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ON MULTIDIMENSIONAL FREDHOLM INTEGRAL EQUATIONS

OF THE FIRST KIND

AHMET ALTÜRK

Abstract. We introduce a new algorithm for solving multidimensional Fred-
holm integral equations of the first kind. The regularization and the weighted

mean-value methods constitute the algorithm. The former is used to trans-
form the Fredholm integral equations of the first kind to the Fredholm integral

equations of the second kind and the latter is employed to solve the resulting

Fredhom integral equations. Examples will be provided to demonstrate the
reliability and applicability of the proposed approach.

1. Introduction

Many inverse problems in science gave rise to integral equations of the first
kind. In particular, single and multidimensional Fredholm integral equations of the
first kind have arisen in many applications to such diverse areas as engineering,
chemistry, palaeoclimatology, immunology, and physics [11]. In this article, we
focus on linear and nonlinear multidimensional Fredholm integral equations of the
first kind. Multidimensional Fredholm integral equation of the first kind are of the
form

f(x) =

∫
Ω

K(x, t)F (φ(t)) dt, x ∈ Ω, (1.1)

where x = (x1, x2, . . . , xn), t = (t1, t2, . . . , tn),Ω = [a1, b1]×. . .×[an, bn] ⊂ Rn, f(x)
is the data function, K(x, t) is the kernel, F (φ(t)) is a linear or a nonlinear function
of φ(t), and φ is the only unknown in (1.1) that we wish to determine.

Fredholm integral equations of the first kind are usually ill-posed in the Hadamard
sense [12], that is, the existence and uniqueness of the solution and continuous de-
pendency of the data function to the solution are not guaranteed for ill-posed prob-
lems. A conventional way to overcome this difficulty is to regularize the problem. In
general, the main purpose of regularization methods applied to integral equations
is to replace an ill-posed equation of the first kind by a well-posed equation of the
second kind.
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There are numerous analytical and numerical methods that have been employed
by many researchers for solving one-dimensional Fredholm integral equations [25,
26, 27]. However, only recently, an interest in multidimensional case has increased.
Here we list some of the recent studies; [17] introduced the Taylor series expan-
sion method to solve three-dimensional Fredholm integral equations. [10] used a
numerical scheme to approximate the linear Fredholm integral equations. [18] fo-
cused on approximating the solutions of the linear Fredholm integral equations by
modification of hat functions. [15] employed integral mean value method to solve
Fredholm integral equations in high dimensions. [2] applied the regularization-
homotopy method to solve two-dimensional Fredholm integral equations. [20] used
a combination of regularization method and integral mean value method to solve
multidimensional Fredholm integral equations. For other methods, we refer the
reader to [1, 6, 13, 19] and the references therein.

In this study, we’ll first use the Lavrentiev regularization method [16] to trans-
form (1.1) into a Fredholm integral equation of the second kind and then apply the
weighted mean-value method (WMVM) to solve the resulting second kind equation
[3].

We organize this article as follows: In Section 2, we set up some preliminaries
and review the Lavrentiev regularization method and the weighted mean-value
method. In Section 3, we describe our algorithm. Section 4 provides some numerical
examples to demonstrate the simplicity and applicability of the algorithm. The final
section is reserved for a conclusion.

2. Preliminaries and Overview

In this section, we will review the regularization method along with the weighted
mean-value method. For more details on these both methods, we refer the reader
to [3, 16, 22, 23, 24, 25].

2.1. The regularization method. The regularization method was introduced by
Tikhonov [22, 23, 24] and Philips [21]. Roughly speaking, it amounts to convert-
ing (1.1) into the approximation Fredholm integral equation

φµ(x) =
1

µ
f(x)− 1

µ

∫
Ω

K(x, t)F (φµ(t)) dt, (2.1)

where the regularization parameter µ is a small positive parameter. This type of
regularization is known as the Lavrentiev regularization method [16] which will also
be employed in this work. Under some mild conditions, it was shown in [7, 8] that

lim
µ→0

φµ(x) = φ(x) (2.2)

This is important in the sense that we could deduce the solution of (1.1) from that
of (2.1). Thus, after applying the regularization method, the question is reduced
to find the regularized solution φµ(x).

2.2. Weighted mean-value method. Mean value theorems for both derivatives
and integrals can be classified as the most important theorems of mathematical
analysis. Recently, based on the mean value theorem for integrals, the integral
mean value method was introduced in [14, 15]. This method consists of trans-
forming an integral equation into a system of algebraic equations. In [3, 4], the
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author introduced the weighted mean value method (WMVM) that is based on the
weighted mean value theorem for integrals for solving Fredholm integral equations.
In this work, we aim to extend the application of the WMVM and apply it to
multidimensional Fredholm integral equations.

