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ON EIGENVALUES OF A BOUNDARY VALUE PROBLEM WITH
RETARDED ARGUMENT

F. A. CETINKAYA, KH. R. MAMEDOV

ABSTRACT. The paper deals with a boundary value problem which is generated
by a differential equation with a retarded argument and a piecewise constant
coefficient on a finite interval. The interval has a discontinuity point and one of
the boundary conditions consists a spectral parameter. The spectral properties
of this problem is studied and the asymptotic formulas for the eigenvalues and
eigenfunctions are obtained.

1. INTRODUCTION

Let us consider the boundary value problem

W (@) + g(z)u(z — A(z)) +  w(z)u(z) =0, z € [o, g) U (gw} . (L)
u(0) =0, (1.2)

(B1 + B2 M) () + (B3 + Bad)u(m) = 0, (1.3)
u(z—A(z)=u(0)¢(z—A(z)), (1.4)

u(g—() —61u(g+0>20, (1.5)

o (g - 0) — S/ (g + 0) =0, (1.6)

where the real valued functions ¢(z) and A(z) > 0 are continuous on the interval
[0,Z) U (%, 7], Ais a real parameter, 3; # 0 (i = 1,2,3,4), 6 # 0, (k = 1,2) are
arbitrary real numbers, ¢(z) is a continuous initial function on the initial set

Ey={z—A(z):xz— A(x) <0,z > 0}
with ¢(0) =1 and

2

[ wl 0<a<i,
w() w IT<e<m
2 2 =/

is the discontinuous weight function where wi,ws are arbitrary real numbers as
wi, W2 ¢ {7%303 %}

The literature for the boundary value problems for differential equations of the
second order with retarded arguments begins with [10} @} 5] @} [T5] 2, 12 011 [3].
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Differential equations with retarded argument, describe processes with afteref-
fect; they find many applications, particularly in the theory of automatic control,
in the theory of self-oscillatory systems, in the study of problems connected with
combustion in rocket engines, in a number of problems in economics, biophysics,
and many other fields. Equations with retarded argument appear, for example each
time when in some physical or technological problem, the force operating at the
mass point depends on the velocity and the position of this point, not only at the
given instant, but also at some given previous instant.

The presence of retardations in the system studied often proves to be a result of
a phenomenon which essentially influences the course of the process. For example,
in automatic control systems the retardation is the time interval which the system
requires to react to an input impulse. Various applications of such problems can
be found in [12 [6] [19].

Many good results have been obtained on asymptotics of eigenvalues and eigen-
functions of the boundary value problems with retarded argument in the differential
equation (see [I7, [T}, 16l [18]). However, studies about the boundary value problems
which is generated with a differential equation with retarded argument can not be
restricted only to the investigation of the properties of eigenvalues and eigenfunc-
tions. In [I3] 14} [20], for example, inverse Sturm-Liouville problems with a delay
on finite interval are examined. In [§] all solvable extensions of a minimal opera-
tor generated by linear delay differential-operator expression of first order in the
Hilbert space of vector-functions in finite interval are described. In [7] the regu-
larized trace formula for a boundary value problem, generated by a discontinuous
Sturm-Liouville operator with retarded argument and eigenparameter dependent
boundary conditions, is obtained.

The rest of this paper is organized as follows. First, the equivalent integral repre-
sentation for the solution of the boundary value problem — is constructed.
Then, the simplicity of the eigenvalues is shown. After that, with the help of this
integral representations, the characteristic equation of the boundary value prob-
lem — is defined. The characteristic equation allows us to find that the
boundary value problem - has infinitely many positive eigenvalues. The
boundedness of the eigenfunctions and the asymptotic behaviours of the eigenvalues
and eigenfunctions are also discussed in the paper.

Let uj(x, A) be a solution of on [0, 7] satisfying the initial condition

ur(0,2) =0, (0, =1. (1.7)

Condition defines a unique solution of equation on [0, 5] (see [12], p.12).
With the help of we can define ua(x, A) with the initial conditions:

1 s 1 7T

u(G 0.3 = Fun(G —0.N), wh(G+0.0) = i (G

and defines a unique solution of equation on [F, ] as well.

