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INTEGRAL INEQUALITIES FOR HYPERGEOMETRIC
OPERATORS VIA FRACTIONAL INTEGRAL

SEDA KILINC, ABDULLAH AKKURT, HUSEYIN YILDIRIM

ABSTRACT. In this article, we establish new integral inequalities involving the
Gauss hypergeometric functions for synchronous functions which are related to
the Chebyshev functional. Some relevant inequalities of the results presented
here with those earlier ones are also pointed out.

1. INTRODUCTION

Integral inequalities play a fundamental role in the theory of differential equa-
tions, functional analysis and applied sciences. Important development in this the-
ory has been achieved for the last two decades. For these, see [3]-[6],[12]-[18] and
the references there in. Moreover, the study of fractional type inequalities is also of
vital importance. Also see [6], [7], [21]-[24] for further information and applications.

The researchers have studied Fractional Calculus since seventeenth century. From
this date, mathematicians as well as biologists, chemists, economists, engineers and
physicists have found this new theory very attractive. Many different derivatives
were introduced.

The main aim of this work is to establish a new fractional integral inequality for
Gauss hypergeometric function and synchronous functions.

2. PRELIMINARIES
Now we will give fundamental definitions and notations for fractional integrals.

Definition 2.1. Two functions f and g are said to be synchronous on [a,b], if

(f(z) = f(y) (g(x) — 9(y)) = O, (2.1)
for any x, y € [a, b].

Definition 2.2. ([8], [I7]) A real-valued function f(t) (¢ > 0) is said to be in the
space C, (1 € R) if there exists a real number p > p such that f(t) = tP¢(t), where
¢(t) € C(0,00).
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Definition 2.3. ([1]) Let h (z) be an increasing and positive monotone function on
[0,00), also derivative h' () is continuous on [0,00) and h(0) = 0. The space
X7 (0,00) (1 <p<o0) of those real-valued Lebesque measurable functions f on
[0,00) for which

1

\|f||X’;: = (f|f(t)|ph/ (t)dt) <oo, 1<p< (2.2)
0
and for the case p = 00

Wil =ess swp [FOR (0] (2.3)
In particular, when h(z) =z (1 <p < o00) the space X} (0,00) coincides with the
L,[0,00)—space and also if we take h(x) = Zli:ll (1<p<oo, k>0) the space
X (0,00) coincides with the Ly [0, 00)—space.

Definition 2.4. ([16]) Let f € Li(a,b). The Riemann-Liouville fractional integral
of order a > 0 1is defined by

L0 = g ot =22 (@) do (2.4)

where I' is the gamma function.

Definition 2.5. (8], [I7]) Let f € Ly x(a,b). The Generalized Riemann-Liouville
fractional integral I1*F f (z) of order a > 0 and k > 0 is defined by

(k+1)'°
I'(a)
Definition 2.6. Let (a,b) be a finite interval of the real line R and R (a) > 0.
Also let h(z) be an increasing and positive monotone function on (a,b], having a
continuous derivative b’ (z) on (a,b). The left- and right-sided fractional integrals

of a function f with respect to another function h on [a,b] are defined by [20]

Ief (1) = ﬁ JHR(E) — (@) f (2) B (@) da (2.6)

Definition 2.7. ([1]) Let « > 0, p > —1, and B,n € R; then a h— fractional
B of order « for f synchronous functions is defined by,

[0 f (2) = [ (k= ) TR £ (1) di (2.5)

a

integral I;
h (t)(—a—ﬁ—2#)

) = S

Jo ()" (B (8) = R (7))~

h(7)

Ja ol —
X2 1(0‘+/8+,ua ;& h(t)

YO (7) f(7)dr.

(2.7)
Where the functions o F1(—) appearing as a kernel for the operator is the
Gaussian hypergeometric function defined by

oF1(a,b;¢t) = iOW)(Z)(:)nZ:.

The Pochhammer symbol (a),, is defined by:

(2.8)
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(@)p=ala+1)...(a+n—1), (a)o = 1. (2.9)

The aim of the present research is to obtain certain Chebyshev type integral
inequalities including the fractional integral operators [I]-[7] which involves the
kernel, Gauss hypergeometric function (defined above). The concluding part gives
some special state of the main results.