Theorem 2.1. [5] Let f, g : [a, b] → R be continuous on [a, b]. If g never changes
sign in [a, b], then there exists a number c ∈ [a, b] such that∫ b

a

f(x)g(x) dx = f(c)

∫ b

a

g(x) dx.

In the subsequent sections, we apply the weighted mean value theorem for one-
dimensional integrals successively. This will allow us to obtain a system of algebraic
equations as it is explained throughly in the next section.

3. Main Section: Method of solution

In this section, we present our algorithm for solving (1.1). This study is moti-
vated by [20]. In this and all subsequent sections, we assume that the kernel function
K(x, t) ≥ 0 ( or, K(x, t) ≤ 0) for all x, t ∈ Ω. We first apply the regularization
method to (1.1) to obtain (2.1), i.e.,

φµ(x) =
1

µ
f(x)− 1

µ

∫
Ω

K(x, t)F (φµ(t)) dt.

Since Ω = [a1, b1]× . . .× [an, bn], we can write (2.1) as

φµ(x) =
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ b1

a1

K(x, t)F (φµ(t)) dt1dt2 . . . dtn. (3.1)

Applying WMVM to (3.1), that is, applying the weighted mean value theorem for
one-dimensional integrals to the right most integral in (3.1), yields

φµ(x) =
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ b2

a2

F (φµ(γ1))

∫ b1

a1

K(x, t1, t2, . . . , tn) dt1dt2 . . . dtn,

=
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ b2

a2

K1(x, t2, . . . , tn)F (φµ(γ1))

∫ b1

a1

dt1dt2 . . . dtn,

(3.2)

where c1 ∈ [a, b], γ1 = (c1, t2, . . . , tn), and

K1(·) =

∫ b1

a1

K(x, t1, t2, . . . , tn) dt1.

For i = 2, 3, . . . , n, we follow the same procedure as the previous case and obtain

φµ(x) =
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ bi

ai

Ki−1(x, ti, ti+1, . . . , tn)F (φµ(γi−1)) dti . . . dtn,

(3.3)
where ci ∈ [ai, bi], γi = (c1, c2, . . . , ci, ti+1, . . . , tn), and

Ki(·) =

∫ bi

ai

Ki−1(x, ti, ti+1, . . . , tn) dti . . . dtn.

In particular, the last step which corresponds to the case i = n leads to

φµ(x) =
1

µ
f(x)− 1

µ
Kn(x)F (φµ(γn)). (3.4)
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Notice that this last equation becomes a regularized solution if γn is known. It is
this equation from which we obtain an approximate solution. We substitute γn for
x in (3.4) and get

φµ(γn) =
1

µ
f(γn)− 1

µ
Kn(γn)F (φµ(γn)). (3.5)

We now plug (3.4) into the right hand side of (3.1), substitute γn for x, and get

φµ(x) =
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ b1

a1

K(x, t)

× F
( 1

µ
f(t)− 1

µ
Kn(t)F (φµ(γn))

)
dt1dt2 . . . dtn,

φµ(γn) =
1

µ
f(γn)− 1

µ

∫ bn

an

. . .

∫ b1

a1

K(γn, t)

× F
( 1

µ
f(t)− 1

µ
Kn(t)F (φµ(γn))

)
dt1dt2 . . . dtn. (3.6)

We then substitute γi−1, i = 2, . . . , n for x in (3.4) and get

φµ(γi−1) =
1

µ
f(γi−1)− 1

µ
Kn(γi−1)F (φµ(γi−1)). (3.7)

We now plug (3.7) into (3.3) and replace x with γn so that we have

φµ(x) =
1

µ
f(x)− 1

µ

∫ bn

an

. . .

∫ bi

ai

Ki−1(x, ti, ti+1, . . . , tn)

× F
( 1

µ
f(γi−1)− 1

µ
Kn(γi−1)F (φµ(γi−1))

)
dti . . . dtn,

φµ(γn) =
1

µ
f(γn)− 1

µ

∫ bn

an

. . .

∫ bi

ai

Ki−1(γn, ti, ti+1, . . . , tn)

× F
( 1

µ
f(γi−1)− 1

µ
Kn(γi−1)F (φµ(γi−1))

)
dti . . . dtn. (3.8)

Equations (3.5), (3.6), and (3.8) for i = 2, 3, . . . , n form a nonlinear system of
equations. We solve this system for γn and φµ(γn). If substitute these values
in (3.5), we obtain the regularized solution. Once we have the regularized solution,
the rest is easy in the sense that by taking the limit as µ→ 0 the desired solution
is obtained.
Let us summarize the algorithm we propose for solving (1.1).

