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BEST PROXIMITY POINT THEOREMS FOR WEAKLY

CONTRACTIVE MAPPING BY P -CENTER

MOHAMMAD REZA HADDADI

Abstract. Let A and B be two nonempty subsets of a metric space (X, d)

and T : A → B be a nonself mapping. A point x ∈ A is said to a best prox-
imity point for T , if d(x, Tx) = dist(A,B). Some authors provided sufficient

conditions which warrant the existence and uniqueness of the best proximity

point for some types of contractive mappings such that P -property play an im-
portant role. In this note, we show that P -property is very strong condition.

The presented results extend and generalize some known of best proximity

point theorems such that some conditions, for instance P -property, had been
omitted. Examples are given to usability of our main results.

1. Introduction

Let (X, d) be a metric space and A and B be nonempty subsets of X. Put

A0 = {x ∈ A : d(x, y) = dist(A,B) for some y ∈ B},
B0 = {x ∈ B : d(x, y) = dist(A,B) for some y ∈ A}.

A pair (x0, y0) ∈ A×B is said to be a best proximity pair if d(x0, y0) = dist(A,B)
,that dist(A,B) is distance of A and B. Best proximity pair evolves as a general-
ization of the concept of best approximation.

We can find the best proximity points of the set A, by considering a map T :
A→ B. We say that the point x ∈ A is a best proximity point of the mapping T ,
if d(x, Tx) = dist(A,B) and we denote the set of all best proximity points of T by
PT (A), that is

PT (A) := {x ∈ A : d(x, Tx) = dist(A,B)}.
A best proximity point theorem for contractive mappings has been detailed in Basha
[7]. Eldred [3] have elicited a best proximity point theorem for relatively nonex-
pansive mappings, an alternative treatment to which has been focused in Sankar
and Veeramani [9]. A best proximity point theorem for contraction has been ob-
tained in Basha [8]. Sankar in [10] have discussed best proximity point theorems for
contractive non-self-mappings and Abkar and Gabeleh continued it in [1, 5]. Best
proximity point theorems for various variants of contractions have been explored
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Eldred and Veeramani [4], Haddadi and Moshtaghioun [6]. Particularly, the follow-
ing generalization of Banach contraction principle is due to weakly contractive map
that is introduced by Alber and Guerre-Delabriere [2] and in this paper we focus
on it.

Definition 1.1. Let A and B be nonempty subsets of a metric space X with A0 6= ∅.
The pair (A,B) is said to have P -property if d(x1, y1) = dist(A,B)

⇒ d(x1, x2) = d(y1, y2).
d(x2, y2) = dist(A,B)

In [10], V. Sankar Raj introduced P -property and studied the existence of best
proximity point for weakly contractive mapping under P -property. Also P -property
plays an important role in many papers, for instance [1,??,5,10,11].

In this paper, we show that for weakly contractive map T : A → B such that
T (A0) ⊆ B0 with P -property, every best proximity pair is best proximity point
(i.e. A0 = PT (A)). Hence if A0 6= ∅, then PT (A) 6= ∅, and if best proximity pair is
unique, best proximity point will be also unique.

Also, the presented results extend and generalize some known results from best
proximity point theorems such that the P -property, A0 6= ∅ and T (A0) ⊆ B0

conditions have been omitted.

Definition 1.2. ([10]). Let (A,B) be a pair of two nonempty subsets of a complete
metric space X. A map T : A→ B is said to be a weakly contractive mapping if

d(Tx, Ty) ≤ d(x, y)− ψ(d(x, y)), ∀x, y ∈ A,

where ψ : [0,∞) → [0,∞) is a continuous and nondecreasing function such that ψ
is positive on (0,∞), ψ(0) = 0 and limt→∞ψ(t) = ∞. If A is bounded, then the
infinity condition can be omitted.

Theorem 1.3. [10, Theorem 3.1.] Let (A,B) be a pair of two nonempty closed
subsets of a complete metric space X such that A0 is nonempty. Let T : A→ B be
a weakly contractive mapping such that T (A0) ⊆ B0. Assume that the pair (A,B)
has the P -property. Then there exists a unique x0 ∈ A such that d(x0, Tx0) =
dist(A,B).

2. Main Results

We start with the following new definition.

Definition 2.1. Let (A,B) be a pair of two nonempty closed subsets of a complete
metric space X such that A0 is nonempty. We said that T : A → B is a P -center
map if for every b ∈ B there is a ∈ A0 with d(a, b) = dist(A,B) such that

d(Tx, a) ≤ d(x, b) (x ∈ X).

Proposition 2.2. Let (A,B) be a pair of two nonempty closed subsets of a complete
metric space X such that A0 is nonempty and T : A → B be a P -center. Then
PT (A) = A0.

