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STANCU VARIANT OF (p, q)-SZáSZ-MIRAKYAN OPERATORS

ANKITA R DEVDHARA, VISHNU NARAYAN MISHRA∗

Abstract. In this paper, we investigate Stancu variant of generalized (p, q)-Szász-Mirakyan operators.
Initially, we estimate moments of the operators. Using Korovkin’s result, we have evaluated the uniform
convergence of the operators. Direct results of the operators have been appraised. For better approximation
we have calculated the rate of convergence of the operators. Last, we have proved Voronovskaya type theorem
for the operators. Particularly, if α = 0 then we get the generalized (p, q)-Szász-Mirakyan operators.

1. Preliminaries

In approximation theory, many authors introduced Stancu type generalization of various linear positive
operator [13, 15]. The use of Bernstein polynomial in q-calculus was first introduced by Lupas[1]. The con-
stant development in q-calculus has led us towards the new generalized approximating operators depending
on q-integers[4, 12, 14]. In recent times Mursaleen et al. [7] introduced new way of approximating linear
positive operators in (p, q)− calculus. Mishra et al. and Khan and Lobiyal have also given some results in
(p, q)−Calculus [5, 16]. The more research is going on in this area [3, 6, 8, 13].
We initiate by revising some definition from (p, q)-calculus [7]. Suppose, q, p ∈ (0, 1], q < p.

Definition 1.1. The (p, q)-integer [m]p,q and (p, q)-factorial [m]p,q! are described by

[m]p,q =
pm − qm

p− q
, m = 0, 1, 2, · · · , [0]p,q = 0

and
[m]p,q! = [m]p,q[m− 1]p,q · · · 1 , m ≥ 1 and [0]p,q! = 1.

Definition 1.2. The (p, q)-Binomial expansion is
(y + z)mp,q = (y + z)(py + qz)(p2y + q2z) · · · (pm−1y + qm−1z),

and the (p, q)-binomial coefficients are defined by[
m
j

]
p,q

=
[m]p,q!

[j]p,q![m− j]p,q!
, 0 ≤ j ≤ m.

Definition 1.3. Let ψ be a function defined on the complex numbers. The (p, q)-derivative of ψ is:

Dp,qψ(x) = ψ(px)−ψ(qx)
(p−q)x , x 6= 0,

and (Dp,qψ)(0) = ψ(0), on the condition that differentiability exist for ψ at 0.

Definition 1.4. Suppose ψ is any function and a is real number,∫ a

0

ψ(x)dp,qx = (q − p)a
∞∑
j=0

pj

qj+1
ψ

(
pj

qj+1
a

)
if

∣∣∣∣pq
∣∣∣∣ < 1.

2000 Mathematics Subject Classification. 41A25 41A35.
Key words and phrases. (p, q)-integers, Stancu (p, q)-Szász-Mirakyan operators, Uniform convergence, Rate of convergence,

Voronvskaya theorem.
c©2017 Ilirias Research Institute, Prishtinë, Kosovë.
Submitted June 16, 2017. Published August 11, 2017.
Communicated by guest editor Gumrah Uysal.

1



∫ a

0

ψ(x)dp,qx = (p− q)a
∞∑
j=0

qj

pj+1
ψ

(
qj

pj+1
a

)
if

∣∣∣∣pq
∣∣∣∣ > 1.

Definition 1.5. A (p, q)−analogue of classical exponential function ex [10] is

ep,q(y) =

∞∑
j=0

p
j(j−1)

2 yj

[j]p,q!
,

Ep,q(y) =

∞∑
j=0

q
j(j−1)

2 yj

[j]p,q!
.

The (p, q)−exponential function satisfy following property
ep,q(y)Ep,q(−y) = Ep,q(y)ep,q(−y) = 1.

