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STANCU VARIANT OF (p,q)-SZiéSZ-MIRAKYAN OPERATORS

ANKITA R DEVDHARA, VISHNU NARAYAN MISHRA*

ABsTrRACT. In this paper, we investigate Stancu variant of generalized (p,q)-Szdsz-Mirakyan operators.
Initially, we estimate moments of the operators. Using Korovkin’s result, we have evaluated the uniform
convergence of the operators. Direct results of the operators have been appraised. For better approximation
we have calculated the rate of convergence of the operators. Last, we have proved Voronovskaya type theorem
for the operators. Particularly, if & = 0 then we get the generalized (p, q)-Szdsz-Mirakyan operators.

1. PRELIMINARIES

In approximation theory, many authors introduced Stancu type generalization of various linear positive
operator [13, [I5]. The use of Bernstein polynomial in g-calculus was first introduced by Lupas[I]. The con-
stant development in g-calculus has led us towards the new generalized approximating operators depending
on g¢-integers[dl 12], [I4]. In recent times Mursaleen et al. [7] introduced new way of approximating linear
positive operators in (p, q)— calculus. Mishra et al. and Khan and Lobiyal have also given some results in
(p, q)—Calculus 5], [16]. The more research is going on in this area [3 [6l 8 [13].

We initiate by revising some definition from (p, ¢)-calculus [7]. Suppose, ¢,p € (0,1],¢ < p.
Definition 1.1. The (p, ¢)-integer [m], , and (p, ¢)-factorial [m|, 4! are described by
P —q"
[m]p)q = ﬁ’ m = 07 1,27 BN [0]1)7(] =0
and
[m]pq! = [m]pglm —1pq---1 , m=1and[0],,! =1.

Definition 1.2. The (p, ¢)-Binomial expansion is

(y+ 25, =y +2)(py + )Py + *2) - (P 'y + ¢ 12),
and the (p, ¢)-binomial coefficients are defined by

{rﬂpq:m 0<j<m.

Definition 1.3. Let ¢ be a function defined on the complex numbers. The (p, ¢)-derivative of 1 is:

Dp,q¢( ) "Ji(p(:;) q)iqw)v x # 0,

and (D, 4%)(0) = 9(0), on the condition that differentiability exist for ¢ at 0.

Definition 1.4. Suppose 1/} is any function and a is real number,
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oo

a qj qj . p
/o 1/J(a:)dp,qx=(P—q)aj§: ]+1¢(pj+1 ) i ‘Q‘>1

Definition 1.5. A (p, ¢)—analogue of classical exponential function e [10] is

0o J(] 1)

p7 Yy
€P7q(y) = Z [] [
j=0 Wi
o ii=1)

yj
Ep,q(y) = [ } |
j=0 J p.q*

The (p, g)—exponential function satisfy following property
epg(Y)Ep,g(—y) = Epq(y)epq(—y) = 1.

2. PRIMARY ESTIMATE

Acar [I1] derived a (p, g)-analogue of Szdsz-Mirakyan operators as:

S [lp.a
Smpa(P;2) =) 8 (p7q;x)1/)(._’ ;
e = 7 2lmlg
where
1 iG-n [m)g xd
Sm(paq;‘r): q (21)[ ]p,q ;j:071,2,...&m€N.

Epq([m]p,q) [7]p.q!
Lemma 2.1 ([I1]). Let ¢,p € (0,1],q < p and m € N, we obtain
Smpq(liz) =1,
Sm,pq(t;T) = qz,

Smp.q(t*; 1) = pgz® +

[m]p,q

With the help of (p, ¢)-analogue of Szdsz-Mirakyan operators we present, ¢,p € (0,1],¢ < p & m € N the
Stancu variant of generalized (p, q)-Szdsz-Mirakyan operators given below as:

Jlp, o
,pq ’(/17 Zsmpa% ( J]pq + )7
q

[m]nq [m]p,
1 iG=1) [m]; qxj
Sm(DyGT) = =4 2 o
Ep 4([m]p,qz) [7]p.q!
Lemma 2.2. For q,p € (0,1],q < p and m € N, we obtain
S% p(lie) = 1 (2.1)
o
Sp o o(tix) =qr + (2.2)
b [m]p.q
2
S (1% 1) = pax® + ——(¢* + 2q0) + . (2.3)
o e 2,

Corollary. With the help of above lemma , we obtain the formulas of the central moments as follow:

Srpa(t —xi2) = (g — )x+[ ]pq, (2.4)
5% ot = 2)%2) = (pg — 2¢ + 1)7° + (¢ + 290 + ) [mT + [ﬂzz . (2.5)

Remark. Here, 0 < ¢ < 1 & g < p < 1. To get the results, we consider the sequences (¢.,), (pm) in such
a way that (¢n) tends to 1; (p,,) tends to 1; (gn)™ tends to o’ & (pm,)™ tends to b’ as m tends to occ.
We can construct above mentioned sequences. For example, let p,, = 1 + ﬁ and ¢, = 1+ ﬁ Then
P — 1,qm — 15 p7 — /2, ¢ — e'/? as m — oo, and mlgnoo 1/[mlp,..qm = 0.
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Consider, the sup norm: || fll2 = || fllcu0,00) = sup { [f(2)| : 2 € C2[0,00) } .
Theorem 2.3. Let the sequence (pn,) and (qm) are given as in above remark (2). Then for each function
Y € (3]0, 00) we get,
T 1850 (6) — 6l = 0; i = 0,1,2.