• Apply the algorithm we propose for solving (1.1) to obtain (2.1).
• Employ WMVM and follow the procedure explained above to get equa-

tions (3.5), (3.6), and (3.8).
• Solve the system of algebraic equations formed by the previous step to

obtain the regularized solution.
• As a final step, use (2.2) to get the desired solution.

Since the Fredholm integral equations of the first kind are usually considered to be
in the class of ill-posed problems, it is quite normal to expect that the equations
have more than one solution if a solution exists. Having tools to identify these
solutions is always desirable. One of the reason for this is that we might be given
some initial constraints that must be satisfied by the solution. For some specific



MULTIDIMENSIONAL FREDHOLM INTEGRAL EQUATIONS 89

cases, we resolve this problem and provide a way to obtain infinitely many solutions.
First of all, if we assume that the kernel is separable, i.e., K(x, t) = g(x)h(t), then

φ(x) =
f(x)∫

Ω
K(t, t) dt

is a solution for

f(x) =

∫
Ω

K(x, t)φ(t) dt, x ∈ Ω, (3.9)

provided that
∫

Ω
K(t, t) dt 6= 0. The regularization steps transform (3.9) into

φµ(x) =
1

µ
f(x)− 1

µ

∫
Ω

K(x, t)φµ(t) dt,

=
1

µ

(
f(x)− λg(x)

)
, (3.10)

where λ =

∫
Ω

h(t)φµ(t) dt. Substituting (3.10) into this last identity and solving

for λ, we have

λ =

∫
Ω
h(t)f(t) dt

µ+
∫

Ω
K(t, t) dt

(3.11)

Plug (3.11) into (3.10), we obtain

φµ(x) =
1

µ

(
f(x)−

∫
Ω
h(t)f(t) dt

µ+
∫

Ω
K(t, t) dt

g(x)
)
,

=
f(x)

µ+
∫

Ω
K(t, t) dt

(3.12)

If we let µ→ 0, we get the desired result. Namely,

φ(x) =
f(x)∫

Ω
K(t, t) dt

· (3.13)

Remark. One can easily deduce other solutions from (3.13) by multiplying f(x)
and K(t, t) by the same arbitrary function as long as its product with the kernel
function K is integrable over Ω and this integral is nonzero.

Remark. Another way to get other solutions is by adding any function that is
orthogonal to the function h to the right hand side of (3.13).

4. Numerical Examples

In this section, we apply the proposed algorithm to some test problems in order
to see how the algorithm works. We also provide a formula that gives infinitely
many solutions for some integral equations with special kernels.

Example 4.1. (Nonlinear Fredholm integral equation) Consider the following lin-
ear Fredholm integral equation of the first kind [25]:

ex =

∫ 1/2

0

2ex−4tφ2(t) dt. (4.1)
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We begin by setting that

ψ(x) = φ2(x) (4.2)

Since this transformation is invertible, i.e., φ(x) = ±
√
ψ(x), we first apply our

algorithm to

ex =

∫ 1/2

0

2ex−4tψ(t) dt. (4.3)

We apply the regularization method to transform (4.3) into

ψµ(x) =
ex

µ
− 2

µ

∫ 1/2

0

ex−4tψµ(t) dt. (4.4)

Applying the weighted mean-value theorem, we obtain

ψµ(x) =
ex

µ
− 2

µ
ψµ(c)

∫ 1/2

0

ex−4t dt

=
ex

µ
− 1

2µ
ψµ(c)(e2 − 1)ex−2 (4.5)

Now, replacing x with c in (4.5), and reorganizing the resulting equation, we have

ψµ(c) =
ec

µ
− 1

2µ
ψµ(c)(e2 − 1)ec−2. (4.6)

Since we aim to find c and ψµ(c), we need one more equation. This equation along
with (4.6) form a system of equations. Substituting (4.5) into (4.4), we have

ψµ(x) =
ex

µ
− 2

µ

∫ 1/2

0

ex−4t
(et
µ
− 1

2µ
ψµ(c)(e2 − 1)et−2

)
dt. (4.7)

Evaluating this integral and replacing x with c, we obtain

ψµ(c) =
ec

µ
− 2

3µ2
(e3/2 − 1)e(c−3/2) +

1

3µ2
(e2 − 1)(e3/2 − 1)ψµ(c)e(c−7/2). (4.8)

Combining (4.6), (4.8), we have the following system of equations:

ψµ(c) =
ec

µ
− 1

2µ
ψµ(c)(e2 − 1)ec−2,

ψµ(c) =
ec

µ
− 2

3µ2
(e3/2 − 1)e(c−3/2) +

1

3µ2
(e2 − 1)(e3/2 − 1)ψµ(c)e(c−7/2).

