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SYMMETRY IDENTITIES FOR THE 2-VARIABLE UNIFIED
APOSTOL-TYPE POLYNOMIALS

BURAK KURT*, SECIL BILGIC

ABSTRACT. In this paper, we introduce and investigate 2-variable unified Apostol-
type polynomials. We obtain some symmetry identities between these polyno-
mials and the generalized sum of integer powers. We give explicit relation for
this unified family. Also, we prove some recurrence relation for these polyno-
mials.

1. INTRODUCTION

Throughout this paper, we always make use of the following notations: N denotes
the set of natural numbers, Ny denotes the set of nonnegative integers, R denotes
the set of real numbers, C denotes the set of complex numbers.

«
n

The generalized Apostol-Bernoulli polynomials B ( )(x, A) of order A € Ny, the
generalized Apostol-Euler polynomials Efla) (z,\) of order a € Ny and the general-

ized Apostol-Genocchi polynomials el (z,\) of order @ € Ny are defined by the
following generating functions (5], [I5]-[18], [20]) respectively,

ZBSL )(a:,A)a = ()\et—l> e”, |t| < 27, (when A =1, [t| <|logA| when X\ # 1),
(1)

n=0

o0 tn 2 o
;Eff) (,0) 5 = (W) e, (Jt| <, when A =1, [t| < [log(—\)|, when X # 1)
(2)
and
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26\,

ZG(O‘) x, )\ o (Aet T 1) e”, (Jt| <7 when A =1, [t| <|log(—=A)| when \ #1).
3)
The multiplier power sums are defined by Luo [16] as follows
l
S(l) . _ v1+2v24... MU, - (k) )
R (M3 A) Z V1, V2, ers U A (v1 4+ 2v2 + ... + Muy,)
0<v1<...<vp, =l
Vit FUm

(4)

From [, we have

(Ti;ﬂt)l - ,\11:0 {:ZO (Z) (—0)" PSP (m; ) f:'} (5)

(see detail in [16]).
Ozden et al in [19] defined the generalized Stirling numbers of the second kind
as

n bet v
ZSnvabﬁ u (6)

v!

Ozarslan in [2] deﬁned the unified Apostol-Bernoulli, Euler and Genocchi poly-
nomials as

ol—kyk @ a

where k € Ny, a, b € R\ {0}, o, 8 € (C.
Khan et al in([9]-[I1]) defined the 2-variable general polynomial family as

’I’L

wt¢ ya Z ) Po(l',y) =1 (8)
where

Z% ,,<z>o y) # 0.

Khan et al in ([9)-[11]) gave some basm relations and explicit relations for this

polynomial.
We define the 2-variable unified Apostol-Bernoulli, Euler and Genocchi polyno-
mials pPT(L?;; (z,y;k,a,b) of order o as
o tn 9l—k tk (@) N
Z P ) (z,y; k,a, b) <ﬂbetab> € t¢(yat) (9)
where
o0 tn N
D Palw,y)— =e"o(y.1) Z% ,, " bo(y) £0.
n=0

Luo in ([I5]-[I8]) introduced and investigated for the Apostol-Bernoulli poly-
nomials, the Apostol-Euler polynomials and Apostol-Genocchi polynomials. He
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proved the multiplication formulas for Apostol-type polynomials. He proved some
recurrence relation and explicit relationships for these polynomials. Srivastava et
al in ([20]-[23]) gave some generalizations,proved the some theorems, recurrence
relations for the Apostol-Bernoulli, Euler, Genocchi polynomials.

Kurt in ([I3]-]14]) proved some identities and symmetric relations for these poly-
nomials.

Ozden et al in [I9] gave unified representation for these polynomials. Ozarslan
([, [2]) proved some relation and symmetric relations for the unified Apostol-type
polynomials and Hermite-based Apostol-Bernoulli, Euler and Genocchi polynomi-
als.

Khan et al ([9)-[11]) introduced and proved some relations for the 2-variable
Apostol-type polynomials.

In this work, we define the 2-variable unified Apostol-type polynomials pPr(fﬁ) (z,y; k,a,b)
of order @ € Ny. We give some basic relationships for these polynomials. Also, we
prove some symmetric relations between for these polynomials.

2. ExpLICIT RELATION FOR THE 2-VARIABLE UNIFIED APOSTOL-TYPE
PoLYNOMIALS

In this section, we aim to obtain the explicit relation of the polynomials prfg (z,y; k,a,b).
We prove some relations for these polynomials and give the relations between the
2-variable unified family of generalized Apostol-type polynomials and the Stirling
numbers of second kind S(n,v,a,b, 3) of order v.

