 (900 + 1210x4)
1
2

+
390 + 1054492127x4

1459500 + 89651655617x8

525420000

1 + 87682529x4

43785000 + 778646627x8

1170936000

< 0.

Proof.

H5

(
4

√
w2 − 900

1210

)
= H6(w)/(10541520000(940 + 9w)(−132684759061200

+ 913654318968w2 + 495502399w4)), 30 < w <
√

20260

where

H6(w) = 85438295698081557697200000000− 5485656054046085311680000000w

− 340806985243366960620000000w2 + 40090470211530581356800000w3

− 1243125920310459814800000w4 + 12062462435368034976000w5

+ 23970170106536349600w6 + 7286520473668764w8 − 8511244707623w10.

Using H6(30) = 0 and that

d

dw
H6(w) = −2(w − 30)4(3386207440769188464000 + 872243689933875697200w

+ 19482830883221093280w2 + 353859929948359944w3

+ 5106746824573800w4 + 42556223538115w5) < 0,

then we get H6(w) < 0 and consequently H5

(
4

√
w2−900

1210

)
< 0 for 30 < w <

√
20260

or H5(x) < 0 for 0 < x < 2. �
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Lemma 2.3. For 0 < x < 2, we have

H7(x) = −
x+ 1158903

767680 x
5 + 7110667

18424320x
9

1 + 254811
153536x

4 + 690255
1228288x

8 + 34545
2456576x

12
+

(
240 + 1080x4 + 1458x8 + 623x12

)√
1 + x4 −

(
240 + 720x4 + 720x8 + 240x12

)
480x3 (1 + x4)

11/4
> 0.

Proof. For 1 < z < 4
√

17, we have

H7

(
4
√
z4 − 1

)
=

4
√
z4 − 1(z − 1)6H8(z)

480z9(1 + z2)(−274435 + 1419591z4 + 1276875z8 + 34545z12)
,

where

H8(z) = −1372175− 8233050z − 30187850z2 − 85074850z3 − 186927590z4

− 333937090z5 − 481631930z6 − 516058330z7 − 365433008z8 + 34039802z9

+ 568014154z10 + 919684034z11 + 1053588582z12 + 829507682z13

+ 465182970z14 + 129129210z15 + 21521535z16.

The polynomial H8(z) satisfies

d

dz
H8(z) = 2[(−4116525 + 153179109z8) + z(−30187850 + 2840070770z8)

+ z2(−127612275 + 5058262187z8) + z3(−373855180 + 6321531492z8)

+ z4(−834842725 + 5391799933z8) + z5(−1444895790 + 3256280790z8)

− 1806204155z6 − 1461732032z7 + 968469075z14 + 172172280z15]

> 2[149062584 + 2809882920z + 4930649912z2 + 5947676312z3

+ 4556957208z4 + 1811385000z5 − 1806204155z6 − 1461732032z7

+ 968469075z14 + 172172280z15]

> 2[149062584 + 2809882920z + 4930649912z2 + 5947676312z3

+ z4H9(z) + z5H10(z)]

> 0,

where the polynomial H9(z) = 4556957208 − 1806204155z2 + 968469075z10 has

positive minimum at ± 8

√
51605833
138352725 and the polynomial H10(z) = 1811385000 −

1461732032z2 + 172172280z10 has positive minimum at ± 8

√
182716504
107607675 , and hence

H8(z) is increasing function with H8(1) > 0. Then H8(z) > 0 and consequently

H7

(
4
√
z4 − 1

)
> 0 for 1 < z < 4

√
17 or H7(x) > 0, 0 < x < 2. �

Lemma 2.4. For 0 < x < 2, we have

H11(x) = − 1210x

940 + 9
√

900 + 1210x4
+
x+ 121x5

72 + 14641x9

21600 + 1771561x13

46656000

1 + 659x4

360 + 18997x8

21600 + 4143403x12

46656000

> 0.
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Proof. For 30 < w <
√

20260, we have

H11

(
4

√
w2 − 900

1210

)
= 1089

[
w2 − 900

1210

] 1
4

(w − 30)7/(469403100000000

+ 4494285000000w + 2936719800000w2 + 28117530000w3

+ 2469474000w4 + 23643900w5 + 266020w6 + 2547w7)

> 0.