In this case, we obtain

c = log
( 4(e+ e1/2 + e3/2)

3(1 + e+ e1/2 + e3/2)

)
≈ 0.1806,

ψµ(c) =
4β

β(3µ− 2e−2 + 2) + 3µe3/2
,

β = e2 + e3 + e5/2. We substitute this value in (4.5) for ψµ(c) and get

ψµ(x) =
3(β + e3/2)ex

β(3µ− 2e−2 + 2) + 3µe3/2
(4.9)

Letting µ→ 0, we obtain

ψ(x) =
3(β + e3/2)ex

2β(1− e−2)
· (4.10)
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Taking the inverse transform of (4.2), we have

φ(x) = ±

√
3(β + e3/2)ex

2β(1− e−2)
, (4.11)

which are the exact solutions. There are other solutions [25].

Example 4.2. (Linear Fredholm integral equation) Consider the following linear
Fredholm integral equation of the first kind [20]:

1

2
(e2 − 1)ex+y =

∫ 1

0

∫ 1

0

ex+y+s+tφ(s, t) ds dt. (4.12)

We first apply regularization method to transform (4.12) into

φµ(x, y) =
1

2µ
(e2 − 1)ex+y − 1

µ

∫ 1

0

∫ 1

0

ex+y+s+tφµ(s, t) ds dt. (4.13)

Applying the weighted mean-value theorem for one-dimensional integrals succes-
sively, we obtain

φµ(x, y) =
1

2µ
(e2 − 1)ex+y − e− 1

µ

∫ 1

0

ex+y+tφµ(c1, t) dt,

φµ(x, y) =
1

2µ
(e2 − 1)ex+y − (e− 1)2

µ
ex+yφµ(c1, c2). (4.14)

Now, replacing x with c1, y with c2 in (4.14), and reorganizing the resulting equa-
tion, we have

φµ(c1, c2) =
1

2µ
ec1+c2

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

)
. (4.15)

Since we aim to find c1, c2 and φµ(c1, c2), we need two more equations. These
two equations along with (4.15) form a system of equations. Substituting (4.14)
into (4.13), we have

φµ(x, y) =
1

2µ
(e2− 1)ex+y − ex+y

2µ2

∫ 1

0

∫ 1

0

e2s+2t
(
e2− 1− 2(e− 1)2φµ(c1, c2)

)
ds dt.

(4.16)
Evaluating this integral and replacing (x, y) with (c1, c2), we obtain

φµ(c1, c2) =
ec1+c2

8µ2
(e2 − 1)

(
4µ− (e2 − 1)

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

))
. (4.17)

Similarly, substituting (4.14) into (4.13) results in

φµ(c1, c2) =
ec1+c2

4µ2
(e2 − 1)

(
2µ− (e− 1)ec1

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

))
. (4.18)

Combining (4.15), (4.17), and (4.18), we have the following system of equations:

φµ(c1, c2) =
1

2µ
ec1+c2

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

)
φµ(c1, c2) =

ec1+c2

8µ2
(e2 − 1)

(
4µ− (e2 − 1)

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

))
φµ(c1, c2) =

ec1+c2

4µ2
(e2 − 1)

(
2µ− (e− 1)ec1

(
e2 − 1− 2(e− 1)2φµ(c1, c2)

))
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By solving this system of equations, we obtain

c1 = log(
e+ 1

2
),

c2 = log(
e+ 1

2
),

φµ(c1, c2) = − 2e− 2e3 − e4 + 1

8µ− 4e2 + 2e4 + 2
. (4.19)

If we substitute (4.19) into (4.14), we get

φµ(x, y) =
1

2µ
ex+y

(
e2 − 1 +

2(e− 1)2(2e− 2e3 − e4 + 1)

8µ− 4e2 + 2e4 + 2

)
(4.20)

As the last step, if we apply (2.2), we obtain

φ(x, y) =
2

e2 − 1
ex+y,

which is the exact solution. Exactly the same solution is also obtained in [20]. Since
it is an ill-posed problem, we expect that there are other solutions as well. Indeed,
there are other solutions [20].
Notice that the same solution can also be obtained directly from (3.13). To con-
struct another solution, we consider

φ(x, y) =
f(x, y)ψ(x, y)∫ 1

0

∫ 1

0
K(s, t, s, t)ψ(s, t) ds dt

, (4.21)

where ψ(x, y) = e−y (see the remark given in the preceding section). Then

φ(x, y) =
1

e− 1
ex,

which is another solution to (4.12). Choosing suitable ψ and following the same
steps, we could get other solutions. It is always important to have a family of
solutions in hand if it is known that the solution is not unique. This is simply
because we might be given an initial condition or other physical constraints that
must be satisfied by the solution of the equation.