For a = 1, we write again the equation @ as

0 tn 21—k tk
F(.’E,y; k7aa bvﬂvt) = Z an,B(%y; kvavb)ﬁ = (M) ewt¢(y7t)- (10)
n=0 ’

We can obtain the following equations easily from (9]

F(z +1,y:k,a,b,8,t) = ' F\(z,y: k,a,b, 3,1), (11)
F (z,k,a,b,8,t) F (w, k,a,b, 3,t) = F(0,k,a,b, 8,t)e@+t (12)
(8%" + a")F (z,y; k,a®,b, 8°,2t) = 2"F (22, y, k, a,b, B, 2t) (13)

and

F(x7y;k7a7b’ﬂ7t)F(’u"o;k7a’b7/8)t) :F(k7a’b)/87t)F(‘/I;+u7y;k)a7b’ﬁ7t>'
(14)

Theorem 1. The 2-variable unified Apostol-type polynomials satisfy the following
equations

[ - n «
PP+ Lysk,ab) = <l) b (@i ks ash), (15)
=0
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Xn: ( ) P, g(x,y;k,0,0) pPom, g(w,y; k, a,b)

m=0

i () pP 50,55k, a,b) (@ +w)" ", (16)

r=0
n
) . g2 (2,y,a2,0)2™ +a® P, g (x,y; k,a?, b)2"

) Po, (2,2 b, a,b)a” (17)
and

i <n) p P, s(x, Y5k, a,0) p Py, g(u,0;k,a,b)

m=0 m
- Z <7:Ll) ;D-PWL7 ﬁ(oao;kvaab) p-Pnfm7 5(:E+u,y, kvaa b) (18)
m=0

Proof. can be find easily. By using (9), (17)), (17), equation can be prove

easily from , and respectively. I

Theorem 2. There is the following relation between the Stirling numbers of the
Second kind S(n,v,a,b,8) and the 2-variable unified Apostol-type polynomials

AT
VPO, (g a,h) = P (”) VP, (i k0 0)S (11,00, 6)

2kn| l
1=0
(19)
Proof. From @ and @, we write as
) n — (a) bt b
(a—1) ) t B 1 Ql—kyk ot 5°et —a
Z pPn 8 (ffay’k,aab)m = 91—k <Bbet—ab € d)(y’t)T
n=0
- (a—1) tn+k -
ZPPH,B (x,y;l@a,b)T = Z 5(z,y5k,a,b) 'Z SllabB
n=0 m=0

By using Cauchy product and comprising the coefficient of %, we have 1} ]

Theorem 3. The following statements of the 2-variable unified Apostol-type poly-
nomials hold:

) dz »b, n, )5(37 y; k,a, b) —inr(La)1 ﬁ(x,y;k,a,b)

(1

(2 (a) ( Z,y; kaa7b) Zl =0 (7) p 7(1a)1 ,B(k a b)Pl (I,y)

(3 pP(a+”’<x+u yik,a.b) =S o (%) P (w,yika,0) P (uyy, K a,b)
(

(

) p

) m=0 p-m, B n—m, 3
4) pb P(aﬁ(x—i— Ly k,a,b) = 2t7F nf!k)! pPéaklﬁ(x y; k,a,b)

)

(

5 f‘rl Pfla)l s(@, Yk, a,b)de = %{ pPT(L,a?B(xl,y;k,a,b) - pP( )B(xo,y; k,a,b)}

n,
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3. SOME SYMMETRY IDENTITIES FOR THE 2-VARIABLE UNIFIED APOSTOL-TYPE
POLYNOMIALS

Kurt in ([I3], [I4]) proved some symmetry identities for the unified Apostol-type
polynomials. Ozarslan [2] proved some relation for the Unified Apostol-Bernoulli,
Euler, Genocchi polynomials.

In this section, we give new symmetry identities for the 2-variable unified Apostol-
type polynomials.