Then H11

(
4

√
w2−900

1210

)
> 0 for 30 < w <

√
20260 and hence H11(x) > 0 for

0 < x < 2. �

3. Proofs of main results

Now we will verify our main results stated in Theorems 1.2 and 1.4. Also, we
will prove Conjecture 1.1.

Proof of Theorem 1.2. Let

M1(x) =
240 + 360x4 + 18x8 + 5x12 − 240

√
1− x4

480x3
− arcsl(x), 0 < x < 1

and hence

dM1(x)

dx
=

3
(
8x4 + 2x8 + x12 − 16

(
1−
√

1− x4
))

32x4
< 0,

where
(
8x4 + 2x8 + x12 − 16

(
1−
√

1− x4
))

< 0 iff x16
(
20 + 4x4 + x8

)
> 0 for

0 < x < 1. Then M1(x) is decreasing function with M1(0) = 0 and hence M1(x) < 0
for 0 < x < 1. Now, let

M2(x) = arcsl(x)−
x
[
30 +

(
360 + 24x4 + 5x8

)√
1− x4

]
390
√

1− x4
, 0 < x < 1

and hence

dM2(x)

dx
=

24− 28x4 + (−24 + 16x4 + 5x8 + 3x12)
√

1− x4

26(1− x4)3/2
< 0,

where ρ(x) = 24 − 28x4 + (−24 + 16x4 + 5x8 + 3x12)
√

1− x4 is strictly deceasing

function for 0 < x < 1 since ρ′(x) = − 14x3
√

1−x4
θ(x) and θ(x) = −8 + 4x4 + x8 +

3x12 + 8
√

1− x4 > 0 iff x12(1 − x4)(40 + 15x4 + 9x8) > 0 for 0 < x < 1 with
ρ(0) = 0. Then M2(x) is decreasing function with M2(0) = 0 and hence M2(x) < 0
for 0 < x < 1. �

Proof of Theorem 1.4. Let

M3(x) =
x

4
Φ
(
x4, 3/2, 1/4

)
− arcsl(x), 0 < x < 1
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then

dM3(x)

dx
= Φ

(
x4, 1/2, 1/4

)
− 1√

1− x4

= 1 +

∞∑
n=1

(
1√

n+ 1/4
−
(
n−1/2
n

))
x4n

= 1 +

∞∑
n=1

(
1√

n+ 1/4
−Wn

)
x4n,

where Wn = Γ(n+1/2)√
πΓ(n+1)

= (2n−1)!!
(2n)!! is Wallis ratio. Using Wallis’ inequality [5]

1√
π(n+ 4/π − 1)

< Wn <
1√

π(n+ 1/4)
, n ∈ N (3.1)

we get M ′3(x) > 0 and then M3(x) is increasing function with M3(0) = 0. Hence
M3(x) > 0, for 0 < x < 1. Let

M4(x) =
x

8
Φ
(
x4, 3/2, 1/4

)
− arcsl(x), 0 < x < 1

then

dM4(x)

dx
=

1

2
Φ
(
x4, 1/2, 1/4

)
− 1√

1− x4

=

∞∑
n=1

(
1

2
√
n+ 1/4

−
(
n−1/2
n

))
x4n

=

∞∑
n=1

(
1

2
√
n+ 1/4

−Wn

)
x4n

< 0.

Hence M4(x) is decreasing function with M4(0) = 0. Then M4(x) < 0, for 0 < x <
1. �

Proof of Conjecture 1.1. Firstly, we will prove the right inequality in (1.13). Using
Theorem (1.3), it is suffices to prove that for x > 0

M5(x) = −
1210 + 2078417

280800 x
12

940 + 9 (900 + 1210x4)
1
2

+
360 + 744x4 + 389x8 +

(
30 + 60x4 + 30x8

)√
1 + x4

390 (1 + x4)
9/4

< 0.

