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SOME HERMITE-HADAMARD TYPE INTEGRAL
INEQUALITIES FOR HARMONICALLY (p, (s, m))-CONVEX
FUNCTIONS

IMRAN ABBAS BALOCH, IMDAT ISCAN

ABSTRACT. In this article, we introduce the class of harmonically p-convex
functions which is generalization of convex and harmonically convex func-
tions. Next, we define Harmonically p-quasiconvex functions and Harmonically
Logarithmic p-convex functions. We also introduce and consider the class of
harmonically (p, (s, m))-convex functions which is generalization of harmoni-
cally (s, m)-convex and harmonically p-convex functions. Finally, we establish
Hermite-Hadamard type inequalities for these classes of functions. Results
proved in this paper may stimulate further research in this area.

1. INTRODUCTION

Let f: I CR — R be a convex function and a,b € I with a < b. Then following

inequality
b
f(a+b) < 1 / f(@)de < D IO (1.1)

2 b—a 2

holds. This double inequality is known in the literature as the Hermite-Hadamard
integral inequality for convex functions. Note that some of the classical inequali-
ties for mean can be derived from (|1.1]) for the appropriate particular selection of
function f. Both inequalities in old in the reverse direction if f is concave.
For useful literature details on Hemite-Hadamard type integral inequalities, (see
[4,6-16,19-23]) and references therein.

In recent past, convexity has been generalised and extended in various aspects using
new and different concepts, (see [4,8-11,14,15,19,21,22]) and references therein. Is-
can [0], investigated and studied a new generalised class of convex functions which
are called harmonically convex functions. He further generalised the concept of
Harmonically convex functions and introduced the classes of harmonically s-convex
functions [I0] and harmonically (o, m)-convex functions [I1]. In [I2], authors have
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introduced the concept of harmonically (s, m)-convex functions which unify har-
monic convexity and harmonic s-convexity in more general way.

Motivated by ongoing research, in this paper we introduce a new generalised class
of convex and harmonically convex functions which is called harmonically p-convex
functions. Next, we define harmonically p-quasiconvex, harmonically Logarithmic
p-convex and harmonically (p, (s, m))-convex functions. We derive several Hermite-
Hadamard type inequalities for these classes of functions which are much more
general than already existing in literature.

2. PRELIMINARIES

In this section, we recall basic concepts which will be helpful to understand our
main contribution.

Definition 2.1. [9] Let I C R/{0} be a real interval. A function f: I — R is said
to be harmonically convez, if

Ty
— | <t 1—t 2.1
s ) <t + - 0f(@) (2.1)
for all z,y € I and t € [0,1]. If inequality in is reversed, then f is said to be
harmonically concave.

Definition 2.2. [I0] A function f : I C R/{0} — R is said to be harmonically
s-convex in second sense, if

'ry S S
— | <t 1-—-t 2.2
Ny ) <t + 0= 0w (22
for all z,y € I and t € [0,1]. If inequality in is reversed, then f is said to be
harmonically s-concave.

Remark. Note that for s = 1, harmonically s-convexity reduces to ordinary har-
monically convexity.

Definition 2.3. [I8] For some fized s € (0,1] and m € [0,1] a mapping f : I C
[0,00) = R is said to be (s, m)-convex in the second sense on I if
[tz +m(l—t)y) <t°f(z) + m(l —1)°f(y)
holds, for all x,y € I and t € [0,1].
Definition 2.4. [11] A function f: (0,00) = R is said to be harmonically (e, m)-
convez, where a € [0,1] and m € (0,1], if
mzy t 11—t _, o o
—_—) = -4+ — <t 1-1¢ 2.3

florries) = HE+ 2D ) < @) +m =) (23)
for all z,y € (0,00) and t € [0,1]. If the inequality in is reversed, then f is
said to be harmonically (a, m)-concave.

Definition 2.5. [12] 4 function f : I C (0,00) — R is said to be harmonically
(s,m)-convez in second sense, where s € (0,1] and m € (0,1] if
maxy

Flomrritess) = £+ ==07) < #1(@) +ml1 = 67 £ ()
Vz,y € I and t € [0,1].