3. MAIN RESULTS

In this section we obtain certain Chebyshev type integral inequalities involving
the h—fractional integral operator. The following lemma is used for our first result.

Lemma 3.1. Let, o, 5, 1, A€ER, p> -1, pu+A>0, and \—+n >0, then
there is following equality for h—fractional integral

L(p+ MM +1n—B)
FA=B)T(a+p+Xr+n)

Proof. If we take f(7) = h(r)* "' in (2.7) fractional integral, then we obtain,

L 2] = R AP (3.1)

h (t)(*oc*ﬁﬁu) t

LPMH (O] = =gy [ R (h(®) = A ()

(3.2)
e h(r) A=l gy
X2F1(a+ﬂ+ﬂ; 77770471 - h(t) )h (T) h (T) dr.
If we use definition of Gaussian hypergeometric function, then we get
h(t)(—a—ﬂ—Qu) t
———— [h(D)" (h(t) = h(r))*!
R ] O~ R ()
<aFi(o+ B+ p,—ms 051 — WENR (D) () dr
(3.3)

h(t)A—F—r—D § (a+8+m), (=), L+ NI '(a+n)
T(pt+A+a) (p+2+a),,n! T(a+p+A+n)

_ (t)(A—,B—u—l) L(p+NI(A+n—58)
FA=B)T(a+p+A+n)

Then (3.2]) reduce to (3.1). O

Theorem 3.2. Let f and g be two synchronous functions on [0,00). Then the
following inequality holds for all t > 0, a > max{0,—8 —pu}, B < 1, p > —1,
B—1<n<0,
ot [f(t)g(t)}r(l . ) o
L - + M + n + « a,f3 .
> h(t (1+8) a I B, O I T 1.
2 ()" S SR e T L (1)
Proof. Since f and g be two synchronous functions; from Definition 2.1, for all
7, p € (0,t), t > 0, we have

(f(r) = f(p) (9() —9(p)) = 0, (3.5)

which implies that
F(T)g(m) + f(p)g(p) = f(T)g(p) + f(p)g(T). (3.6)
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Consider
(t)(fafﬁf%)

Pt ) = MO G () (B () — b (7)o By (a4 B4 1, —mias 1 — M (7)

Z (a+ﬂ+u )n(=M)n h (t)(*a*ﬁ*QM*n) h (7’)” (h (t) _h (T))a—1+nh/ (7_)

T'(at+n)n!

h(T)* (h(t)—h(T))*" ! h(T)* (h(t)—h(T a+B+p)
= (h()t)gugrngrm()f?()a) h/(T) + i h((t()()a+ﬁgr2)u)+l()p(a+?) h/( )

h(T)* (h(t)—h(r))* T (a « 1)(—n)(—
+ (r)*(h(t) (})L)(t)(aiﬁigilgégf;l;r )(=m)( 77+1)h/(7)+

(3.7)
Our observation is that each term of the above series is positive in view of the
conditions stated with Theorem 3.1, so the function F(¢,7) remains positive, for
all 7 € (0,¢) (¢t > 0).
Multiplying both sides of by F(t,7) (where F(¢t,7) is given by ) and
integrating with respect to 7 from 0 to ¢, and using , we have

L [ (g()] + F(p)g(p) I 1] = g(p) "™ [F(D] + f(p) ™™ [g (D).
(3.8)
Then, multiplying both sides of (3.8) by F(¢,p) (p € (0,t),t > 0), where F(t, p) is
given by (3.7) and integrating with respect to p from 0 to ¢, and using Lemma 1
(for A =1 ), we obtain

LB (U] LB (£ (g (0] + L5 [ £(1)g(0)] 1P (1]
> I ) 9P [g(0)] + TP () 12 0]
then
P(p+ 101 +n—p)
FA=-p(a+p+1+n) ~
The proof is complete. ([l

> I P RO TP [ (1)