Case 1: For x ≥ 2. Using the simple inequalities√
900 + 1210x4 < 30 +

121

6
x4,

4
√

1 + x4 > 1,
√

1 + x4 < 1 +
x4

2

we get

M5(x) <
x4

140400(1 + x4)2(20 + 3x4)
P1(x) < 0,

where

P1(x) = 702000 + 1309320x4 + 575743x8 − 18154x12 − 17177x16 < 0, x ≥ 2.
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Case 2: For 0 < x < 2. Using Lemmas (2.1) and (2.2), we have

M5(x) <
1

390

(
390 + 280449x4

556 + 432895x8

4448

1 + 1605x4

1112 + 45465x8

115648

−
390 + 1054492127x4

1459500 + 89651655617x8

525420000

1 + 87682529x4

43785000 + 778646627x8

1170936000

)
< −(86101892409988x17)/(3((115648 + 166920x4 + 45465x8)

(40982760000 + 82070847144x4 + 27252631945x8)))

< 0, 0 < x < 2.

Secondly, we will prove the left inequality in (1.13). Using Theorem (1.3), it is
suffices to prove that for x > 0

M6(x) = − 1210x

940 + 9
√

900 + 1210x4
+(

240 + 1080x4 + 1458x8 + 623x12
)√

1 + x4 −
(
240 + 720x4 + 720x8 + 240x12

)
480x3 (1 + x4)

11/4
> 0.

Case 1: For x ≥ 2. Using the simple inequalities√
900 + 1210x4 > 34x2,

√
1 + x4 > x2,

4
√

1 + x4 > x

we get
M6(x) > M7(x),

where

M7(x) = (−112800 + 76080x2 − 290400x3 − 301680x4 + 397440x6 − 871200x7

− 173160x8 + 575100x10 − 871200x11 + 110274x12 + 256090x14 − 290400x15

+ 95319x16)/(480x2(470 + 153x2)(1 + x4)3).

The function M7(x) is increasing since

d

dx
M7(x) =

220900 + 143820x2 + 23409x4 + 605x3(−470 + 153x2)

x3(470 + 153x2)2

+
120x3 + 252x7 + 137x11

40(1 + x4)4
> 0

and M7(2) > 0, then we get M7(x) > 0 and consequently M6(x) > 0 for x ≥ 2.
Case 2: For 0 < x ≤ 3/2. Using Lemmas (2.3) and (2.4), we have

M6(x) >
x+ 1158903

767680 x
5 + 7110667

18424320x
9

1 + 254811
153536x

4 + 690255
1228288x

8 + 34545
2456576x

12
−
x+ 121x5

72 + 14641x9

21600 + 1771561x13

46656000

1 + 659x4

360 + 18997x8

21600 + 4143403x12

46656000

>
−1

15
x13M8(x)/((2456576 + 4076976x4 + 1380510x8 + 34545x12)(46656000

+ 85406400x4 + 41033520x8 + 4143403x12)

> 0,

where the polynomialM8(x) = −2767848744960−10199336650272x4−5852796439952x8+
917978621175x12 is negative for 0 < x ≤ 3/2.
Case 3: For 3/2 ≤ x ≤ 2. The function

M9(x) =
1

480x3 (1 + x4)
11/4

((
240 + 1080x4 + 1458x8 + 623x12

)√
1 + x4

−
(
240 + 720x4 + 720x8 + 240x12

))
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is concave since

d2

dx2
M9(x) =

3

32x5(1 + x4)15/4

[
64

(
−1 +

1√
1 + x4

)
+ 80x8

(
−4 + 5

1√
1 + x4

)
+ 16x4

(
−15 + 17

1√
1 + x4

)
+ x16

(
−32 + 25

1√
1 + x4

)
+ 2x12

(
−88 + 115

1√
1 + x4

)]
< 0,

where 1√
1+x4

< 88
115 for 3/2 ≤ x ≤ 2. Hence the function H9(x) is greater than its

chord between the points x = 3/2 and x = 2, that is

M9(x) > −2

(
− 183911

69360 4
√

17
+

4
√

17

16
+

169173557

40646880 4
√

97
− 2 4
√

97

27

)
(x− 2)

+
183911

69360 4
√

17
−

4
√

17

16
, 3/2 ≤ x ≤ 2. (3.2)

Also, the function

M10(x) =
1210x

940 + 9
√

900 + 1210x4

is convave on 3/2 ≤ x ≤ 2 since

d2

dx2
M10(x) =

−79061400x3

(90 + 121x4)3/2
(
940 + 9

√
900 + 1210x4

)3(
121x4

(
94
√

10− 3
√

90 + 121x4
)

+ 150
(

94
√

10 + 9
√

90 + 121x4
))

