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MAJORIZATION IN INFORMATION THEORY
NAVEED LATIF"*, PILDA PECARIC?, AND JOSIP PECARIC?

ABSTRACT. In this paper, we give the generalized results for majorization inequality
in integral form by using Csiszdr f-divergence. We show how the Shannon entropy
is connected to the theory of majorization. We also give Shannon entropy and the
Kullback-Leibler divergence for obtained results. As applications, we present the ma-
jorization inequality for various distances like variational distance, Hellinger distance,
x>-divergence, Bhattacharyya distance, Harmonic distance, Jeffreys distance and trian-
gular discrimination which obtain by applying some special type of convex functions.

1. INTRODUCTION AND PRELIMINARIES

Distance or divergence measures are of key importance in different fields like theoretical
and applied statistical inference and data processing problems, such as estimation, de-
tection, classification, compression, recognition, indexation, diagnosis and model selection
etc.

The literature on such types of issues is wide and has considerably expanded in the re-
cent years. In particular, following the set of some books published during the second half
of the eighties [I], 8, 14} [17] and the number of some books have been published during the
last decade or so [2, 3, [7, IT]. In a report on divergence measures and their tight connec-
tions with the notion of entropy, information and mean values, an attempt has been made
to describe various procedures for building divergences measures from entropy functions or
from generalized mean values and conversely for defining entropies from divergence mea-
sures [4]. Another goal was to clarify the properties of and relationships between two main
classes of divergence measures, namely the f-divergence and the Bregman divergences [5].

One of the most important issues in many applications of Probability Theory is finding
an appropriate measure of distance (or difference or discrimination) between two probabil-
ity distributions. A number of divergence measures for this purpose have been proposed
and extensively studied by Csiszar [12], Kullback and Leibler [2I], Rényi [34], Rao [35]
and Lin [22] and others. These measures have been applied in a variety of fields such
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as: anthropology [35], genetics [30], finance, economics, and political science [36, 37, 38],
biology [33], the analysis of contingency tables [16], approximations of probability distri-
butions [0} 20], signal processing [I8, [19] and pattern recognition [0, O]. A number of
these measures of distance are specific cases of Csiszar f-divergence and so further explo-
ration of this concept will have a flow on effect to other measures of distance and to areas
in which they are applied.

Matié et al. [23], (1999)[24], (2000)[25] and (2002)[26] continuously worked on Shan-
non’s inequality and related inequalities in the probability distribution and information
science. They studied and discussed in [25, [26] several aspects of Shannon’s inequality
in discrete as well as in integral forms, by presenting upper estimates of the difference
between its two sides. Applications to the bounds in information theory are also given.
It is generally common to take log with base of 2 in the introduced notions, but in our
investigations this is not essential. For example, the functions z — xlogy(z) (z > 0,b > 1)
and x — x arctan (x) (z € R) are convex.

They proved a counterpart of the integral Shannon inequality (see [25, p.505-509)]):

Let I be a measurable subset of the real line and p(z) and ¢(x) positive integrable func-
tions on I such that [,p(z)dz =1 and a := [, q(z)dz < co. Suppose that for b > 1 at
least one of the integrals

1 1
Jp = /Ip(x) log mdx and  J,:= /Ip(x) log Mdm

is finite. If [, (p?(z)/q(x)) dz < oo, then both J, and J; are finite and

0< J, — Jp+logya < log [a/lf((j))d:c] < %a [/If((;)dx—l],

with equality throughout if and only if ¢(z) = ap(x) a.e. on I.

The notion of entropy Hy(X) := Y2, pilog (1/p;) can be extended to the case of a general
random variable X, by approximating X by discrete random variables. In the case when
X is non-discrete, Hy(X) is usually infinite. For example, this always happens when X is
continuous (see [27, p.38]).

In the case when X is continuous random variable with density p(z) (a nonnegative mea-
surable function on R such that [ p(z)dz = 1), we may define the so-called differential
entropy of X by

1

p(:c)dx (b>1),

hy(X) = /Rp(ac) log

whenever the integral exists.