Thus, the function u(z, A)

—0,)) (1.8)

_ Ul(ﬂ?, )‘)a HAES [ng)7
u(z,A) = { ug(x, ), x € (F,n),
is the solution of equation 1) on [O, g) U (gﬂr which satisfies the boundary

condition (|1.2) and the transmission conditions (1.5]), (1.6).
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Lemma 1.1. Let u(x, ) be a solution of equation , A:=5% and A > 0. Then
the integral equations hold:

x

up(z,A) = L sin swix — e sin swy(x — t)q(t)ur (t — A(t), N)dt,  (1.9)

swy swy Jo
(z,\) ! (7T A) ( ﬂ) (1.10)
us(x = —up|=,A)cosswy (z— = .
2(, 5,1\ 2 B
1 T . T
+ mug(g, ) sin swo (z — 5)
1 X
— — | sinswa(x — t)q(t)ua(t — A(t), N)dt.
Swo %
Proof. If we seek the solution of equation
ulll(xv A) + Awful (.23, )‘) = _Q(x)ul ($ - A(x)a )‘)
as
up(x, \) = ¢1 coswy ST + co sinw sz,
by applying the method of variation of parameters we have
1 x
ur(x,\) = ¢ coswy sz + éasinwyse — — [ q(t) sinswy (@ — t)ug (¢ — A(2), N)dt.
sSwi1 Jo
Taking condition (1.7]) into consideration we find
- N 1
c1=0 and ¢ =—
Swi
and thus have ([1.9).
Similarly, seeking the solution of
uly (2, ) + Modug(x, ) = —q(x)uz(z — Az), \)
as
uz(x, A) = ¢1 coswasx + co sin wysz,
and using the same method once again we find
1 x
ug(x, \) = €1 coswase + Gy sinwase — — [ q(t) sin swa(x — t)us(t — A(t), A)dt.
SWo z

Taking (|1.8) into account this time we have

- 1 Swoy Swo T (7r 1 | swem , /m
€ = — | ——cos U f,A)——smiul = /\) ,
01 2 2

- 1 SWo . SWaT ( T 1 swam™ , 7
= — |[—S ) A) ~ S ———— (*, A) .
Co St |: 51 S D) Ul 9 + 52 COS 2 Uq

After necessary calculations we reach (1.10). O
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2. PROPERTIES OF EIGENVALUES

In this section, we will discuss the properties of the eigenvalues including the sim-
plicity and positivity. Before giving the following theorem, it will be useful to keep
in mind that; here, the multiplicity of an eigenvalue of a boundary value problem
is defined to be the number of linearly independent eigenfunctions corresponding
to this eigenvalue.

Theorem 2.1. The boundary value problem (1. 1| (-) @ can have only simple eigen-
values.

Proof. Let A be an eigenvalue of the boundary value problem 1’ and
-5 wl(x )\) x€[0,%),
T, A 2
V(@A) = { Yoz, N), € (5,7,

be a corresponding eigenfunction. Then, from equations (|1.2)) and (1.7)), it follows
that the determinant

w (i 03) . 00)} = TN =

and by Theorem I1.2.2. in [12], the functions ¥ (x, ;\> and uy (x, 5\) are linearly
dependent on [0, 7]. It can also be proven that the functions o (a:, ;\) and uo (x, 5\)

are linearly dependent on [, 7]. Hence,
iz, \) = Kjui(z,A)  (i=1,2) (2.1)
holds for some K; # 0 and Ky # 0.

Now let us show that K7 = K. Suppose that Ky # K. From equalities (|1.5))

and we have
w(g ~0,3) _51¢( +0,3) = ¥y (E,X) — 51 (f,ﬁ)
Kiug (g,j\) — 0 Koug (2 ) =01 Kius ( ) — 01 Kous ( 5\)

:51 (Kl KQ)UQ(Z )\) 0
Since §; (K1 — K3) # 0, it follows that
us (g X) =0. (2.2)
Analoguously, by using (1.6)) and (2.1]) this time, we have

" (g)\) —0. (2.3)

From the fact that us(z, ) is a solution of the differential equation on
[5, 7] and satisfies the initial conditions and , it follows that ug(x,\) =0
identically on [F, 7] (cf. [12], p.12, Theorem 1.2.1). By using this, we may also reach
the result that u; (7, A) = u) (L 5 A) = 0. From the latter discussions of uz(x A), i
follows that u(z, A\) = 0 identically on [0, 7). But this contradicts and thus
completes the proof. [
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We know from Section 1 that u(z, A) is the solution of equation (1.1 on [0, %) U
z 7r] which satisfies one of the boundary conditions and transmission conditions

(1.5), (1.6). By substituting u(z, A) into the second boundary condition, we have
F(XA) = (B1+ B2A) v/ (m,A) + (B3 + BaA) u(m,A) = 0 (2.4)

