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SOME FIXED POINT THEOREMS OF (F,ϕ)-FUZZY

CONTRACTIONS IN FUZZY METRIC SPACES

MÜZEYYEN SANGURLU SEZEN, DURAN TÜRKOĞLU

Abstract. The main concern of this study is to introduce the notion of fuzzy

ϕ -best proximity point and establish the existence and uniqueness of fuzzy

ϕ-best proximity point for mappings satisfying (F, ϕ)-fuzzy contraction and
(F, ϕ)-weak fuzzy contraction in the context of complete fuzzy metric spaces.

Also we give its fuzzy best proximity results.

1. Introduction

Fixed point theory is a very important concept in mathematics. Most authors
have found various fixed point theorems which are related fixed point theory [17, 21].
Some authors have introduced the concept of best proximity which is generalization
of fixed point theorems [1, 3, 6, 13, 14, 18, 19, 20]. Several authors generalized and
extended the best proximity point theorems in many directions. Several variants
of contractions for the existence of a best proximity point can be found in [2, 4, 5,
11, 12, 15, 22, 23]. In 2014, Jleli et al. [10] introduced the concept of ϕ-fixed point
and established some existence results of ϕ-fixed points in metric spaces.

Firstly, in this paper, we introduce the notion of fuzzy ϕ-fixed point and es-
tablished some existence results in fuzzy metric spaces. Fuzzy ϕ- fixed point and
establish the existence and uniqueness of fuzzy ϕ-fixed points for some mappings
satisfying (F,ϕ)-fuzzy contraction and (F,ϕ)-weak fuzzy contraction in complete
fuzzy metric space. Then, we established fuzzy ϕ-best broximity point and we
genaralize results of ϕ-fixed point. Also we give some best proximity applications
for (F,ϕ)-fuzzy contraction and (F,ϕ)-weak fuzzy contraction mappings.

2. Preliminaries

Definition 1. [16] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a con-
tinuous triangular norm (in short, continuous t−norm) if it satisfies the following
conditions:

(TN-1) ∗ is commutative and associative;
(TN-2) ∗ is continuous;
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Submitted May 22, 2017. Published June 21, 2017.
Communicated by Guest editor Huseyin Isik.

10
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(TN-3) ∗(a, 1) = a for every a ∈ [0, 1];
(TN-4) ∗(a, b) ≤ ∗(c, d) whenever a ≤ c, b ≤ d and a, b, c, d ∈ [0, 1].

An arbitrary t−norm ∗ can be extended (by associativity) in a unique way to an
nary operator taking for (x1, x2, ..., xn) ∈ [0, 1]n, n ∈ N, the value ∗(x1, x2, ..., xn)
is defined, in [8], by ∗0

İ=1
xi = 1, ∗n

İ=1
xi = ∗(∗n−1

İ=1
xi, xn) = ∗(x1, x2, ..., xn).

Definition 2. [7] A fuzzy metric space is an ordered triple (X,M, ∗) such that X
is a nonempty set, ∗ is a cotinuous t-norm and M is a fuzzy set on X2 × (0,∞),
satisfying the following conditions, for all x, y, z ∈ X, s, t > 0 :

(FM-1) M(x, y, t) > 0;
(FM-2) M(x, y, t) = 1 iff x = y;
(FM-3) M(x, y, t) = M(y, x, t);
(FM-4) ∗( M(x, y, t),M(y, z, s)) ≤M(x, z, t+ s);
(FM-5) M(x, y, ·) : (0,∞)→ (0, 1] is continuous.

Definition 3. [9] Let (X,M, ∗) be a fuzzy metric space. Then

(i) A sequence {xn} in X is said to converge to x in X, denoted by xn → x,
if and only if lim

n→∞
M(xn, x, t) = 1 for all t > 0, i.e. for each r ∈ (0, 1) and

t > 0, there exists n0 ∈ N such that M(xn, x, t) > 1− r for all n ≥ n0.
(ii) A sequence {xn} is a G-Cauchy sequence if and only if lim

n→∞
M(xn, xn+p, t) =

1 for any p > 0 and t > 0.
(iii) The fuzzy metric space (X,M, ∗) is called G-complete if every G-Cauchy

sequence is convergent.

Definition 4. [21] Let Ψ be the class of all mappings ψ : [0, 1] −→ [0, 1] such that

(i) ψ is continuous and nondecreasing,
(ii) ψ(t) > t for all t ∈ (0, 1).

Lemma 1. [21] If ψ ∈ Ψ, then ψ(1) = 1.