They showed that hy(X) ~ log (5\/%) when the distribution of X is ’close’ to the
Gaussian distribution with variance s2. Also, hy(x) ~ log (ue) if the distribution of X is
"close’ to the exponential distribution with mean p. Finally,

hy(z) = log (1) (1)

whenever the distribution of X is ’close’ to the uniform distribution over an interval of
length I.
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Dragomir gave in his monograph [I5] about these divergences like the Kullback-Leibler di-
vergence, variational distance, Hellinger distance, y?-divergence, Bhattacharyya distance,
Harmonic distance, Jeffreys distance and triangular discrimination.

Now we introduce the main mathematical theory explored in the present work, the
theory of majorization. It is a powerful and elegant mathematical tool which can be applied
to a wide variety of problems as in quantum mechanics. The theory of majorization is
closely related to the notions of 'randomness’ and ’disorder’. It indeed allows us to compare
two probability distributions, in order for us to know which one of the two is more random.
Let us now give the most general definition of majorization.

Let z, y be real valued functions defined on an interval [a,b] such that f;x(T)dT,
[ y(7)dr both exist for all s € [a,b]. [31], p.324] 2(7) is said to majorize y(7), in symbol,
x(7) = y(1), for T € [a,b] if they are decreasing in 7 € [a, b] and

/ y(r)dr < / xz(r)dr for s € [a,b], (2)
and equality in holds for s = b.

The following theorem can be regarded as a majorization theorem in integral case [31],
p.325]:

Theorem 1. Let x and y be real valued functions defined on an interval [a,b]. x =y for
T € [a,b] iff they are decreasing in [a,b] and

b b
[ty ar < [ i) ar
holds for every f that is continuous and convex in [a,b] such that the integrals exist.

The following theorem is a simple consequence of Theorem 12.14 in [32] (see also [31
p.328]):

Theorem 2. Let z,y : [a,b] = R, z and y are continuous and increasing and let u :
[a,b] — R be a function of bounded variation.

(i) If
b

b
/Mﬂwm§/xmwvaemw (3)

14

and

b b
/ymwmz/xmwm (4)

hold, then for every continuous convex function f, we have

b b
/fmmwmg/fmmwm. (5)

(ii) If holds, then holds for every continuous increasing convez function f.
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The following theorem is a slight extension of Lemma 2 in [29] which is proved by
Maligranda et al. (also see [28]):

Theorem 3. Let w, x and y be positive functions on [a,b]. Suppose that f :[0,00) — R
s a convex function and that

/Vy(t)w(t) dt < /yx(t)w(t) dt, v € [a,b] and

b b
/y(t)w(t)dt = / z(t) w(t) dt.

(i) If y is a decreasing function on [a,b], then

b b
/ £ (u(t)) wit)dt < / £ (1)) w(t) dt. (6)

(ii) If z is an increasing function on |a,b], then

/af(a:(t t)dt < / fly (7)

If f is strictly convex function and x # y (a.e.), then @ and (7)) are strict.

2. MAIN RESULTS

Csiszar [12, [13] introduced the notion of f-divergence as follows:

Definition 1. Let f : (0,00) — (0,00) be a convex function. Let p,q : [a,b] — (0,00) be
positive probability densities. The f-divergence functional is

D¢(p,q) = /abq(t)f (Zg;) dt.

Based on the previous definition, we introduce a new functional:

Definition 2. Let J := [0,00) C R be an interval, and let f : J — R be a function. Let
b,q: [aa b] — (0, OO) such that

p(z) cela
) €J, Vz€a,b
We define
b
Dy(p,q) / q(t)f (?2) dt

The special case of the above functional, we define

Dig, s(r,q) == / br(t)f <28> dt.
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Motivated by the ideas in [25] (2000) and [26] (2002), we discuss the behaviour of the
results in the form of divergences and entropies. The next theorem is the generalization
of the result in integral case given in [25].