< 0,

where 94
√

10 − 3
√

90 + 121x4 > 0 for 3/2 ≤ x ≤ 2. The function M10(x) has its

maximum value at x0 = 4

√
51470
9801 + 940

√
3667

9801 on the interval [3/2, 2]. Hence

M10(x) < M10(x0) < −2

(
− 183911

69360 4
√

17
+

4
√

17

16
+

169173557

40646880 4
√

97
− 2 4
√

97

27

)
(x− 2)

+
183911

69360 4
√

17
−

4
√

17

16
, 3/2 ≤ x ≤ 2. (3.3)

From the inequalities (3.2) and (3.3), we get that M10(x) < M9(x) or M6(x) =
−M10(x) +M9(x) > 0 for 3/2 ≤ x ≤ 2, which complete the proof. �

4. Remarks and comparisons

Remark. From our proof of the Conjecture (1.1), the double inequality (1.18) is
better than the double inequality (1.13).
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Remark. For x ≥ 1, the lower bound of the inequality (1.18) is better than the
lower bound of (1.16). It is suffices to prove for x ≥ 1, that

T1(x) =
1

480x4 (1 + x4)
11/4

[
(
240 + 1080x4 + 1458x8 + 623x12

)√
1 + x4

−
(
240 + 720x4 + 720x8 + 240x12

)
]−

1 + 63
130x

4 − 139
6240x

8

1 + 33
52x

4
> 0.

Now for w ≥ 4
√

2, we have

T1

(
4
√
w4 − 1

)
=

(w − 1)3

480w9(1 + w2)(19 + 33w4)
T2(w),

where

T2(w) = −95− 285w − 665w2 − 1235w3 − 1628w4 − 1844w5 − 1516w6

− 644w7 − 5581w8 − 4019w9 − 6871w10 − 1829w11 − 1532w12

+ 7228w13 + 3892w14 + 1668w15 + 556w16.

The function

T3(w) = (7228w13 + 3892w14 + 1668w15 + 556w16)/[95 + 285w + 665w2

+ 1235w3 + 1628w4 + 1844w5 + 1516w6 + 644w7 + 5581w8 + 4019w9

+ 6871w10 + 1829w11 + 1532w12]

is strictly increasing since

d

dw
T3(w) = (556w12((16055 + 53770w + 125305w2 + 229900w3 + 315781w4

+ 359506w5 + 323907w6 + 209984w7 + 455537w8 + 474006w9

+ 531631w10 + 356932w11 + 189523w12 + 84622w13 + 22933w14

+ 6128w15))/(95 + 285w + 665w2 + 1235w3 + 1628w4 + 1844w5

+ 1516w6 + 644w7 + 5581w8 + 4019w9 + 6871w10 + 1829w11

+ 1532w12)2

and T3( 4
√

2) > 1. Hence T2(w) > 0 or T1

(
4
√
w4 − 1

)
> 0 for w ≥ 4

√
2 and then

T1(x) > 0 for x ≥ 1.

Remark. For x ≥ 4.52, the upper bound of the inequality (1.20) is better than the
upper bound of (1.16). It is suffices to prove that

T4(x) ,
29490240x+ 24662664x5 + 2828975x9

15 (1966016 + 1939080x4 + 336105x8)
>

x

4 4
√

1 + x4
Φ

(
x4

1 + x4
, 3/2, 1/4

)
, T5(x), x ≥ 4.52.

The two function T4(x) and T4(x) are strictly increasing since

d

dx
T4(x) = (3865218912256 + 4725610426368x4 + 1899763315008x8

+ 170687344256x12 + 63388842825x16)/(1966016

+ 1939080x4 + 336105x8)2
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and
d

dx
T5(x) =

1

(1 + x4)5/4
Φ

(
x4

1 + x4
, 1/2, 1/4

)
.

Also,

lim
x→∞

T4(x) =∞ and lim
x→∞

T5(x) =
1

4
ζ(3/2, 1/4),

where ζ(s, a) =
∑∞
n=0

1
(a+n)s is the Hurwitz zeta function. Then for x ≥ 4.52, we

get

T4(x) ≥ T4(4.52) =
347054620962136134629407

135884468668724876020575
>

1

4
ζ(3/2, 1/4) > T5(x).
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