2. Primary estimate

Acar [11] derived a (p, q)-analogue of Szász-Mirakyan operators as:

Sm,p,q(ψ;x) =

∞∑
j=0

sm(p, q;x)ψ

(
[j]p,q

qj−2[m]p,q

)
,

where

sm(p, q;x) =
1

Ep,q([m]p,qx)
q
j(j−1)

2
[m]jp,qx

j

[j]p,q!
; j = 0, 1, 2, ... & m ∈ N.

Lemma 2.1 ([11]). Let q, p ∈ (0, 1], q < p and m ∈ N, we obtain
Sm,p,q(1;x) = 1,
Sm,p,q(t;x) = qx,

Sm,p,q(t
2;x) = pqx2 +

q2x

[m]p,q
.

With the help of (p, q)-analogue of Szász-Mirakyan operators we present, q, p ∈ (0, 1], q < p & m ∈ N the
Stancu variant of generalized (p, q)-Szász-Mirakyan operators given below as:

Sαm,p,q(ψ;x) =

∞∑
j=0

sm(p, q;x)ψ

(
[j]p,q

qj−2[m]p,q
+

α

[m]p,q

)
,

sm(p, q;x) =
1

Ep,q([m]p,qx)
q
j(j−1)

2
[m]jp,qx

j

[j]p,q!
.

Lemma 2.2. For q, p ∈ (0, 1], q < p and m ∈ N, we obtain

Sαm,p,q(1;x) = 1 (2.1)

Sαm,p,q(t;x) = qx+
α

[m]p,q
(2.2)

Sαm,p,q(t
2;x) = pqx2 +

x

[m]p,q
(q2 + 2qα) +

α2

[m]2p,q
. (2.3)

Corollary. With the help of above lemma (2.2), we obtain the formulas of the central moments as follow:

Sαm,p,q(t− x;x) = (q − 1)x+
α

[m]p,q
; (2.4)

Sαm,p,q((t− x)2;x) = (pq − 2q + 1)x2 + (q2 + 2qα+ α)
x

[m]p,q
+

α2

[m]2p,q
. (2.5)

Remark. Here, 0 < q < 1 & q < p ≤ 1. To get the results, we consider the sequences (qm), (pm) in such
a way that (qm) tends to 1; (pm) tends to 1; (qm)m tends to a′ & (pm)m tends to b′ as m tends to ∞.
We can construct above mentioned sequences. For example, let pm = 1 + 1

2m and qm = 1 + 1
3m . Then

pm → 1, qm → 1 ; pmm → e1/2, qmm → e1/3 as m→∞, and lim
m→∞

1/[m]pm,qm = 0.
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Consider, the sup norm: ‖f‖2 = ‖f‖C2[0,∞) = sup { |f(x)| : x ∈ C2[0,∞) } .

Theorem 2.3. Let the sequence (pm) and (qm) are given as in above remark (2). Then for each function
ψ ∈ C2[0,∞) we get,

lim
m→∞

‖Sαm,p,q(ψ)− ψ‖2 = 0; i = 0, 1, 2.

Proof. From Korovkin’s theorem it is sufficient to verify the following three conditions

lim
m→∞

‖Sαm,p,q(ti;x)− xi‖2 = 0; i = 0, 1, 2. (2.6)

The uniform convergence of the above equation is trivial for the case i = 0.
Now, for i = 1;

lim
m→∞

‖Sαm,p,q(t;x)− x‖2 = lim
m→∞

‖qmx+
α

[m]pm,qm
− x‖2

≤ lim
m→∞

‖qm − 1‖2x+ lim
m→∞

∣∣∣∣ α

[m]pm,qm

∣∣∣∣ = 0.

And, for i = 2;

lim
m→∞

‖Sαm,p,q(t2;x)− x2‖2 = lim
m→∞

‖pmqmx2 +
x

[m]pm,qm
(q2m + 2qmα) +

α2

[m]2pm,qm
.− x2‖2

≤ lim
m→∞

‖pmqm − 1‖2x2 + lim
m→∞

‖(q2m + 2qmα)‖2
x

[m]pm,qm
= 0.