We present the following theorem is the connection between Csiszar f-divergence and
weighted majorization inequality in integral form as one function is monotonic:

Theorem 4. Let J :=[0,00) C R be an interval and f : J — R be a convex function. Let
also p,q,r : [a,b] — (0,00) such that

/ Syt < / Cpdt, velab) (8)

and
b b
[ rta= [ poa, (9
with
p(t) r(t)
—<, eJ, Vtela,bl. 10
TN ) o
(i) If % is a decreasing function on |a,b], then
Dy(r,q) < Dy(p,q)- (11)
(ii) If % is an increasing function on [a,b], then the inequality is reversed, i.e.
Dy(r,q) = Dy(p,q). (12)

If f is strictly convex function and p(t) # r(t) (a.e.), then strict inequality holds in
and .

If f is concave function then the reverse inequalities hold in and @ If f is strictly
concave and p(t) # r(t) (a.e.), then the strict reverse inequalities hold in and (19).
Proof. (i): We use Theorem (3| (i) with substitutions z(t) := %, y(t) = %, w(t) ==
q(t) >0Vt € [a,b] and f := f and also using the fact that % is a decreasing function
then we get .

(ii) We can prove with the similar substitutions as in the first part by using Theorem
(ii) that is the fact that % is an increasing function. O
Theorem 5. Let J :=[0,00) C R be an interval and f : J — R be a function such that
x — xf(x), x € J is a convex function. Let also p,q,r : [a,b] — (0,00) such that satisfying

@ and (@ with
p(t) r(t)

q(t)" q(t)

(i) If % is a decreasing function on |a,b], then

Dide(r7Q) < -D’Lde(p7Q) (14)

€J, Vtea,b]. (13)
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(i) If % is an increasing function on [a,b], then the inequality is reversed, i.e.

N N

Did(] f(ra Q) > Did] f(pa Q) (15)
If x f(x) is strictly convex function and p(t) # r(t) (a.e.), then (14)) and (15) are strict.
14 E

If xf(x) is concave function then the reverse inequalities hold in (14) and (15). If z f(x)
is strictly concave and p(t) # r(t) (a.e.) then the strict reverse inequalities hold in

and (15).

Proof. (i): We use Theorem 3| (i) with substitutions z(t) := %, y(t) = %, w(t) =
q(t) > 0, YVt € [a,b] and f(z) := xf(z) and also using the fact that % is decreasing
function then we get .

(ii) We can prove with the similar substitutions as Part (i) in Theorem (3| (ii) for f(z) :=

xzf(x) and % is an increasing function. O

The theory of majorization and the notion of entropic measure of disorder are closely

related. Based on this fact, the aim of this paper is to look for majorization relations with
the connection of entropic inequalities. This was interesting to do for two main reasons.
The first one is the fact that the majorization relations are usually stronger than the en-
tropic inequalities, in the sense that they imply these entropic inequalities, but that the
converse is not true. The second reason is the fact that when we dispose of majorization
relations between two different quantum states, we know that we can transform one of
the state into the other using some unitary transformation. The concept of entropy alone
would not allow us to prove such a property.
The Shannon entropy was introduced by Shannon himself in the field of classical infor-
mation. There are two ways of viewing the Shannon entropy. Suppose we have a random
variable X, and we learn its value. In one point of view, the Shannon entropy quantifies the
amount of information we gain we learn the value of X (after measurement). In another
point of view, the Shannon entropy tells us the amount of uncertainty about the variable
of X before we learn its value (before measurement).

3. APPLICATIONS

We mention several special cases of the previous results.
The first case corresponds to the entropy of a continuous probability density (see [25]
p.506)):

Definition 3. (Shannon Entropy)
Let p : [a,b] — (0,00) be a positive probability density. The Shannon entropy of p(x) is
defined by

b
H(p(x)) = — / p(x)logp(e)dr  (b> 1), (16)

whenever the integral exists.
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Note that there is no problem with the definition in the case of a zero probability, since

hg%xlogx = 0. (17)
Corollary 1. Let p,q,r: [ ] (0,00) be functions such that satisfying (@ with

PO Y e Ji=(0,00), Vi€ [a,b].