TP [F (g (t)] b (8) =

Theorem 3.3. Let f and g be two synchronous functions on [0,00). Then the fol-
lowing inequality holds for all t > 0, a > max{0,—8 — u}, v > max{0,—§ — v},
wr>—1 068, 0<1 B-1<n<0,-1<(<0,

Fv+1HI'1-6+¢) b
T1-0)T(y+v+(+1)" S [f(1)g(t)]
+h () o I+ ;)L)E(y;ﬂ:j;;l)l) L5 [ (1)g(0)] (3.9)

> IOV [FO] IO [g(0)] + L2 [g(O] I [£(4)] -

Proof. We use (3.8) inequality to prove the theorem. Multiplying both sides of
B3) with,

h(t)(_é_ﬂy_b)
e pF D (R (1) = B () o P (y + 6+ v, =Gy T — RO (p), p € (0,8)

I'()
(3.10)
which remains positive in view of the conditions stated with (3.9)) and integrating
with respect to p from 0 to t, we get
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LS AL (f@g(0) + L [F(g(0) I *™ [1]

,0,C,v 8,1, 0,60 B, (311)
> LY [FOLP @) + L0 [g(0)] 1P [ (1)
This result reduce to desired inequality by using (3.1) (for A = 1). |

Remark. Let may be said that inequalities and (@ are reversed if the
functions are asynchronous on [0,00); that is,

(f(z) = f(w)(g9(z) —g(y)) <0, (3.12)
for any z,y € [0,00) .

Remark. If we consider v =«a, § =3, ( =n, and v = p, Theorem 3.3 we obtain
that change to Theorem 3.2.

Theorem 3.4. Let (f;)i=1,..n be n positive increasing function on [0,00). Then
the following inequality holds for allt > 0, o > max {0,—8 — u}, pu> —1,
<1, B—1<n<0

n—1 n

oo |TT 7, PA-AT(a+p+n+1), (s oo [ f.
I Ll:[l fz(t)‘| > [ T(1+ (1 — B+ h(t) } zl;[Ih [£:(2)].
(3.13)

Proof. Our proof is by induction. Clearly, for n = 1 we have
LM f(®) 2 L [fa (1) (3.14)

For n = 2, applying (3.4), we obtain:
I}?,Bmy# A f2(t)] > ra—p)r(atptntl) p (t)(ﬁ-ﬂt)

§(B1+M)F(1—ﬂ+n)a5
XL @] L7 [fa(t)]

(3.15)

Now, suppose that

n—2n—1

n—1
I’o;,ﬁ,n,u LUI fi(t):| > [F%I(If),g(poﬁfgﬂ)l)h(t)m“) };{1 ]f;ﬁmw [fi(0)].
(3.16)

n—1
Since (fi)i=1,....n are positive increasing functions, then [] fi(¢) is an increasing
n=1
n—1

function. Hence we can apply Theorem 3.2 to the functions [] fi(t) = ¢ and
n=1
fn = f. We obtain:

a,B,m,u
I,

=

n—1

fz(t) > F(Fl(zf_):;(&irf;rzz)l)h (t)(ﬁJr#) I;f’ﬁ’"’“ [Hl fz(t)] I}O;,Bm,u [fn(t)] ]
i=

(3.17)

Li=1

Taking into account the hypothesis (3.16]), we obtain:

~—

T(1+m)C(1—B+n)

o, 3 [~
Ihv ST .Hl fl (t
L1=

and this ends the proof. O

n—1n—1
> [F(l—ﬁ)F(a+u+n+l) h (t)(ﬁ-%u)} -1:[1 I,?’ﬂ’"’“ [fi ()] I}?ﬁﬂ%u [fa(2)],
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Theorem 3.5. Let f and g be two synchronous functions on [0,00) such that f is

increasing and g is differentiable and there exists a P(t) polynomial 1nf ( P,((tt))) >

1. Then the following inequality holds for all t > 0,a > 0, > —1,5 < ,6-1<
n <0,

B+ p+n+1)

P f(t)g(1)] = S I (L= B +mn)
(1) (8.18)

xIp

3 ( Dla+p+n+1),  (8+u) o
T ra gy 0 T

xI“ﬁ"“U%ﬂ] IR (£ P(t)].