Lemma 2. [21] If ψ ∈ Ψ, then lim
n→+∞

ψn(t) = 1 for all t ∈ (0, 1).

3. Main Results

Definition 5. Let (X,M, t) be a fuzzy metric space, ϕ : X → [0,∞) be a given
function and T : X → X be an operator. The set of all fixed points of the operator
T will be denoted by

FT = {x ∈ X : Tx = x}.
The set all ones of the function ϕ will be denoted by

θϕ = {x ∈ X : ϕ(x) = 1}.

Definition 6. An element z ∈ X is said to be a fuzzy ϕ-fixed point of the operator
T if and only if z ∈ FT ∩ θϕ.

We denote by F the set of functions F : [0, 1]3 → [0, 1] satisfying the following
conditions:

(F1) min{a, b, c} ≥ F (a, b, c) for all a, b, c ∈ [0, 1],
(F2) F (1, 1, 1) = 1,
(F3) F is continuous.

The following functions are given as examples:
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(i) F (a, b, c) = a · b · c
(ii) F (a, b, c) = a2 · b · c

(iii) F (a, b, c) = min{a, b} · c

Definition 7. Let (X,M, t) be a fuzzy metric space, ϕ : X → [0, 1] be a given
function and F ∈ F . The operator T : X → X is an (F,ϕ)−fuzzy contraction, if
there exists ψ ∈ Ψ such that

F (M(Tx, Ty, t), ϕ(Tx), ϕ(Ty)) ≥ ψ(F (M(x, y, t), ϕ(x), ϕ(y))), for all x, y ∈ X.
(1)

Theorem 3. Let (X,M, t) be a fuzzy metric space, ϕ : [0, 1] → [0, 1] be a given
function and F ∈ F . Suppose that the following conditions hold:

(i) ϕ is continuous;
(ii) T : X → X is an (F,ϕ)-fuzzy contraction with respect to M .

Then, there exists z ∈ X such that FT ∩ θϕ = {z}, that is, F has a unique fuzzy
ϕ- fixed point.

Proof. Assume that ξ ∈ X is a fixed point of T. Applying (1) with x = y = ξ, we
obtain

F (1, ϕ(ξ), ϕ(ξ)) ≥ ψ(F (1, ϕ(ξ), ϕ(ξ))), (2)

implies that
F (1, ϕ(ξ), ϕ(ξ)) = 1. (3)

On the other hand, from (F1), we have

ϕ(ξ) ≥ F (1, ϕ(ξ), ϕ(ξ)) (4)

From (3) and (4), we obtain ϕ(ξ) = 1, which means that

F (T ) ⊆ θϕ. (5)

Let x ∈ X be an arbitrary point. Using (1), we have

F (M(Tn+1x, Tnx, t), ϕ(Tn+1x), ϕ(Tnx)) ≥ ψ(F (M(Tnx, Tn−1x, t), ϕ(Tnx), ϕ(Tn−1x)))

...

≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))).
(6)

From (F1),

min{M(Tn+1x, Tnx, t), ϕ(xn), ϕ(xn+1)} ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))),
(7)

which implies

M(Tn+1x, Tnx, t) ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))). (8)

Now, we prove that the sequence {xn} is Cauchy.
For any p > 0, we deduce

M(Tnx, Tn+px, t) ≥ ∗(M(Tnx, Tn+1x,
t

p
),M(Tn+1x, Tn+2x,

t

p
)

, ...,M(Tn+p−1x, Tn+px,
t

p
))

≥ ∗(ψn(F0), ψn+1(F0), ..., ψn+p−1(F0)

= ∗p−1
i=0ψ

n+i(F0) (9)
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where F0 = F (M(x0, x1,
t
p ), ϕ(x0), ϕ(x1)), from Lemma 2, for i ∈ {0, 1, ..., p − 1},

taking n→∞ in (9), we deduce

lim
n→∞

ψn+i(F0) = 1.