(i) If q(t s a decreasing function and the base of log is greater than 1, then we have
estimates for the Shannon entropy of q(t)
b
r(t)
a(oog (101 ) > Hat) (15)
/a q(t)
If the base of log is in between 0 and 1, then the reverse inequality holds in (@

(ii) If q(t) s an increasing function and the base of log is greater than 1, then we have
estimates for the Shannon entropy of q(t)

Hmmsl%m%G@) (19)

q(t)
If the base of log is in between 0 and 1 then the reverse inequality holds in (@
Proof. (i): Substitute f(x) := —logx and p(t) := 1, Vt € [a,b] in Theorem [4] (i) then we

get .

(ii) We can prove by switching the role of p(t) with r(¢) i.e., r(t) := 1Vt € [a,b] and
f(z) := —log z in Theorem [4] (i) then we get (19). O
Corollary 2. Let p,r : [a,b] — (0,00) be functions such that satisfying (@

(i) If r(t) is a decreasing function and the base of log is greater than 1, then the
following comparison inequality between Shannon entropies of p(t) and r(t)

H(r(t)) > H(p(t)). (20)
If the base of log is in between 0 and 1, then the reverse inequality holds in (@)

(ii) If p(t) is an increasing function and the base of log is greater than 1, then the
following comparison inequality between Shannon entropies of p(t) and r(t)

H(r(t)) < H(p(t)). (21)
If the base of log is in between 0 and 1 then the reverse inequality holds in .

Proof. (i): Consider the function f(z) := logz. Then the function zf(z) := z logz is a
convex function. Substitute f(z) :=logz and ¢(t) := 1, V¢ € [a,b] in Theorem [f] (i) then

we get .

(ii) We can prove with the similar substitutions as Part (i) in Theorem [5| (ii) then we get

2. O

The second case corresponds to the relative entropy or Kullback-Leibler divergence
between two probability densities:
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Definition 4. (Kullback — Leibler Divergence)
Let p,q : [a,b] — (0,00) be a positive probability densities. The Kullback-Leibler (K-L)
divergence between p(t) and ¢(t) is defined by

L(p(t)a(t) = | " p(t) log (p(“) dt.

q(t)
Corollary 3. Let p,q,r : [a,b] = (0,00) be functions such that satisfying (@ with
p(t) r(t)
—=, —=€J:=(0,00), VtE€E]a,b.
a0 qp) <77 0o Teled

(i) If % s a decreasing function and the base of log is greater than 1, then

ﬁloga:(""a Q) > ﬁlogx(l% Q)' (22)

If the base of log is in between 0 and 1, then the reverse inequality holds in (@
(i) If % s an increasing function and the base of log is greater than 1, then

ﬁlogx(ra Q) < Dloga:(p7 Q)' (23)
If the base of log is in between 0 and 1 then the reverse inequality holds in .

Proof. (i): Substitute f(z) := —logx in Theorem [4] (i) then we get (22).
(ii) We can prove with substitution f(z) := —logz in Theorem ] (ii). O

Corollary 4. Let p,q,7 : [a,b] — (0,00) be functions such that satisfying (§) with

p(t) r(t) — (0 o0 "
@,@EJ.—(O, ), VteE]a,b].

(i) If 253 is a decreasing function and the base of log is greater than 1, then the

connection between K-L divergence of (r(t),q(t)) and (p(t), q(t))

L(r(t),q(t)) < L(p(t),q(t)). (24)
If the base of log is in between 0 and 1, then the reverse inequality holds in .

(ii) If % s an increasing function and the base of log is greater than 1, then the
connection between K-L divergence of (r(t),q(t)) and (p(t), q(t))

L(r(t),q(t)) = L(p(t),q(t)). (25)
If the base of log is in between 0 and 1 then the reverse inequality holds in .