1—
my
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Remark. Note that for s = 1, (s, m)-convexity reduces to harmonically m-convezity
and for m = 1, harmonically (s, m)-convexity reduces to harmonically s-convexity
in second sense (see [10]) and for s,m = 1, harmonically (s, m)-converity reduces
to ordinary harmonically convexity (see [9]).

In [25], Zhang and Wan gave definition of p-convex function as follow:

Definition 2.6. Let I be a p-convexr set. A function f : I — R is said to be a
p-convex function if

f((ta? + (1 = t)y"]

=

) <tf(x)+ 1 —1)f(y)
forallxz,y e 1.

Remark. [25] An interval I is said to be a p-convex set if [tzP + (1 —t)yp]% eI for
allz,y € I and t € [0;1], wherep=2k+1orp=n=m,n=2r+1,m=2t+1
and k,r,t € N.

Iscan [12] gave a different version of the definition of p-convex function as follow:

Definition 2.7. Let I C (0,00) be a real interval and p € R/{0}. A function
f: I — R is said to be a p-convex function if

F([ta? + (1= t)yP]7) < tf(2) + (1= ) f(y) (2.4)

for all x,y € I. If the iequality in 1s reversed, then f is called a p-concave
function.

3. MAIN RESULTS

In this section, we define the class of the harmonically p-convex functions which
is a generalization of convex functions and harmonically convex functions:

Definition 3.1. A function f: I C (0,00) — R is said to be harmonically p-convex
function, where p € R/{0}, if

(3= g P

forallz,y € I and t € [0,1]. If the inequality in is reversed, then f is said to
be harmonically p-concave.

Remark. Note that for p = —1, harmonic p-convezity reduces to convezity and for
p =1 harmonic p-convexity reduces to harmonic convexity.

Theorem 3.1. Let f : I C R/{0} — R be harmonically p-conver and a,b € I with
a <b. If f € Lla,b], then following inequalities hold

25 ab p(ab)? [ f(z) fa) + f(b)
f({ ) < dr < 5 .

1 — —
ap + br)v bp —ar J, xPt!

(3.2)

Remark. If, we take p =1 in Theorem[3.1], then we get Theorem 1.2 of [9].

Next, we prove the weighted version Theorem [3.1] in the following theorem.
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Theorem 3.2. Let f : I C R/{0} — R be harmonically p-convex and a,b € I with
a<b. If f € Lla,bl], then following inequalities hold

f(m:;;;)/a e /fpo dx <f()+f()/a xp(fl)dx, (3.3)

where w(zx) : [a,b] — R is nonnegative, integrable and satisfies

w(®y = w([“b> (3.4)

x azurbpfzp]%

Proof. Since, f is harmonically p-convex function on [a, b], we have, for all z,y €

[a, b],
27 xy f@) + fy)
f([a:PerP]fl)) B 2 .

A

Now, by choosing x = ab T, Yy = ab T , we get
[tbP+(1—t)ar] P [taP+(1—t)bP] P
27 ab 1 ab ab
(o) =3l ) )
[aP + bP] " 2 [tbP 4 (1 — t)aP]¥ [taP 4 (1 — t)bP]»
_ fla) + 1)

Since, w(x) is nonnegative and satisfies the condition (3.4), we obtain

f([afizl:’}i)w([tbp + (fb— t)ap}é)

= ;[f([tbp+(fb_t)ap]é>w([tbp+(1ab—t) ;>
i f([tap+(fb—t)b”]‘l“>w<[mp+ 1_tbp‘1“>]
< SWrie, ([tbp . (fb_ t)ap];)

Integrating both sides of inequality with respect to ¢ over [0, 1], we have

f(M) /o1 w([tbp + (1ab t)ar]v >dt
: ;[/olf<[tbp+(fb—t)ap]é>w<[tbp+(fb—t)ap]é>dt
" /0 f([mu(fb— t)bp}é)w([mu(fb— t)bp]é)dt}

< 10 7 = /01 b < [tbr + (fb— Dar]s )dt'