Proof. Let x ∈ A0, then there is y ∈ B0 such that d(x, y) = dist(A,B). Since T is
P -center, d(Tx, x) ≤ d(x, y). Hence d(Tx, x) = dist(A,B) and so x ∈ PT (A). �
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Theorem 2.3. Let (A,B) be a pair of two nonempty closed subsets of a complete
metric space X such that A0 is nonempty. Suppose T : A ∪ B → A ∪ B such
that T (A) ⊆ B and T (B) ⊆ A. Let T (A0) ⊆ B0 and T|A is a weakly contractive
mapping. Assume that the pair (A,B) has the P -property. Then T is P -center.

Proof. By Theorem 1.3 there is a ∈ A such that d(a, Ta) = dist(A,B). Since T is
weakly contractive map

d(T 2a, Ta) ≤ d(Ta, a),

and so

d(T 2a, Ta) = d(Ta, a) = dist(A,B).

By the P -property of (A,B) we have d(T 2a, a) = 0 and so T 2a = a. Therefore for
every x ∈ A we have

d(Tx, a) = d(Tx, T 2a) ≤ d(x, Ta),

i.e. T is P -center. �

Corollary 2.4. Let (A,B) be a pair of two nonempty closed subsets of a complete
metric space X such that A0 is nonempty. Suppose T : A ∪ B → A ∪ B such
that T (A) ⊆ B and T (B) ⊆ A. Let T (A0) ⊆ B0 and T|A is a weakly contractive
mapping. Assume that the pair (A,B) has the P -property. Then PT (A) = A0 and
are singleton.

Proof. By Theorem 1.3 PT (A) is singleton and also by Proposition 2.2 and Theorem
2.3 PT (A) = A0. �

In the following, we introduce cyclic weakly contractive mapping and give new
conditions for existence and uniqueness of best proximity point.

Definition 2.5. Let (A,B) be a pair of two nonempty subsets of a complete metric
space X. A map T : A ∪ B → A ∪ B is said to be a cyclic weakly contractive
mapping if T (A) ⊂ B, T (B) ⊂ A and

d(Tx, Ty) ≤ d(x, y)− ψ(d(x, y)), ∀x, y ∈ A ∪B,

where ψ : [0,∞) → [0,∞) is a function such that ψ is continuous and positive on
(0, d) ∪ (d,∞) and ψ(0) = ψ(d) = 0 that d := dist(A,B).

Theorem 2.6. Let (A,B) be a pair of two nonempty closed subsets of a complete
metric space X such that diam(A) < dist(A,B). Suppose T : A ∪B → A ∪B be a
cyclic weakly contractive map. Then for x0 ∈ A and xn+1 = Txn, {x2n} converges
to x and d(x, Tx) = dist(A,B).

Proof. Fix x ∈ A ∪ B and define a sequence {xn} in A ∪ B by xn = Tnx, n ∈ N0.
Set We divide the proof into 4 steps:

Step 1. limn→∞ d(xn, xn+1) = dist(A,B). Note

d(xn+1, xn+2) = d(Txn, Txn+1) ≤ d(xn, xn+1)− ψ(d(xn, xn+1)).

Hence {d(xn, xn+1)} is monotonic decreasing and bounded below. Therefore limn→∞ d(xn, xn+1)
exists. Let limn→∞ d(xn, xn+1) = δ ≥ dist(A,B). Assume that δ > dist(A,B). By
the continuity of ψ,

δ = lim
n→∞

d(xn+1, xn+2) ≤ lim
n→∞

[d(xn, xn+1)− ψ(d(xn, xn+1))] ≤ δ − ψ(δ) < δ,
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so δ = dist(A,B).

Step 2. limn→∞ d(x2n, x2n+2) = 0. Note

d(x2n, x2n+2) = d(Tx2n−1, Tx2n+1) ≤ d(x2n−1, x2n+1)− ψ(d(x2n−1, x2n+1))

≤ d(x2n−1, x2n+1) ≤ d(x2n−2, x2n)− ψ(d(x2n−2, x2n))

Hence {d(x2n, x2n+2)} is decreasing and bounded below. Hence limn→∞ d(x2n, x2n+2)
exists. Let limn→∞ d(x2n, x2n+2) = δ. It is clear that 0 ≤ δ < dist(A,B). Assume
that δ > 0. By the continuity of ψ,

δ = lim
n→∞

d(x2n, x2n+2) ≤ lim
n→∞

d(x2n−1, x2n+1)

≤ lim
n→∞

[d(x2n−2, x2n)− ψ(d(x2n−2, x2n))]

≤ δ − ψ(δ) < δ,

so δ = 0.

Step 3. {x2n} is Cauchy sequence. Assume that {x2n} is not Cauchy. Then
there exist ε > 0 and integers 2mk, 2nk ∈ N such that 2mk > 2nk ≥ k and
d(x2nk

, x2mk
) ≥ ε for k = 0, 1, 2, · · · . Also, choosing mk as small as possible, it may

be assumed that

d(x2nk
, x2mk−2) < ε.