Proof. (i): Substitute f(z) := logz in Theorem [f] (i) then we get (24)).
(ii) We can prove with substitution f(z) := logz in Theorem [f] (i) we get (25). O

In Information Theory and Statistics, various divergences are applied in addition to the
Kullback-Leibler divergence.
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Definition 5. (Variational Distance)

Let p,q : [a,b] — (0, 00) be a positive probability densities. The variation distance between
p(t) and ¢(t) is defined by

Dy ( / Ip(t) — q(t)]dt.
Corollary 5. Let p,q,7 : [a,b] — (0,00) be functions such that satisfying (§) with

p(t) r(t)
—, € J:=(0,00), Vté€E]la,b.
1) q(p) €77 ok Trelnd
(i) If th) is a decreasing function, then
Dy (r(t),q(t)) < Dy (p(t), q(t)). (26)
(ii) If % s an increasing function, then the inequality is reversed, i.e.
Dy (r(t),q(t)) > Dy (p(t), q(t)). (27)
Proof. (i): Since f(z) := |z — 1| be a convex function for z € R*, therefore substitute

f(z) := |z — 1] in Theorem {4 (i) then

/abq(t) ;8 - 1’ it < /abq(t)'zg; —l'dt,

/bQ(t)Mdt < /bCI(t)|p(t|)_q(t)|dt,

q(t)] q(t)]
since ¢(t) > 0 then we get (26]).
(ii) We can prove with substitution f(z) := |z — 1| in Theorem (4] (ii). O

Definition 6. (Hellinger Distance)
Let p,q : [a,b] — (0, 00) be a positive probability densities. The Hellinger distance between
p(t) and ¢(t) is defined by

. b 2
Du (p(0).a(t)) = [ [Vol®) - Va0 .
Corollary 6. Let p,q,r : [a,b] — (0,00) be functions such that satisfying (@ with

p(t) r(t) — (0. o0 ;
FONID €J:=(0,00), Vte€]la,b].
(i) If q(t) s a decreasing function, then
Dp (r(t),q(t)) < Dy (r(t),q(t)). (28)

(ii) If % 18 an increasing function, then the inequality is reversed, i.e.

A~

Dy (r(t),q(t)) > D (r(t),q(1)). (29)
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Proof. (i): Since f(z) := (vZ — 1)? be a convex function for z € R, therefore substitute
f(@):=(Vz—-1)7in Theorem (i) then
2

2
’ r(t) ’ p(t)
/ q<t>[ - ] as [ q<t>[ B e
since ¢(t) > 0 then we get (28).
(ii) We can prove with substitution f(z) := (/& — 1)* in Theorem (ii). O

Definition 7. (x? — Divergence)
Let p,q : [a,b] — (0,00) be a positive probability densities. The x2-divergence between
p(t) and ¢(t) is defined by

b 2
Digy 2 (0(1). a(t)) = / p(t) [(iﬁii) !

Corollary 7. Let p,q,r : [a,b] — (0,00) be functions such that satisfying (@ with

dt.

~—

q(ti’ ;fi) € J:=(0,00), VtE€ [a,b].

(i) If T(t is a decreasing function, then
Digy 2 (r(),q(1)) < Dya, 2 (p(t), q(t)) - (30)
(i) If % s an increasing function, then the inequality is reversed, i.e.
szx (T(t) ( ) sz x2 (p(t)7Q(t))' (31)

Proof. (i): Since f(z) := z (Z5 — 1) be a convex function for z € RT, therefore substitute
flz):==x (— —1)in Theorem (i) then

[l () )
< /:q(t)zgg [(%)2—1] dt,

we get . We can also prove by using Theorem 5 (i) for function f(z) := -3 — 1 such

m2
that z f(x) ==z (ﬁ — 1) be convex function for z € R™, we get .
(i)