Proof. From Korovkin’s theorem it is sufficient to verify the following three conditions

lim [[S7 (i 2) — a2 =0; i =0,1,2. (2.6)
The uniform convergence of the above equation is trivial for the case ¢ = 0.
Now, for i = 1;

. o oy _ _
W}E)noo HSmyp,q(a SL') .’17”2 ’mlg)noo ||qm.')3 + [ ]pm,qm .'L'||2
< lim (g — 1oz + lim [—>—| =0.
m—00 m—00 [m]pmy(]m
And, for i = 2;
fin_ (155 o(50) — 2%l = T [pmma® + —— (2, + 2qma) + —o—. — 22|
ml_r)noo m,p,g\l s L T2 = mgnoo PmdmT [ ]pm,qm 9m qma [m}%m o -T2
. . x
< lim Hmem - 1”2372 + lim H(Q?n + 2qma)||27 =0.
m—00 m—00 [m}Pm,qm
Hence, we obtain the result. O

3. DIRECT RESULT

In this segment of the paper, we demonstrate the theorem of local approximation of the operators S, , ..

Consider Cg[0,00) be the set of real valued bounded continuous functions % defined on [0, 00). Obviously,
it is a linear space and the norm ||.|| is define by,

¥l = sup |o(z)].
0<x <00
Also, we consider the Peetre’s K-functional:
Ka(y,0) = inf {[[v— gl +dllg”[I}, (3.1)
geW

where § > 0 and W? = {g € Cp[0,) : ¢’,g" € Cp[0,00)}.
By [9], 3 an absolute constant C >0 >

Ka(1h,8) < Cun (), V5), (3.2)

here
wa (1, V3) = sup (@ +2h) = 2¢(z + h) + ()]
0<h<V38,2€[0,00)
is the second order modulus of continuity of given function ¢ € C'5[0,00). Moreover, the first order modulus
of continuity of given function ¢ € Cg[0,00) is given by;

w(y, Vo) = sup (2 + h) = ()]

0<h<V38,2€[0,00)

Theorem 3.1. Suppose the sequences (py,) and (¢m) are given as in above remark ([2)). Then we get

1S5 () — (a)] < Con(ts om(x)) +w(¢, S rp— )
[m]ananL
1/2
Va € [0,00); where o (x) = (sz,pm,qmw o)+ (Se, (It - ol x>>2)
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Proof. First, we consider the operator:

Then, S5,

™ . N
S s (W58) = S5 (W52) + (@) — (g + ——).
[m]pmu‘hn
., are in linear form. Also, by lemma:({2.2)), we have
Sglapmﬂm (17 .’13) = 1)
G . _ Qu . « .
S pomsam (BT) =S5 g (BT) + @ — g+ ——— = 1.

[m]pm \Gm

Now, we consider g € W2. The Taylor’s formula for ¢t € R* of g is:

t

ot) = g(z) + ¢ (@)(t — 2) + / (t - u)g” (u)d.

x

Using above equation (3.5) and (3.6)); we obtain

Hence,

Here;

Also;

Hence,

where,

Now,

And

Hence;

t
§ (ga) —gla) = 8% ( [ =gty x) |

¢
S oot </I (t —u)g" (u)du; x) ‘

. ’ /QQC"F [m]p:L,qm ( n (0% ) ”( )d
qr T —u)g (u)auj.
T [m]pmv%n

S am (932) — g(2)] <

< [t = =llg"l

| (g (u)d

‘ /qw-‘r [m]p:;-,qm ( T ) /,( )d < " % 2” //||
x [m]pm7Q7n [m]pmylhn
~ o 2
S (9:2) = 9@ < S5 g (=25 2) 19" (| + gz + T ¢ 19"
Pmdm

= llg" 167, (x)-

t—x|;x)>2)1/2.

85 (gie) — g(@)| < |g"] (ng,pm,qmat i) (s, L (- x|;x>>2).

6m(x) - (Sz{bvpm,lbn( t— x|2; J;) + (S’Sflvp'mﬂbn(

S s (V32 < S0 0 (03 2) £ 2[00 < 3[4

St g (V3 7) = V(@) < 1S5 0 (= g52) = (¥ = @) (@)| + |5 5., 0, (957) — 9()]

" ‘wx) — plgma + )
).