The proof completes. O
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Remark. For w(z) =1 in Theorem[3.4 we get Theorem[3.1]
Remark. If we choose w(%> b) = g(z) in Theorem we get following result

f 27ab / x)dx < / f(—= x < fla) + /() /bg(x)dx
[a? + o] - 2 a ’
where 0 < a < b, g(x) is nonnegative, integrable and symmetric with respect to
z =[5,

Lemma 3.3. Let f : I C R/{0} — R be a harmonically p-convex function and
a,b el witha <b and let

h(t)1f( 27 ab )+1f< 27 ab >
) [ap+bp_tpﬁ 2 [ap_|_bp+tp]% ’

fort €[0,b—a)]. Then, h(t) is p-convezx on [0,b — a] and for all t € [0,b — a]
1
2p
f<ab1) < h(t) < M_ (3.5)
[ap —+ bp]i 2
Proof. Firstly, for z,y € [0,b — a], we have

1 1 2rab
e+ (o) = gr( )
N lf( 27 ab >
27 \[ap + b9+ (tar + (1= t)yr)]7
- 1f( 27 ab )
2 \[t((@ 4 b —aP) P )P 4 (1= t)((aP + b — )P
1 ( 25 ab )
+ 7.]0 1 1 1
2@+ b +-am)F)p + (1= 1) (a2 + b+ 7))
< ;f( 27 ab 1) 1—tf< 27 ab 1)
(ap+bp—xp P ap—|—bp—yp P
N ;f( 2% ab 1) 1—tf( 2% ab 1)
(ap_|_bp+xp P ap_|_bp_|_yp P

— th(z) + (1 - h(y)

and hence, h(t) is p-convex on [0,b — a].
Next, if t € [0,b — a], it follows from the harmonic p-convexity of f that
1 1
1 2rab 1 2rab
h(t) = f<1> + f<1>
2" \[aP + bP — tP]» 2" \[aP + bP + tP]»
Z%ab . Z%ab .
Z f [ap+bp_tp]p [aP+bP+tP]p i

12ty 1 2(ab) v
2 [aP+bor—tp] © 2 [aP+bP+1P]

_ f( 2% ab )
[ap+bp}p
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It is easy to observe that

1 2 ab 1 25 ab
0 = Y)Wt
®) 27 \[aP + b — tP]> 2" \[aP + bP + tP]»

1 W—al+t , WP —al—t \
f(?pab( - aPl + - bp>

=

[N

|

1
1 1 bP —aP —t bP —aP 4+t P
z » P
+ 2f<2 ab< o al + - bp> )
1P —a? +t 1P —a? —t
< - - -7 -
- 22(bP —ar) f()+22(bp—ap) f(a)
1P —aP +t 16P —aP —t
T EACR ST RA
_ [+ 1)
5 .
Thus the inequality (3.5]) holds. O

Proposition 3.4. Let f,g : I C R/{0} = R be two harmonically p-convex func-
tions. If f,g are similarly ordered then their product fg is also harmonically p-
convez function.

Proof. Since f,g : I C R/{0} — R are two harmonically p-convex functions, we

have
f([typ + (fy— t)ap)® >g<[typ + (fy— t)xp]é)

< [tf(@) + A=t f)lltf(z) + (1 —t)g(y)]

= P f(x)g(x) +t(1 —t)[f()g(y) + f(W)g(@)] + 1 —1)*f(y)g(y
< P f(@)glx) + (1= t)[f(@)g(z) + fy)gw)] + (1 — 1) f()aly
= tf(x)g(x) + (1 —1)f(v)g9(y)

This shows that product of two similarly ordered harmonically p-convex functions
is again harmonically p-convex function. t

Theorem 3.5. Let f,g: I CR/{0} = R be two harmonically p-convex functions.
Then following inequality

p(ab)?

b — aP

b fx)g(x
/a f(x;g_g )dx < %M(a, b) + éN(a, b) (3.6)

holds. Where M (a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).
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Proof. Since, f,g are harmonically p-convex functions, then we have

li(cib); /ab ﬂjﬁfgm) dz = /01 f([tbp N (fb_ t)ar]» >g<[tbp + (1ab— t)ar] )dt

< / [£F(@) + (1 — £)F(O)]ltg(a) + (1 — t)g(b))dt

1

= 3lfla)gla) + f(b)g(b)] + %[f(a)g(b) + f(b)g(a)].