Hence, we obtain the result. �

3. Direct result

In this segment of the paper, we demonstrate the theorem of local approximation of the operators Sαm,p,q.
Consider CB [0,∞) be the set of real valued bounded continuous functions ψ defined on [0,∞). Obviously,
it is a linear space and the norm ‖.‖ is define by,

‖ψ‖ = sup
0≤x<∞

|ψ(x)|.

Also, we consider the Peetre’s K-functional:

K2(ψ, δ) = inf
g∈W 2

{‖ψ − g‖+ δ‖g′′‖}, (3.1)

where δ > 0 and W 2 = {g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)}.
By [9], ∃ an absolute constant C > 0 3

K2(ψ, δ) ≤ Cω2(ψ,
√
δ), (3.2)

here
ω2(ψ,

√
δ) = sup

0<h<
√
δ,x∈[0,∞)

|ψ(x+ 2h)− 2ψ(x+ h) + ψ(x)|

is the second order modulus of continuity of given function ψ ∈ CB [0,∞). Moreover, the first order modulus
of continuity of given function ψ ∈ CB [0,∞) is given by;

ω(ψ,
√
δ) = sup

0<h<
√
δ,x∈[0,∞)

|ψ(x+ h)− ψ(x)|.

Theorem 3.1. Suppose the sequences (pm) and (qm) are given as in above remark (2). Then we get

|Sαm,pm,qm(ψ;x)− ψ(x)| ≤ Cω2(ψ; δm(x)) + ω

(
ψ,

∣∣∣∣(1− q)x− α

[m]pm,qm

∣∣∣∣),
∀x ∈ [0,∞); where δm(x) =

(
Sαm,pm,qm(|t− x|2;x) + (Sαm,pm,qm(|t− x|;x))2

)1/2
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Proof. First, we consider the operator:

Ŝαm,pm,qm(ψ;x) = Sαm,pm,qm(ψ;x) + ψ(x)− ψ(qmx+
α

[m]pm,qm
). (3.3)

Then, Ŝαm,pm,qm are in linear form. Also, by lemma:(2.2), we have

Ŝαm,pm,qm(1;x) = 1, (3.4)

Ŝαm,pm,qm(t;x) = Sαm,pm,qm(t;x) + x− qx+
α

[m]pm,qm
= x. (3.5)

Now, we consider g ∈W 2. The Taylor’s formula for t ∈ R+ of g is:

g(t) = g(x) + g′(x)(t− x) +

∫ t

x

(t− u)g′′(u)du. (3.6)

Using above equation (3.5) and (3.6); we obtain

Ŝαm,pm,qm(g;x)− g(x) = Ŝαm,pm,qm

(∫ t

x

(t− u)g′′(u)du;x

)
.

Hence,

|Ŝαm,pm,qm(g;x)− g(x)| ≤
∣∣∣∣Sαm,pm,qm(∫ t

x

(t− u)g′′(u)du;x

)∣∣∣∣
+

∣∣∣∣ ∫ qx+ α
[m]pm,qm

x

(qx+
α

[m]pm,qm
− u)g′′(u)du

∣∣∣∣.
Here; ∣∣∣∣ ∫ t

x

(t− u)g′′(u)du

∣∣∣∣ ≤ |t− x|2‖g′′‖.
Also; ∣∣∣∣ ∫ qx+ α

[m]pm,qm

x

(qx+
α

[m]pm,qm
− u)g′′(u)du

∣∣∣∣ ≤ ∣∣∣∣qx+
α

[m]pm,qm
− x
∣∣∣∣2‖g′′‖.