T ORISR VO]
K1 [
8)

Proof. Let us consider the function h(t) := g(t) — P(t). It is clear that h is dif-
ferentiable and it is increasing on [0,00). Then using the Theorem 3.2, we find
that

r1—-g)Tr(a+p+n+1)
(14 )1 =B +n)
TP g (t) — P(t)]
FA-pBI(a+p+n+1)
oA F )
(B4mu) yo,B,m,1 a,B,m,p

If we use, (3.1)) (for A = 2) we have (3.18). O

1P (F(0)(9(0) = P(0)] UMM )

RO LI (FOLT T 9(0)

Theorem 3.6. Let f and g be two synchronous functions on [0,00) such that f

p'(t)
1. Then the following inequality holds for allt >0, a >0, u>—1, <1, f—1<
n <0,

is increasing, g is differentiable, and there exists a p(t) polynomial sup (g,(t)> >
>0

a,B,m,p Frl-pg)a+p+n+1) (B+u) you,B,m,p

I, [f()g(®)] = T+ )(1_ﬁ+n)fﬂﬂ " [f(?)]
1“5"”waﬂ
FA-Blla+p+n+1)

“rargra ey O R IO )

IR F()p(t)]
(3.20)

Proof. By applying the similar procedure as of Theorem 3.5, you can easily establish
the theorem above. Hence, we omitted the details of the theorem above. Therefore,
we omitted the details of the proof of this theorem. O

Let ;o = 0 in Theorem 3.5 then the following result holds.

Corollary 3.7. Let f and g be two synchronous functions on [0,00) such that f

increasing g is differentiable, and there exists a P(t) polynomial inf;> (P,(t))) >1;
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then

P fg®} = L0 {f(t)g(t)}
(

(1 N 1 B3, B,
> TUZALd el ()P 10507 (£ (6)} Toi" {g(8))}

—%h(t%l&f’" (FO}ISE " {P (1)}
ISP P,

forallt >0, a>0, <1, B—1<n<O.

(3.21)

Let # = 0 in Theorem 3.6 then the following result holds.

Corollary 3.8. Let f and g be two synchronous functions on [0,00) such that f

increasing, g is differentiable, and there exists a p(t) polynomial sup (g/(t)) >1
t>0

P g}y =10 {f (g (1))
> DACATtntl) p ()8 1ofn £ £(4)} 16797 {g(t)}

AT B e a.B.m (3.22)
T(1—B+n) h(t) Io, 7 {f(t)}lo,’h’ {p(t)}

I (0p()]
forallt >0, >0, <1, f—1<n<O0.
Let p, S =0 in Theorem 3.5 then the following result holds.
Corollary 3.9. Let f and g be two synchronous functions on [0,00) such that f
increasing g is differentiable, and there exists a P(t) polynomial glg (%) > 1.
Then the following inequality holds for allt >0, a >0, —1 <n <0,
L 0g0] = 1" [f(0)g(t)]

. W AN ario) (3.23)

_Wl(l,h [FO LG [PO)] + 153 [f () P(#)] -

Let p, B =0 in Theorem 3.6 then the following result holds.

Corollary 3.10. Let f and g be two synchronous functions on [0,00) such that f

increasing, g is differentiable, and there exists a p(t) polynomial sup (g:gg) > 1;
t>0
Then the following inequality holds for allt >0, a >0, —1 <n <0,

RO@0] = 10" gt
> Tt n 1) o 5] 700 (g )

At (3.24)
1oy O ! [p@)] + 1oy [f (0)p(t)] -

Tla+n+1)
L(1+mn)

As a result, if we take p =0 and 8 = —a (v =0 and 6 = —v additionally for
Theorem 3.3), then Theorem 3.2 to Theorems 3.6, yields the known results due to
Belarbi and Dahmani [4].

Corollary 3.11. If we take h(x) = x in Definition 2.7, we obtain the results in [3].
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Corollary 3.12. If we take h(z) = 2 Definition 2.7, we obtain the result in

k+1
I1s].
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