[m]me sdm

«

<4l — gl + 19" 18 () +w(w, (1 g -

4

[m] Pmdm

(3.7)



Considering infimum over all g € W2 on R.H.S.; we get

Q
S s (05 2) = ()| < AKo (43 07, () + w<1/), (l-qz— )
[m]pwn(bn
For all 0 < ¢y, < pm < 1 & with the help of (3.2)); we obtain
Q
1S pon s (V3 7) = ¥(@)| < Cwz(¥; 6 () + w <1/), (I-q)z— )
P
Hence proved. O

4. RATE OF CONVERGENCE

Suppose A = [0, 00).
Let By2(A) = {¢: A = R: [¢p(z)] < M(1+22); M > 0 & is constant depends on 1}
And Cp(A) = {¢ € By2(A) : 9 is continuous};
Cir(A) = {y € Car(A) : ZZ — finite as @ — oo}
The norm of C},(A) is given as,

o Y@
lollar = SUD

We define the local modulus of continuity of 1 as:

wa (¥, 0) = sup lyp(t) — ¥ (z)].

t,z€l0,al;|t—z|<d

Theorem 4.1. Suppose ¢ € Ci;(A); (pm) & (qm) are define as in above remark and wq (¥, 6) is modulus
of continuity of 1 on [0,a + 1] C [0,00). Then we obtain

155 e (3 2) = (@) €10, < 6Mp(1+ ) n + 200041 (15 /),

where

Sm = (1 — pmam)a® + (1 + 3a)[

a a
M pam + (13 am

Proof. Here z € [0,a] & t € RT U{0} [12]; we get

600 = 6l < 61 +a)(t =) a8, (1 1)

Now, making use of above inequality & Cauchy-Schwarz inequality, we get

1S pm s (3 2) = (@)l < St (W5 2) — ()]s )
< 6My(1+a®)S5 . 0 ((t—2)%52)
1 1/2
i) (14 558500~ 05 )

Hence, with the help of corollary: 2.1; z € [0, a], we have

x !
Sﬁg’vauqm((t - ;z:)2; r) = (PmGm — 2qm + 1)x2 + (qZ’L + 2qma + a) [m] + [m]?
Pmqm Pmsqm
9 9 a a?
< (Pmdm — 2gm + 1)a” + (g, + 2gma + a) ] + 2
Pmdm Pmqdm
2
a !
< (U pman)e® + (SO G  fog
Pmsdm Pmsdm
= G ()
Considering d,,(z) = v/sm(x), we get the result. O

Some more results can be seen in [2].



5. VORONOVSKAYA THEOREM FOR Sy .

Theorem 5.1. Suppose (pn,) and (¢,,) are as in above remark (2). For 1 € C3(A) > ¢/, 4" € C3(A); we
get

lim [m]p,, g, [Sph p,0.q, (V3 2) = V(@) = (/2 + )9 () + (v2* + (1 + 3a)a)p" (2) /2

m—r 00

uniformly on [0, B] for any B > 0, where

T 1)
o = T [mlp,, g (am = 1);

T= n}i_rgo[m]ljm,qm (qum - 2¢m + 1).
Proof. Applying Taylor’s formula on ¢ € C},(A); we get
(1) = P(x) + (t —2)y () + 39" (2)(t — 2)* + R(t,2)(t — x)?,

where, R(t,z) is Peano form of the remainder & R(t,z) — 0 as t — x.
Hence;

[m]pm,Qm (SgL,pm,qm (’(/}7 37) - ’(/}(LL')) = [m]pm,Qmwl('r)SgL,pm,qm (t - .’IJ)

¢ ()
g, T80 (- %)
+ [m]pwuq”i, ng,p,,“q,m (R(t’ x)(t - ‘/E)Q; x)

Using Cauchy-Schwarz inequality, we get

St pan R0 — 0)52) <\ [0, (B2 2)i2)y S5, (= 2)552)
Since, R(t,x) € C3;(A), by theorem: (2.3 and fact that R(z,z) = 0; we have

lim S¢ (R*(t,x);x) = R*(x,2) =0

m—soo  MHPm:9m
uniformly for z € [0, B]. Therefore, we have

i [mly,, 40 S5 g (R(E 2)(E = 2)%2) = 0.

m—00 P
Hence,
A (S5 (052) = 9(2)) = i [ (2)55 v, (0 = 232)
"
+ lim [mlp, 4, Y 2(96) Se L ((t—a)%a). 5.1)
Here;
0 5 8 = 252) = 11 [ (0 = D+
=ozta; (5.2)
o = mh_r,noo[m]pm,qm (gm — 1),
and
Tr}gﬂm[m}pmqmsﬁpm’qm((t —a)ie) = ﬂ’}i—r}loo[m}pme [(PmGm — 2qm + D)2 + (g2, + 2¢ma + a)z
= Qi [mlp,, g, (Pmdm = 2m + Dz® + (1 + 3a)z
= vz + (14 3a)x; (5.3)
7= ,giinoo[m]pm,qm (Pmlm — 2Gm + 1).
Using equations and ; we have proved the result. O
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