Hence,

|Ŝαm,pm,qm(g;x)− g(x)| ≤ Sαm,pm,qm(|t− x|2;x)‖g′′‖+

∣∣∣∣qx+
α

[m]pm,qm
− x
∣∣∣∣2‖g′′‖

= ‖g′′‖δ2m(x).

where,

δm(x) =

(
Sαm,pm,qm(|t− x|2;x) +

(
Sαm,pm,qm(|t− x|;x)

)2)1/2

.

Now,

|Ŝαm,pm,qm(g;x)− g(x)| ≤ ‖g′′‖
(
Sαm,pm,qm(|t− x|2;x) + (Sαm,pm,qm(|t− x|;x))2

)
.

And
|Ŝαm,pm,qm(ψ;x)| ≤ |Sαm,pm,qm(ψ;x) + 2‖ψ‖ ≤ 3‖ψ‖ (3.7)

Hence;

|Sαm,pm,qm(ψ;x)− ψ(x)| ≤ |Ŝαm,pm,qm(ψ − g;x)− (ψ − g)(x)|+ |Ŝαm,pm,qm(g;x)− g(x)|

+

∣∣∣∣ψ(x)− ψ(qmx+
α

[m]pm,qm
)

∣∣∣∣
≤ 4‖ψ − g‖+ ‖g′′‖δ2m(x) + ω

(
ψ,

∣∣∣∣(1− q)x− α

[m]pm,qm

∣∣∣∣).
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Considering infimum over all g ∈W 2 on R.H.S.; we get

|Sαm,pm,qm(ψ;x)− ψ(x)| ≤ 4K2(ψ; δ2m(x)) + ω

(
ψ,

∣∣∣∣(1− q)x− α

[m]pm,qm

∣∣∣∣).
For all 0 < qm < pm ≤ 1 & with the help of (3.2); we obtain

|Sαm,pm,qm(ψ;x)− ψ(x)| ≤ Cω2(ψ; δm(x)) + ω

(
ψ,

∣∣∣∣(1− q)x− α

[m]pm,qm

∣∣∣∣).
Hence proved. �

4. Rate of convergence

Suppose A = [0,∞).
Let Bx2(A) = {ψ : A→ R : |ψ(x)| < M(1 + x2);M > 0 & is constant depends on ψ}.
And CM (A) = {ψ ∈ Bx2(A) : ψ is continuous};
C∗M (A) = {ψ ∈ CM (A) : ψ(x)

1+x2 → finite as x→∞}.
The norm of C∗M (A) is given as,

‖ψ‖M = sup
x≥0

|ψ(x)|
1 + x2

.

We define the local modulus of continuity of ψ as:
ωa(ψ, δ) = sup

t,x∈[0,a];|t−x|≤δ
|ψ(t)− ψ(x)|.

Theorem 4.1. Suppose ψ ∈ C∗M (A); (pm) & (qm) are define as in above remark (2) and ωa(ψ, δ) is modulus
of continuity of ψ on [0, a+ 1] ⊂ [0,∞). Then we obtain

‖Sαm,pm,qm(ψ;x)− ψ(x)‖C[0,a]
≤ 6Mψ(1 + a2)ςm + 2ωa+1(ψ;

√
ςm),

where
ςm = (1− pmqm)a2 + (1 + 3α) a

[m]pm,qm
+ α2

[m]2pm,qm
.

Proof. Here x ∈ [0, a] & t ∈ R+ ∪ {0} [12]; we get

|ψ(t)− ψ(x)| ≤ 6Mψ(1 + a2)(t− x)2 + ωa+1(ψ; δm)

(
|t− x|
δm

+ 1

)
Now, making use of above inequality & Cauchy-Schwarz inequality, we get

‖Sαm,pm,qm(ψ;x)− ψ(x)‖C[0,a]
≤ Sαm,pm,qm(|(ψ;x)− ψ(x)|;x)

≤ 6Mψ(1 + a2)Sαm,pm,qm((t− x)2;x)

+ ωa+1(ψ; δm)

(
1 +

1

δ2m
Sαm,pm,qm(t− x)2;x

)1/2

.