(]

Theorem 3.6. Let f,g : I C R/{0} — R be two similarly ordered harmonically
p-convex functions. Then following inequality

bp — qP

holds.

Proof. Since, f,g are similarly ordered harmonically p-convex functions on I. Then
using Proposition for a,b € I, we have

f([tbp+(fb— t)ap]é>g<[tbp+(1ab— t)ap}é)

<tf(a)g(a)+ (1 —1t)f(b)g(b),

integrating with respect to ¢ over [0, 1], we get required result. |

Definition 3.2. A function f : I C (0,00) — R is said to be harmonically p-
quasiconvez function, where p € R/{0}, if

f<[typ + (fy— t)xp}é) N f((fﬂtp " ly;t) pl) = maxifle), )t (38)

forallx,y € I and t € [0,1]. If the inequality in (@) is reversed, then f is said to
be harmonically p-quasiconcave.

Definition 3.3. A function f : I C (0,00) — R is said to be harmonically Loga-
rithmic p-convez function, where p € R/{0}, if

i) (545w, oo

forallz,y € I andt € [0,1]. If the inequality in (@) is reversed, then f is said to
be harmonically Logarithmic p-concave.

Theorem 3.7. Let f: I C R/{0} = R be harmonically Logarithmic p-convezr and
a,b € I with a <b. If f € Lla,b], then following inequalities hold

plab)? [ f(x) fla) — f(b)
w—ar ), S W) = f0)

(3.10)
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Proof. Since, f is harmonically Logarithmic p-convex, then for a,b € I, we have
ab _
i ) < r@rer,
[tbP + (1 — t)aP]»
By integrating above inequality with respect to ¢ over [0, 1], we get

plab)? (" f(z) [ ab
P —a? J, = /of([tbw(l—t)ap]i)dt

1
< [ w@rter-a
N OR0)
o f(a) — In /(b)’
the proof completed. O

Theorem 3.8. Let f: I C R/{0} — R be harmonically Logarithmic p-conver and
a,b eI witha <b. If f € L[a,b], then following inequalities hold

f(m)gexlg [M[ln(ﬁﬂ)dﬁg F@fO]. (311

Proof. Since, f is harmonically Logarithmic p-convex, then for ¢t = %, we have

W=

2v 2y . :

(2 s wenswrk
ab

[tbP+(1—t)aP]

2v 1
() A ) s )
[aP + bP] ¥ 2 [tb? 4 (1 — t)aP]® [(1—t)bP + taP]®
Integrating above inequality with respect to ¢ over [0, 1], we have
1
lnf( 27 ab 1)
[ap + bP]E
1 1 1
<[/ lnf( ab 1>dt+/lnf( ab 1>dt}
21Jo [th? 4+ (1 — t)aP] > 0 [(1 —t)bP + taP]®
This implies that

2%(1[7 p(ab)P b f(l’)
1nf<[ap+bp];> < bp—ap/a In <xp+1)dx. (3.12)

Also, since f is harmonically Logarithmic p-convex, we have

;Ml lnf<[tb1’+ (fb— t)ap]é>dt+/ollnf<[(1 —t);b—i— mp]é>dt]

< ;{/0 (tIn fa) + (1 —1) lnf(b))dt+A (tn f(b) + (1 —t) lnf(a))dt},
and this implies that

plab)”. /b n (f(x)> dp < S (@) + I /()

b —ar f, rp+1 2

ab

and y = ———~
[(1—t)bP+tar]P

By choosing x = , we get

= In[f(a) f(b)]2. (3.13)



HARMONICALLY (p, (s,m))-CONVEX FUNCTIONS 73
From (3.12) and (3.13), we have
1
2hab N\ _ plaby [P (@) \
1nf<[ ) < [ (L) a < wip@so

aP + bp]% bp —aP

taking antilog of above inequality, we get

f([2+;]) <o [2O2 [ (1)) ] < vir@ro

This completes the proof. ([

Theorem 3.9. Let f,g : I C R/{0} — R be harmonically Logarithmic p-convex
and a,b € I with a <b. If f,g € Lla,b], then following inequality

bp_ap/ fxp-‘rl )d < @(a b) (3.14)

holds. Where ©(a,b) = (f(a))? + (£(5))2 + (g(a))? + (g(b))2.