Equation ([2.4) is called the characteristic equation of the boundary value problem
(1.1)-(1.6). With the help of Theorem 1.1 (see [12]) , we can say that the set of
eigenvalues of the boundary value problem (1.1))-(1.6]) coincides with the real roots

of equation (2.4).
5 T
o= [ @l w=[ ol
0 iy

Lemma 2.2. Let
2

and A > max {4qf, 4q§}. Then for solutions ui(xz, \) and uz(x, ) of equation

the inequalities:
1

@ (2[wn] = 1)
2 "IU2| w1|> s
ug(x, \)| < — 4+ — |, "EE(*,W}, 2.6
e < e (o 2l 20
hold.
Proof. Let B1y = mazx |ui(xz,\)|. Then from 1) we have the following inequal-

16[0,%]

un (z, )| < ze [o, g) , (2.5)

ity for every A > 0:
1 1
By < + Biaq1-
sl wi]  s]|w]

If s > 2¢q; the above inequality can be written as

1 1
Bix< s———+5——Bu
= 2gr fwr| 2w
and this yields us to (2.5).
To obtain (2.6]) this time, first let us differentiate (1.9) with respect to x:

uy (@, \) = cos swiz — / cos swi(x — t)q(t)ur (t — A(t), N)dt. (2.7)
0
From ([2.6) and (2.4), for |s| > 2¢1, we have
2 |’LU1|
! < . 2.
‘ul(l'v)\”— 2|U}1‘—1 ( 8)

Now let Bay = Tr[Lax] |ug(x, A)|. Then by using (1.10), D and 1D it follows
T€| G,

for |s| > 2¢, that
1 |’LU1| 1
+ + :
101 q1 (2wi| = 1) g2 [02| |wa| (2]wi] = 1) = 2|wa| Bax

From the last expression we have

By <

B <1— ! )< - + o]
A 2wz ) T 01l qu (2|wi] = 1) g |02 |wal (2]wi| — 1)

And thus, with the help of necessary calculations we reach (2.6) for A > max {4¢?, 443 }.
[
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Theorem 2.3. The boundary value problem (-) (@ has an infinite set of eigen-
values.

Proof. Differentiating (1.10) with respect to x we have
ub(z, \) —Séﬂul (%, )\) sin swe (m - I) (2.9)
1

2
+ iu’ (z )\) COS SW (x— z)
5 1\27 2 2

- /98 cos swa(x — t)q(t)ua(t — A(t), N)dt.

™

2

Taking ([1.9), (1.10), (2.4), (2.7) and (2.9) into consideration we have

(Br + Bas®) uy(m, A) + (B3 + Bus”) ua(m, \) = —61;1)25u1 (g, )\) sin swgg
1

T

+éu’1 (z7 )\) cos swgz -5 / cos swa(m — t)q(t)uz(t — A(t), \)dt
) 2 2 x

2

?—ful (W )\) cos SU]27T + 52%;’281/1 (g,)\) sinswgg

_ P /; sin swe (m — t)q(t)us(t — A(t), A)dt

SWo

3 2
s izwzul (z A) sin swy ™ 1 B2, (
1

)\) T
u — COS Swo —
2’ 2 "5, 1t 29

2’

™ 2
_52,32/ cos swa(m — t)q(t)uz(t — A(t), A)dt + 5?4 <g7 )\) cos S’LUQg

il
2

+ Swﬂu’l (g, )\) sin swgz _ ﬂ /j sin swa (7 — t)q(t)ua(t — A(t), N)dt. (2.10)

Here, if we substitute the functions uq (x, A) and uf(z, A) in (2.10) and take (2.5))

and (2.6]) into account, after necessary calculations we reach

2 m ﬁzwz . T B T
—s“sin 3w1 — sin swo — — COS SWo —
(51 2 8(5111}1 2

9 w [ B s
s° cos sw1 —cosswg +

0a 592w2

sin swo 2) +O0(1).
Assuming v9d1w; + d2wg = 0 allows us to rewrite the last equation as
scossg(wl —wg) +0O(1) =0. (2.11)

Obviously, for large s, equation (2.11)) has an infinite set of roots. Thus the theorem
is proved. (I
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3. ASYMPTOTIC FORMULAS FOR EIGENVALUES AND EIGENFUNCTIONS

In this section, we will examine the asymptotic behaviour of the eigenvalues
and corresponding eigenfunctions. Throughout the section we will assume that A
is sufficiently large. Moreover, here it would be useful to remind that the below-
mentioned asymptotic relations hold uniformly with respect to A.

From (1.9) and (2.5) we get

ur(x,A\) =0(1), on [O, g) (3.1)
and from (1.10) and we have
uz(xz,\) = O(1), on (g,w} . (3.2)

According to Theorem 1.4.1 in [I2] the derivatives of the solutions u/, (x, A) and
uhy (@, \) exist in the intervals [0, 3] and |3, 7] respectively, while |A| < oco.