Hence, with the help of corollary: 2.1; x ∈ [0, a], we have

Sαm,pm,qm((t− x)2;x) = (pmqm − 2qm + 1)x2 + (q2m + 2qmα+ α)
x

[m]pm,qm
+

α2

[m]2pm,qm

≤ (pmqm − 2qm + 1)a2 + (q2m + 2qmα+ α)
a

[m]pm,qm
+

α2

[m]2pm,qm

≤ (1− pmqm)a2 + (1 + 3α)
a

[m]pm,qm
+

α2

[m]2pm,qm
= ςm(x)

Considering δm(x) =
√
ςm(x), we get the result. �

Some more results can be seen in [2].
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5. Voronovskaya theorem for Sαm,p,q

Theorem 5.1. Suppose (pm) and (qm) are as in above remark (2). For ψ ∈ C∗M (A) 3 ψ′, ψ′′ ∈ C∗M (A); we
get

lim
m→∞

[m]pm,qm |Sαm,pm,qm(ψ;x)− ψ(x)| = (α′x+ α)ψ′(x) + (γx2 + (1 + 3α)x)ψ′′(x)/2

uniformly on [0, B] for any B > 0, where

α′ = lim
m→∞

[m]pm,qm(qm − 1);

γ = lim
m→∞

[m]pm,qm(pmqm − 2qm + 1).

Proof. Applying Taylor’s formula on ψ ∈ C∗M (A); we get

ψ(t) = ψ(x) + (t− x)ψ′(x) + 1
2ψ
′′(x)(t− x)2 +R(t, x)(t− x)2,

where, R(t, x) is Peano form of the remainder & R(t, x)→ 0 as t→ x.
Hence;

[m]pm,qm(Sαm,pm,qm(ψ;x)− ψ(x)) = [m]pm,qmψ
′(x)Sαm,pm,qm(t− x;x)

+ [m]pm,qm
ψ′′(x)

2
Sαm,pm,qm((t− x)2;x)

+ [m]pm,qmS
α
m,pm,qm(R(t, x)(t− x)2;x).

Using Cauchy-Schwarz inequality, we get

Sαm,pm,qm(R(t, x)(t− x)2;x) ≤
√
Sαm,pm,qm(R2(t, x);x)

√
Sαm,pm,qm((t− x)4;x)

Since, R(t, x) ∈ C∗M (A), by theorem: (2.3) and fact that R(x, x) = 0; we have

lim
m→∞

Sαm,pm,qm(R2(t, x);x) = R2(x, x) = 0

uniformly for x ∈ [0, B]. Therefore, we have

lim
m→∞

[m]pm,qmS
α
m,pm,qm(R(t, x)(t− x)2;x) = 0.

Hence,

lim
m→∞

(Sαm,pm,qm(ψ;x)− ψ(x)) = lim
m→∞

[m]pm,qmψ
′(x)Sαm,pm,qm(t− x;x)

+ lim
m→∞

[m]pm,qm
ψ′′(x)

2
Sαm,pm,qm((t− x)2;x). (5.1)

Here;

lim
m→∞

[m]pm,qmS
α
m,pm,qm(t− x;x) = lim

m→∞
[m]pm,qm(qm − 1)x+ α

= α′x+ α; (5.2)

α′ = lim
m→∞

[m]pm,qm(qm − 1),

and

lim
m→∞

[m]pm,qmS
α
m,pm,qm((t− x)2;x) = lim

m→∞
[m]pm,qm [(pmqm − 2qm + 1)x2 + (q2m + 2qmα+ α)x

= lim
m→∞

[m]pm,qm(pmqm − 2qm + 1)x2 + (1 + 3α)x

= γx2 + (1 + 3α)x; (5.3)

γ = lim
m→∞

[m]pm,qm(pmqm − 2qm + 1).

Using equations (5.2) and (5.3); we have proved the result. �
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