Proof. Since, f,g are harmonically Logarithmic p-convex functions, then we have

v fa
br — ap p+1

- /olf([tbp+ (1ab— t)ap]é)g<[tbp n (1ab— t)ap}é)dt

1t 2 ab 2

: 5/0 K (tbp+ 1t)ap]zl»>> +(g([tbp+(1t)ap]i>) ]dt
e ’ It 1—t ’

< 3 |(oriror) o (orior-) Ja

_ @ - ]2 L gl = [g(®)?
4(In f(a) — lnf(b)) 4(Ing(a) —Ing(b))

_ 1 f(@)+ f(b)  fla) = fb) T 1g(a) +g(b) g(a) —g(b)
2 2 In f(a) —In f(b) 2 Ing(a) —Ing(b)

< i[(f(a) +(F(0)* + (9(a))* + (9(0))].

This completes the proof. (I

Theorem 3.10. Let f,g : I C R/{0} — R be harmonically Logarithmic p-convex
and a,b € I witha <b. If f,g € L[a b, then following inequality

;D_ap/ Sz p+1 )d < @(a b) + M(a b) (3.15)

holds.

Proof. Since, f,g are harmonically Logarithmic p-convex functions and using in-
equality

ab < = (a+b)?,

B~
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b f
bp — ap mp+1

for all a,b € R, we have

I
O\»—A
—

[tb? + (1ab— t)ar]> )g<[tbp + (fb— t)ar]r >dt

1 ! ab ab 2
: 1/0 [f<[tbp+(1—t)a1’];>+g([tbp+(1—t)ap]zlﬂ>} o
1 2
< % /0 [(f(a))tf(b))lt+(g(a>)tg(b))”} dt
WP @) @) [ [e@]*
= A[ﬂw}“+ v L@]dt
F®)g®) [ fla)gla)]’
T A 0] "
_ 1[f@P - [f®)? +1[g(cc)2—[g(b)]2 L f(a)g(a) — f(b)]g(b)
8In f(a) —In f(b) = 8lng(a) —Ing(b)  21In f(a)g(a) —In f(b)g(b)
_ 1@+ S0 fl)=f0) | 1g(a)+g(b) g(a) = g(b)
4 2 Inf(a) —In f(b) 4 2 Ing(a) —lng(b)
L1 fla)g(a) = f(B)lg(b)
21n f(a)g(a) — In f(b)g(b)
< é[(f(a))2 + (f(5)* + (9(a)® + (g9(b)*] + i[f(a)g(a) + f(0)g(b)].
The proof is completed. ([

Theorem 3.11. Let f,g : I C R/{0} — R be harmonically Logarithmic p-convex
and a,b € I witha <b. If f,g € L[a b and o + ﬁ =1, then following inequality

b f
bp — az) xp-l-l

Saﬂ@;fwﬁbﬂg(%ﬂwﬂa +ﬁm®;g@

-
|
Isy)

Liy—(9(a). 9(8))

(3.16)
holds. Where L(.,.) is extended logarithmic mean.