(ii) We can prove with substitution f(z) :=x (— — 1) in Theorem O

Definition 8. (Bhattacharyya — Distance)
Let p,q : [a,b] — (0,00) be a positive probability densities. The Bhattacharyya distance
between p(t) and ¢(t) is defined by

b
Dis (p(t), q(t)) = / V) gDy,
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Corollary 8. Let p,q,r : [a,b] — (0,00) be functions such that satisfying (@ with
p(t) r(t)
—=, ——ecJ:=(0,00), VtE€Ela,b.
) gy <77 O vl
(i) If % is a decreasing function, then
Dy (p(t), q(t)) < Dp (r(t),q(t)) - (32)
(ii) If % 18 an increasing function, then the inequality is reversed, i.e.
Dg (p(t),q(t)) > Dp (r(t),q(t)). (33)
Proof. (i): Since f(z) := —+/x be a convex function for x € RY, therefore substitute

f(z) := —\/x in Theorem 4 (i) then

’ r(t) ’ p(t)
Aqm<—q@>wslq@<—qm>@
we get, .

(ii) We can prove with substitution f(z) := —/x in Theorem 4] (ii). O

Definition 9. (Harmonic — Distance)
Let p,q : [a,b] — (0,00) be a positive probability densities. The Harmonic distance
between p(t) and ¢(t) is defined by

: [ o,

Di a t s t)) =
Corollary 9. Let p,q,7 : [a,b] — (0,00) be functions such that satisfying (§) with

PO T(0) 7. (0,00), Vt€ a0,

q(t)” q(t)
(i) If % 1s a decreasing function, then
Diay ta (p(t),4(t)) < Diay rra (r(t), q(1)) - (34)
(ii) If % s an increasing function, then the inequality is reversed, i.e.
Didy ta (0(t),q(t)) = Dia, ma (r(), q(t)). (35)
Proof. (i): Since f(z) := %, then z f(x) := fﬁ be a concave function for z > 0, therefore
substitute f(x) := xi—i-l in Theorem 5 (i) then
b b
2 2
p(t) —————dt < / r(t) —————dt,
|0 e < L0 s

we get .
2

(ii) We can prove with substitution f(x) := -37 in Theorem 5 (ii). O
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Definition 10. (Jeffreys — Distance)
Let p,q : [a,b] — (0,00) be a positive probability densities. The Jeffreys distance between
p(t) and q(t) is defined by

b
D, (p(t), q(t)) := / p(t) —q(t)] In [zg] dt.

Corollary 10. Let p,q,r : [a,b] — (0,00) be functions such that satisfying (@ with

@ @ €J:=(0,00), Vte€]la,b].

q(t)’ qlt
(i) If % is a decreasing function, then
Dy (r(t),q(t)) < Dy (p(t),q(t)). (36)
(ii) If % 18 an increasing function, then the inequality is reversed, i.e.
Dy (r(t),q(t)) > Dy (p(t),q(t)). (37)

Proof. (i): Since f(z) := (z — 1) Inz be a convex function for z € R, therefore substitute
f(z):=(z —1)Inz in Theorem {4 (i) then

[ (55=1)(55) =
we get (36).

(ii) We can prove with substitution f(z) := (z — 1) Inz in Theorem | (ii). O

Definition 11. (Triangular — Discrimination)
Let p,q : [a,b] — (0,00) be a positive probability densities. The triangular discrimination
between p(t) and ¢(t) is defined by

b . 2
Da (p(t), 4(t)) ‘:/ wdt

Corollary 11. Let p,q,r : [a,b] — (0,00) be functions such that satisfying (@ with

pt) rt) . _
@, @ € J:=(0,00), VtE€E]la,b].

(i) If % 1s a decreasing function, then

Da (r(t),q(t)) < Da (p(t),q(t)) . (38)

(i) If % s an increasing function, then the inequality is reversed, i.e.

~

Da (r(t),q(t)) = Da (p(t),q(t)) - (39)
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. . —1)2 . .
Proof. (i): Since f(z) = (3; +1) be a convex function for z > 0, therefore substitute

f(z):= @1 5 Theorem (i

then

)
b . e , .
[ oty COMDA g < [y OO AT,

b0 — a()/a(t))? b () — a()/a(t)?
RGO d,

z+1

we get, .
2
(ii) We can prove with substitution f(z) := (=17 i) Theorem (ii). O

z+1
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