Example 4.3. (Nonlinear Fredholm integral equation) Consider the following lin-
ear Fredholm integral equation of the first kind [20]:

x

6(1 + y)
=

∫ 1

0

∫ 1

0

x

1 + y
(1 + s+ t)φ2(s, t) ds dt. (4.22)

We start by setting that

ψ(x, y) = φ2(x, y) (4.23)

Since this transformation is invertible, i.e., φ(x, y) = ±
√
ψ(x, y), we first apply our

algorithm to

x

6(1 + y)
=

∫ 1

0

∫ 1

0

x

1 + y
(1 + s+ t)ψ(s, t) ds dt. (4.24)

We apply the regularization method to transform (4.24) into

ψµ(x, y) =
x

6µ(1 + y)
− 1

µ

∫ 1

0

∫ 1

0

x

1 + y
(1 + s+ t)ψµ(s, t) ds dt. (4.25)
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Applying the weighted mean-value theorem for one-dimensional integrals suc- ces-
sively, we obtain

ψµ(x, y) =
x

6µ(1 + y)
− 1

µ

∫ 1

0

x

1 + y
(t+ 3/2)ψµ(c1, t) dt (4.26)

ψµ(x, y) =
x

6µ(1 + y)
− 2x

µ(1 + y)
ψµ(c1, c2) (4.27)

Now, replacing x with c1, y with c2 in (4.26), and reorganizing the resulting equa-
tion, we have

ψµ(c1, c2) =
c1

6µ(1 + y)
− 2c1
µ(1 + c2)

ψµ(c1, c2). (4.28)

Since we aim to find c1, c2 and ψµ(c1, c2), we need two more equations. These
two equations along with (4.28) form a system of equations. Substituting (4.26)
into (4.25), we have

ψµ(x, y) =
x

6µ(1 + y)
− (3 + log(4))c1

36µ2(1 + c2)
+

2(3 + log(4))c1
6µ2 + (1 + c2)

ψµ(c1, c2). (4.29)

Replacing (x, y) with (c1, c2), we obtain

ψµ(c1, c2) =
c1

6µ(1 + c2)
− (3 + log(4))c1

36µ2(1 + c2)
+

2(3 + log(4))c1
6µ2 + (1 + c2)

ψµ(c1, c2). (4.30)

Similarly, substituting (4.27) into (4.26) results in

ψµ(c1, c2) =
c1

6µ(1 + c2)
− (2 + log(2))c1

12µ2(1 + c2)
+

(2 + log(2))c21
µ2(1 + c2)

ψµ(c1, c2). (4.31)

Combining (4.28), (4.30), and (4.18), we have the following system of equations:

ψµ(c1, c2) =
c1

6µ(1 + y)
− 2c1
µ(1 + c2)

ψµ(c1, c2)

ψµ(c1, c2) =
c1

6µ(1 + c2)
− (3 + log(4))c1

36µ2(1 + c2)
+

2(3 + log(4))c1
6µ2 + (1 + c2)

ψµ(c1, c2)

ψµ(c1, c2) =
c1

6µ(1 + c2)
− (2 + log(2))c1

12µ2(1 + c2)
+

(2 + log(2))c21
µ2(1 + c2)

ψµ(c1, c2).

In this case, we obtain

ψµ(c1, c2) = (2 log(2) + 3)/(72µ+ 24 log(2) + 36).

We substitute this value in (4.27) for ψµ(c1, c2) and get

ψµ(x, y) =
x

(1 + y)(6µ+ 2 log(2) + 3)
(4.32)

Letting µ→ 0, we obtain

ψµ(x, y) =
x

(1 + y)(2 log(2) + 3)
(4.33)

Taking the inverse transform of (4.23), we have

φ(x, y) = ±
√

x

(1 + y)(2 log(2) + 3)
, (4.34)

which is the exact solution. The same solution is obtained in [20].
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5. Conclusion

A new algorithm based on the mean-value theorem are proposed for solving mul-
tidimensional Fredholm integral equations of the first kind. In addition, a formula
is provided for integral equations with a special type of kernels. By applying the
proposed algorithm, exact solutions are obtained for some test problems. We want
to point out that all analytical solutions are obtained using Matlab.
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