Proof. Since, f,g are harmonically Logarithmic p-convex functions, then, using
inequality

ab < aas + Bb%,
for a, 8 >0, a+ B =1, we have
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f(z
bp_ap/ mp-l-l
! ab
_ ) dt
/0 f(tbp+ 1—tap}i)g<[tbp+(1—t)ap]p>

/01 [a( ( th? + ( l—t) };)>a+B<g([tb1’+(fb—t)ap};)>é]dt
/0 [

IN

[y

IN

e M) s s [ e(@)]7
- / {f(b)} a+ ot [ 5]
_ ﬂf(a)]é — O | plol@]” — lg®)]?
In f(a) —In f(b) Ing(a) —Ing(b)
_ @l e 2lg(@) — g0

. af(a);f@[L(l1><f<a>,f<b)>}a+/3 2 {L(

This completes the proof. ([l

Theorem 3.12. Let f,g: I C R/{0} — R be increasing harmonically Logarithmic
p-convez and a,b € I with a <b. If f,g € L[a,b|, then following inequality

p b x ab)?
P [ I enggtar. o0 + 2 [ 9 gens(a), 0

bp —ar J, xPt! bP — aP

< Hab” / PO 1 1 L (@)gta). S0)90)) (3.17)

holds.

Proof. Since, f, g are harmonically Logarithmic p-convex functions on [a, b], then

ab t 1—t
oo —a) V@O

ab _

g( ) < [g(a))"[g(0))" "
[t(b)P + (1 —t)ar]>

Now, using the fact that (z1 — x2)(zs — x4) > 0 for z1, z2, x5, 24 € R with 1 < 9

and r3 < x4, we have

d ( [t(b)P + (alb_ t)ar] ) () a® " + 9 ( [t(b)P + (a1b_ t)ar]» ) @
ab ab t 1=t ()t 1—t
: f<[t(b)p +(1—t)ar)? >9<[t(b)p = )t )Hf(a)] [F @O [g(a) [g(®)] "
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Integrating above inequality with respect to ¢ over [0, 1], we get

! ab t 1—t
[ Gt ) o a

! ab t 1-t
] G LI

1 ab ab
S A f<[t(b)p + (1 - t)ap]% >g<[t(b)p + (1 . t)ap]% >dt
+ [ @Ol o) ar

Now, since f, g are increasing, then we have

/o1 f < [t(b)P + (alb_ Dar]? )dt/ol[g(a)]t[g(b)]ltdt
i /01 g<[t(b)p v Zb_ D]t ) dt /Ol[f(a)]t[f(b)}ltdt

: /01 f([t(b)P + (af— t)ar]» >g<[t(b)1’ + (a1b— t)ar)» )dt

1
+ [ U@ O o) e e
Now, after simple integration, we have

plab)”  [* f(z)

bp —ar J, xPt!

< Dblab)?

— P — P

p b o(x
sL(g(a).90) + B0 [ BB o1 (a). 1)

bp —ar J, xPt!

b
/ O 4 1 L(F(@pgta). F0)90)).

Now, we define the class of the harmonically (p, (s, m))-convex functions:

Definition 3.4. A function f : I C (0,00) — R is said to be harmonically
(p, (s,m))-convex function, where p € R/{0}, s,m € (0,1], if

(3.18)
for all z,y € I with my € I and t € [0,1]. If the inequality in is reversed,
then f is said to be harmonically (p, (s, m))-concave.

Remark. Note that for p = 1, harmonic (p, (s, m))-converity reduce to harmonic
(s, m)-convezity and for p = —1, harmonic (p, (s, m))-convezity reduce to (s, m)-
convexity in second sense.
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Theorem 3.13. Let f : I € R/{0} — R be harmonically (p, (s, 1))-conver and
a,b eI witha <b. If f € L[a,b], then following inequality
% poqb
; <[ 2% ab ) _ 1 oplaby [P S, @) mf

ap+bp]% 25 lpp —qp J Pt T (s41)2571 7

(3.19)

holds.
Proof. Since, f is harmonically (p, (s, 1))-convex function on I, for a,b € I, we have
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integrating with respect to ¢ over [0,1], we get
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ab LY = ab r and integrating with respect to ¢
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over [0, 1]. We get
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the proof is completed. ([l

For finding some new more general inequalities of Hermite-Hadamard type for
the functions whose derivatives are harmonically (p, (s, m)-convex in second sense,
we need the following lemma:

Lemma 3.14. Let f : I C R/{0} — R be a differentiable function on I° with
a<b. If f e Lla,b] and p € R/{0}, then
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Proof. Let

I:ab(bp—ap) 1 1—2t 1 ,< ab 1)dt.
2p /o [tbe + (1 — t)a?]) "5 / [tb? + (1 — t)a?]>

Integrating by parts, we have
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Setting © = —2 — we have dt = b E,afl); mgﬁl, hence we obtain
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L F@I0)  plaby P pa)
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this completes the proof. O

Now, we give some more generalised Hermite-Hadamard type inequalities from
which one can obtain the results presented in [2,4,5,6] for the particular values of
D, S, M.