Let Ag = m{gx]A(t), extend the function ¢ () continuously to the interval [Ag, 0]
xe |0,

and assume that ¢9 = maz _|¢(t)| holds.
[—40,0]

Lemma 3.1. The following equalities hold in [—Ag, 7]:

(2, A) = O(1), on [0, g) , (3.3)
upy (2, A) = O(1), on [0, g) : (3.4)

Proof. By differentiating (1.9) with respect to s we have:

/0 " sinswi (2 — Oq(t)u (t — A(H), \)dt

(3.5) up(x,\) = gcos swrx + e

_ 1/0x(a: —t) cos swi (z — t)q(t)uy (t — A(t), \)dt

s
1 x
— — | sinswi(z —t)q(t)ul\(t — A(t), N)dt.
sSw1 Jo
Equation (3.5) can be written as

T

(2, \) = —i ; sin swy (z — t)q(t)ul\(t — A(t), \)dt + K(x, ), (3.6)

as |K(z,\)| < Ko = const.
Now let C1\ = rAna:f] |uf\(z,\)]. The existence of such a Cyy follows from the
0%
continuity of the derivative on [0, 5]. From (3.6) we have
1
Cix £ —q1Cix + Ko.
Swy

Here assuming s > 2¢; allows us to write

and therefore we reach (3.3).
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To show the validity of (3.4) first let us differentiate ug(z, A) with respect to s:

upy(w,A) = —%Ul (W )\) wa (x — g) sin swo (z — g)
1
_ mu’l (g,k) Wa (x — %)
+ 8521M2 u} (g,)\) Wo (:L‘ - g) COS SWo (m - g)

1
52wy

/; sin swa(x — t)q(t)ua(t — A(t), N)dt

_ wez—t) /I sin swa(z — t)q(t)uz(t — A(t), \)dt

SWo fud

1 xT
— — | sinsws(z — t)q(t)uyy (t — A(t), N)dt.
SWwy J =

Now let Coy = [me] |uby (x, A)|. The existence of such a Csy follows from the
0,7

continuity of the derivative on [5, 7r]. From the above expression of the derivative

of ua(z, \) we have
1
o, A)| < —q2Cax + K.
|ugx (2, )|_sw2q2 2x T K

For s > g9 this inequality can be rewritten as the below form

1

%)
which finally gives us . O
Theorem 3.2. Let n be a natural number. For each su czently large n, there is
exactly one eigenvalue of the boundary value problem (1 l near o w2)2.
Proof. Consider the expressmn that is indicated by O(1) in - If we take for-

mulas (2.11) and (3.))-(3.4) into consideration, it can be shown that the derivative

of (2.11]) with respect to s is bounded for sufficiently large values of s. It can also
directly be seen that, for large values of s, the roots of equation are situated
close to entire numbers.

Let us consider the function

F(s) = scos sg(wl —wq) + 0O(1)

2
to show that there is only one root of equation (2.11]) near (UUEWQ) . The derivative

of the last expression has the form
F'(s) = cos sm2(w; — wa) — sg(wl — wg) sin sm2(wy — wsz) + O(1)

and it does not vanish for s close to n for sufficiently large n. Thus, according to
the Rolle’s Theorem, we have shown that equation (2.11]) has a unique root near

n

2
(wlfw) for sufficiently large values of n. O
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Let n be sufficiently large enough. In what follows, denote by A, = s2 the eigen-

2
values of the boundary value problem |l1) located near (wlﬁm) . Substi-
tuting s, = "~ + d, in (2.10) gives us that 6, = O () and thus

w1 —w2

n 1
n=——+0(=2). 3.4
n = e £ 0() (3.4)
Equation (3.4)) allows us to obtain the asymptotic formulas for the eigenvalues

of the boundary value problem ([1.1)-(1.6). From (1.9), (2.6) and (3.1)) we have

1 1
ui(z,\) = o sin swyx + O(g), (3.5)

u)(z,\) = cos swiz + O(1). (3.6)
And from (1.10), (3.2)), (3.5)), (3.6) we have

1
us(z, A) = n sin swlg COS SWa (a: — E>+ 02 cos swlg sin swa (x - g)+0 <s) .

S01W1 2 S(SQ'LUQ
Keeping the relation 633;2 =— 517;}1 in mind lets us to write the above equation as
s 1
ug(x, \) = cos swax sin s— (wy — w ol-). 3.7
2(03) = 3 cossugsins S (wr — ) +0 () (3.7

Substituting (3.4) into (3.5) and (3.7) we obtain
1
Ut = ur(z, Ap) = O () )

n

and

tam = tn(w, ) = O (1) .

n

Thus, the eigenfunctions u, (x, \) have the asymptotic representation:

oy [me=0(h). zeng).
(@ 3) {mn=o<z>7 v e (3.7,
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