Theorem 4. The following symmetry relations for the 2-variable unified Apostol-
type polynomials hold true:

n c—1 bi .
Z (n> {Z (6> prna’)ﬁ <x+dl;dy;k,a,b> cm
m a c

m=0 i=0
d—1 jb }

(ﬁ) A (X + ek a, b) -
o\ ' d

n n d—1 6 bi (@) ci .
= Z o Z ” meﬁ x+g;cy;k,a,b d
m=0 i=0
c—1 ib .
8y’ o dj nem

(a P X+ 5dYik,ab)e : (20)

§=0

Proof. Let f(t)

22(1—k)at2kaecdt¢(y,cdt) (ﬁbcecdt _ abc) (ﬁbdecdt _ CLbd) edzt¢ (Y, Cdt)

(Bbect — ab)* T (Boect — ab)* T

be
() B cdt
1 21k (ct)” e o) el
A (2N g g [ B
(cd) Be a (ﬁ) edt _

a

bd
(o) B8 cdt
21—k k a e — 1
( i dt(dt)b> XU (Y, edt) .ab ( ) _
Bbedt —a (g) et _ 1

since the expression for f(t) is symmetric in ¢ and d . We can expand f (t)
into series in

_ (@) c—1 bi _ ()
1 2!+ (Ct)k cta be—b p dti 2!k (dt) dXt
= (cd)™ (ﬁbect —ab €176 (dy,ct) "y <a) € <ﬁbedt _ ab> €
i=0

d—1 ib
¢ (cY,dt) a®@~b Z (§>] et
=0

f) =
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By using the Cauchy product,We have

c—1 bi .
Z 2: b () di . m _bc+bd—2b
B (Cd ka ( ) {Z<Q me7ﬁ x—"_?’dy?kﬂa)b ca
n=0m=0 i=0

n

d—1
o , ¢
( ) P! )m5<X+§j,cY:k7a,b)d" mt

n!
j=0

M

(21)

in a similar manner,

1 21-kqp \@ dat bict <= (B et [ 2 Fet @
T = gy (ﬁbedt—a”> R P (a> ‘ <6be“—a”>

1=

c—1

AN
Xt (dY, ety a0y (a> it

Il
—~
o
&~
=
Q
[~
hE
7 N
3 3
N———
—N—
M
L
N
ke
N———
S
5
O
L2
7 N
_|_
Q
<
=~
Q
(wal
N———
Q.
3
o
U
+
g
[V
o

bj . n
p PO (x+ Y avikab)en-—mb D (22)
a P+ n—m,S c
=0

From, and ,we have .

Theorem 5. This is the following relations holds true.

Z (Z) P(a (x,dy; k,a,b) c™ ppr(:imﬁ (X,cY;k,a,b)d"™™

n o o n—m
= (m) va(n)ﬁ (X, cy; k,a,b)d™ P( ) (x,dY;k,a,b)c (23)

n—m,(

Theorem 6. There is the following relation between the multiplier power sums and
the 2-variable unified Apostol-type polynomials

#E0) et (L) o

s=0 p=0 p

b
S <c, (f) ) wPi_p (cX, Yk, a,b) dl}

{prf‘lﬁ) (X, Yk, a,b)d"™ ZZ( )Z (8> ()"
)

S
s=0 p=0

0
ﬁ b
5L <d, (a ) wPi_s 5 (dz, dy; k, a,b) cl} . (24)



102 B. KURT, S. BILGIC

Proof. Let
(t) B tk:(a+2)2(17k:)(a+2)ecdzt¢ (y’ Cdt) (ﬂbdecdt _ abd)
g\ = (Bbect — qb)* T (Bbedt — gb)*T

From the g (t) is symmetric in ¢ and d, we write as
ko1 (a+1) .
B 1 (ct)F 21—+ st gy, ot Bhdgedt _ gbd\ @
= Kt gk \ Bbect — b Y, Bbect — b

kol

By using the equation in above equality, we write as

s P s £ (e

s=0 p=0

5@ (¢ (2 b #US P (X, eVik,a,b)d" b &
k ) a 5! . pln,B ) y vy Uy n|
n—

Using cauchy product, we get

o €CdXt¢ (Y" Cdt)

l
a+l n— o p—ba !
T D () RIS TR oy

S
n=0 (=0

0
S b
> (;) (—a)* 78 <c, (f) )ds PP (eX,eY ik, a,b) d }

p=0

-(25)

In a similar manner

gt = a+1)ck ZZ( ) {pp T (eX, ek, a,b) d"labe g ”"zl: (l)

S
n=0 (=0 s=0

s b n
> (;) (—a)* P () (d, (f) ) & P (dx, dy; k. a,b) cl} t—|(26)

p=0
Comparing the coefficients tn—n, both sides above equations. We have .
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