Theorem 3.15. Let f : I C (0,00) — R be a differentiable function on I°, €

m

I° with a < b, m € (0,1], f' € Lia,b] and p € R/{0}. If |f'|7 is harmomcally
(p, (s,m))-convez in second sense on [a, 2] for ¢ > 1 with s € [0,1], then
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Proof. From above Lemma and using power mean inequality, we have
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Since, |f’|? is harmonically (p, (s, m))-convex function in second sense, we have
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Corollary 3.16. Let f : I C (0,00) — R be a differentiable function on I°, a,b €
I° with a < b, f' € Lia,b] and p € R/{0}. If | f'|? is harmonically (p, (1,1))-convex
in second sense on [a,b] for ¢ > 1, then
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Corollary 3.17. Let f: I C (0,00) — R be a differentiable function on I°, a, % €
I° with a < b, m € (0,1], f' € Lla,b] and p € R/{0}. If |f'|7 is harmonically

(1, (s,m))-convex in second sense on [a, L] for ¢ > 1 with s € [0,1], then
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Corollary 3.18. If we take m =1 in Theorem[3.15], then we get
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Corollary 3.19. If we take s = 1 in Theorem[3.15], then we get
0410 _ gy 110
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Theorem 3.20. Let f : I C (0,00) — R be a differentiable function on I, a, % el°

with a < b, m € (0,1], f' € Lla,b] and p € R/{0}. If |f'|? is harmonically
(p, (s, m))-convez in second sense on [a, 2] for ¢ > 1 with s € [0,1], then
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Proof. From Lemma, Power mean inequality and harmonically (p, (s, m))-convexity

in second sense of| /|7 on [a, 2], we have
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Corollary 3.21. If we take s = m =1 in Theorem[320, we get
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Corollary 3.22. If we take s =1 in Theorem[3.20, we get
LCETOR Uy O
2

bp — P o xpt+1

ab(b? —a?) 1-1 boe
< ol i) 1L L @ (L. LD Y

Corollary 3.23. If we take m =1 in Theorem [3.20, we get
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Theorem 3.25. Let f: I C (0,00) — R be a differentiable function on I°, a, % €
I° with a < b, m € (0,1], f' € Lla,b] and p € R/{0}. If |f'|? is harmonically
b

. 1 1 .
(p, (s,m))-convex in second sense on [a, -] for ¢ > 1, - + 7 with s € [0,1], then
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Proof. From Lemma, Power mean inequality and harmonically (p, (s, m))-convexity
in second sense of|f’|? on [a, 2],we have
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Corollary 3.26. If we take s =m =1 in Theorem[3.25, we get
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Corollary 3.27. If we take s =1 in Theorem we get
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Corollary 3.28. If we take m =1 in Theorem[5.25] we get
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4. CONCLUSION

In this paper, we have studied the class of Harmonically p-convex (Harmoni-
cally p-concave) functions which is larger then that convex (concave) and Harmon-
ically convex (Harmonically concave) functions and have developed some interest-
ing results for this new class. Also, we have introduced the concept of Harmoni-
cally p-quasiconvex (Harmonically p-quasiconcave) and Harmonically Logarithmic
p-convex (Harmonically Logarithmic p-concave) functions. Further, we gave the
results for the product of Harmonically p-convex (Harmonically p-concave) and
Harmonically Logarithmic p-convex (Harmonically Logarithmic p-concave) func-
tions.

The interested researchers are encouraged to find the particular examples of the
results presented in this paper.

Acknowledgments. The author wishes to express his heartfelt thanks to the ref-
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