Hence for each k ∈ N, we have

ε ≤ d(x2nk
, x2mk

) ≤ d(x2nk
, x2mk−2) + d(x2mk−2, x2mk

)

≤ ε+ d(x2mk−2, x2mk
)

and since d(x2mk−2, x2mk
)→ 0, hence limk→∞ d(x2nk

, x2mk
) = ε. Observe that

d(x2nk
, x2mk

) ≤ d(x2nk
, x2nk+2) + d(x2nk+2, x2mk+2) + d(x2nk+2, x2mk

)

Letting k →∞, we obtain

ε = lim
k→∞

d(x2nk+2, x2mk+2) ≤ lim
k→∞

d(x2nk+1, x2mk+1).

On the other hand

lim
k→∞

d(x2nk+1, x2mk+1) ≤ lim
k→∞

[d(x2nk
, x2mk

)− ψ(d(x2nk
, x2mk

))].

So by and using the upper semicontinuity of ψ from the right we have

ε ≤ ε− ψ(ε) < ε.

which is a contradiction. Hence {x2n} is a Cauchy sequence in A.

Step 4. Existence of best proximity pair. Because {x2n} is Cauchy, X is complete
and A is closed, limn→∞ x2n = x ∈ A. Now

dist(A,B) ≤ d(x, x2n−1) ≤ d(x, x2n) + d(x2n, x2n−1).

Thus, by step 1 we have d(x, x2n−1) converges to dist(A,B). Since

dist(A,B) ≤ d(x2n, Tx) ≤ d(x2n−1, x)− ψ(d(x2n−1, x)),
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therefore by upper semicontinuity of ψ we have

dist(A,B) ≤ lim
n→∞

d(x2n, Tx)

≤ lim
n→∞

[d(x2n−1, x)− ψ(d(x2n−1, x))]

= dist(A,B)− ψ(dist(A,B)) = dist(A,B).

so d(x, Tx) = dist(A,B). �

Remark. Under the cyclic weakly contractive mappings in Theorem 2.6, P -property,
A0 6= ∅ and T (A0) ⊆ B0 conditions had been omitted with respect to Theorem 1.3.

Theorem 2.7. Let (A,B) be a pair of two nonempty closed covex subsets of a
uniformly convex Banach space X. such that diam(A) < dist(A,B). Suppose
T : A ∪ B → A ∪ B is a cyclic weakly contractive map. Then there exist a unique
x ∈ A such that ‖x− Tx‖ = dist(A,B). Further, if x0 ∈ A and xn+1 = Txn, then
{x2n} converges to the best proximity point.

Proof. By Theorem 2.6 PT (A,B) 6= ∅. Suppose x, y ∈ PT (A,B) such that x 6= y.
Since ‖x−Tx‖ = dist(A,B) and ‖y−Ty‖ = dist(A,B) where necessarily uniformly
convexity of X, T 2x = x and T 2y = y. Since x 6= y, we have dist(A,B) < ‖Tx−y‖
and so ψ(‖Tx− y‖) > 0. Therefore ‖x−Ty‖ = ‖T 2x−Ty‖ ≤ ‖Tx− y‖−ψ(‖Tx−
y‖) < ‖Tx−y‖. Similarly ‖Tx−y‖ < ‖x−Ty‖ that it is a contradiction. Therefore
x = y. �

Example 1 Let A and B be subsets of R2 defined by

A = {(x, 0) : x ≥ 1}, B = {(0, y) : y ≥ 1}.
Suppose T (x, y) = (

√
y,
√
x) and

ψ(t) =


√
t 0 ≤ t <

√
2

√
t−
√
2

2 t ≥
√

2.

Then T is cyclic weakly contractive on A∪B and ‖(0, 1)−T ((1, 0))‖ = dist(A,B).

Proof. Here dist(A,B) =
√

2. For (x, 0) ∈ A and (0, y) ∈ B we have

‖T (x, 0)− T (0, y)‖ = ‖(0,
√
x)− (

√
y, 0)‖

= ‖(√y,
√
x)‖

=
√
x+ y ≤

√
x2 + y2 −

√√
x2 + y2 −

√
2

2
= ‖(x, 0)− (0, y)‖ − ψ(‖(x, 0)− (0, y)‖).

and for (x, 0), (y, 0) ∈ A we have

‖T (x, 0)− T (y, 0)‖ = ‖(0,
√
x−√y)‖

= |
√
x−√y|

≤
√
x2 + y2 −

√√
x2 + y2

= ‖(x, 0)− (y, 0)‖ − ψ(‖(x, 0)− (y, 0)‖).
Then T is cyclic weakly contractive on A ∪ B and ‖(0, 1) − T ((1, 0))‖ =

√
2 =

dist(A,B). �
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