Hence {Tnx} is a Cauchy sequence. Since (X,M, t) is complete fuzzy metric
space, there is some z ∈ X such that

lim
n→∞

M(Tnx, z, t) = 1 (10)

Now, we shall prove that z is a fuzzy ϕ- fixed point of T. Observe that from (7),

lim
n→∞

ϕ(Tnx) = 1. (11)

Since ϕ is continuous, from (10) and (11), we have

ϕ(z) = 1. (12)

Using , we have

F (M(Tn+1x, Tz, t), ϕ(Tn+1x), ϕ(Tz)) ≥ ψ(F (M(Tnx, z, t), ϕ(Tnx), ϕ(z))). (13)

Taking n→∞ in 13, keeping (10), (11) and (12) in mind and considering (F2) and
the continuity of F, we have

F (M(z, Tz, t), 1, ϕ(Tz)) ≥ ψ(F (1, 1, 1)) = 1

which implies from condition (F1) that

M(z, Tz, t) = 1. (14)

It follows from (12) and (14) that z is a fuzzy ϕ-fixed point of T.
Now we show that fuzzy ϕ-fixed point is unique. Assume that w ∈ X is another

fuzzy ϕ-fixed point of T. Applying with x = z and y = w, then we get

F (M(z, w, t), ϕ(z), ϕ(w)) ≥ ψ(F (M(z, w, t), ϕ(z), ϕ(w)))

and then

F (M(z, w, t), 1, 1) ≥ ψ(F (M(z, w, t), 1, 1))

which implies M(z, w, t) = 1, that is z = w. This completes the proof.

Definition 8. Let (X,M, t) be a fuzzy metric space, ϕ : X → [0, 1] be a given func-
tion and F ∈ F . The operator T : X → X is a graphic (F,ϕ)−fuzzy contraction, if
there exists ψ ∈ Ψ such that

F (M(T 2x, Ty, t), ϕ(T 2x), ϕ(Ty)) ≥ ψ(F (M(x, y, t), ϕ(x), ϕ(y))), for all x, y ∈ X.

Theorem 4. Let (X,M, t) be a fuzzy metric space, ϕ : [0, 1] → [0, 1] be a given
function and F ∈ F . Suppose that the following conditions hold:

(i) ϕ is continuous;
(ii) T : X → X is a graphic (F,ϕ)-fuzzy contraction with respect to M .

Then, there exists z ∈ X such that FT ∩ θϕ = {z}, that is, F has a unique fuzzy
ϕ-fixed point.

Proof. The proof of this theorem is obtained in a similar way to the Theorem 4.
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Definition 9. Let (X,M, t) be a fuzzy metric space, ϕ : X → [0, 1] be a given
function and F ∈ F . The operator T : X → X is an (F,ϕ, )−weak fuzzy contraction,
if there exist ψ ∈ Ψ and continuous function φ : [0, 1]→ [0, 1] such that

F (M(Tx, Ty, T ), ϕ(Tx), ϕ(Ty)) ≥ ψ(F (M(x, y, t), ϕ(x), ϕ(y)))

+ φ(F (M(y, Tx, t), ϕ(y), ϕ(Tx))− F (1, ϕ(y), ϕ(Tx))),
(15)

for any x, y ∈ X.

Theorem 5. Let (X,M, t) be a fuzzy metric space, ϕ : [0, 1] → [0, 1] be a given
function and F ∈ F . Suppose that the following conditions hold:

(i) ϕ is continuous;
(ii) T : X → X is an (F,ϕ)-weak fuzzy contraction with respect to M .

Then, there exists z ∈ X such that FT ∩ θϕ = {z}, that is, F has a unique fuzzy
ϕ-fixed point.

Proof. Assume that ξ ∈ X is a fixed point of T. Applying (15) with x = y = ξ, we
obtain

F (1, ϕ(ξ), ϕ(ξ)) ≥ ψ(F (1, ϕ(ξ), ϕ(ξ)))

+φ(F (1, ϕ(ξ), ϕ(ξ))− F (1, ϕ(ξ), ϕ(ξ))) (16)

implies that

F (1, ϕ(ξ), ϕ(ξ)) = 1. (17)

On the other hand, from (F1), we have

ϕ(ξ) ≥ F (1, ϕ(ξ), ϕ(ξ)) (18)

From (17) and (18), we obtain ϕ(ξ) = 1, which means that

F (T ) ⊆ θϕ. (19)

Let x ∈ X be an arbitrary point. Using ([15]), we have

F (M(Tn+1x, Tnx, t), ϕ(Tn+1x), ϕ(Tnx))

≥ ψ(F (M(Tnx, Tn−1x, t), ϕ(Tnx), ϕ(Tn−1x)))

+ φ(F (1, ϕ(Tnx), ϕ(Tnx))− F (1, ϕ(Tnx), ϕ(Tnx)))

= ψ(F (M(Tnx, Tn−1x, t), ϕ(Tnx), ϕ(Tn−1x)))

...

≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))). (20)

From (F1),

min{M(xn, xn+1, t), ϕ(xn), ϕ(xn+1)} ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))),

which implies

M(xn, xn+1, t) ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))).

The proof of this theorem is obtained in a similar way to the Theorem 4.
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4. Best proximity point results

In this section, we deduce some best proximity point results in fuzzy metric
spaces by using the obtained results in the previous section.

Let A and B two nonempty subsets of a fuzzy metric space (X,M, t). We will
use the following notations:

M(A,B, t) = sup {M(x, y, t) : x ∈ A, y ∈ B} ;

A0 = {x ∈ A : M(x, y, t) = M(A,B, t) for some y ∈ B} ;

B0 = {y ∈ B : M(x, y, t) = M(A,B, t) for some x ∈ A} .
Throughout this study, the set of all best proximity points of a non-self-mapping

T : A→ B will be denoted by

Best(T ) = {x ∈ A : M(x, Tx, t) = M(A,B, t)} .
Let us introduce some notions which are main objects of this study.

Definition 10. An element z ∈ A is said to be a fuzzy ϕ-best proximity point of
non-self-mapping T : A→ B, if z ∈ Best(T ) ∩ θϕ.

Definition 11. Let A and B be two nonempty closed subsets of a uzzy metric space
(X,M, t). An operator T : A→ B is said to be an (F,ϕ)-fuzzy proximal contraction,
if there exist mapping ϕ : X → [0, 1], ψ ∈ Ψ and F ∈ F such that{

M(u, Tx, t) = M(A,B, t)
M(v, Ty, t) = M(A,B, t)

=⇒ F (M(u, v, t), ϕ(u), ϕ(v)) ≥ ψ(F (M(x, y, t), ϕ(x), ϕ(y))),

(21)
for all u, v, x, y ∈ A .

Theorem 6. Let A and B be two nonempty subsets of a fuzzy metric space (X,M, t)
such that A0 is nonempty and ϕ : X → [0, 1] and F ∈ F . Suppose that T : A→ B
satisfies the following conditions:

(i) A0 is closed with respect to the topology induced by M ;
(ii) T (A0) ⊆ B0;

(iii) ϕ is continuous;
(iv) T : A→ B is an (F,ϕ)-fuzzy proximal contraction.

Then, there exists z ∈ A such that Best(T ) ∩ θϕ = {z}, that is, F has a unique
fuzzy ϕ-best proximity point.

Proof. Assume that ξ ∈ A is a best proximity point of T. Then d(ξ, T ξ) = d(A,B).
Applying (21) with u = v = x = y = ξ, we obtain

F (1, ϕ(ξ), ϕ(ξ)) ≥ ψ(F (1, ϕ(ξ), ϕ(ξ))), (22)

implies that
F (1, ϕ(ξ), ϕ(ξ)) = 1. (23)

On the other hand, from (F1), we have

ϕ(ξ) ≥ F (1, ϕ(ξ), ϕ(ξ)) (24)

From (23) and (24), we obtain ϕ(ξ) = 1, which means that

Best(T ) ⊆ θϕ. (25)

Let us select an element x0 in A0. Since Tx0 ∈ T (A0) ⊆ B0, we can find x1 ∈ A0

such that M(x1, Tx0, t) = M(A,B, t). Further, since Tx1 ∈ T (A0) ⊆ B0, it follows
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that there is an element x2 in A0 such thatM(x2, Tx1, t) = M(A,B, t). Recursively,
we obtain a sequence {xn} in A0 satisfying

M(xn+1, Txn, t) = M(A,B, t), for all n ∈ N. (26)

If there exists n0 such that xn0
= xn0+1, then

M(xn0
, Txn0

, t) = M(xn0+1, Txn0
, t) = M(A,B, t).

This shows that xn0 is a best proximity point of F and the proof is completed. Due
to this reason, we suppose that xn 6= xn+1, for all n. In view of (26), by (21), we
get

F (M(xn, xn+1, t), ϕ(xn), ϕ(xn+1)) ≥ ψ(F (M(xn−1, xn, t), ϕ(xn−1), ϕ(xn)))

...

≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))).

From (F1),

min{M(xn, xn+1, t), ϕ(xn), ϕ(xn+1)} ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))), (27)

which implies

M(xn, xn+1, t) ≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))). (28)

Now, we prove that the sequence {xn} is Cauchy.
For any p > 0 , we deduce

M(xn, xn+p, t) ≥ ∗(M(xn, xn+1, t),M(xn+1, xn+2, t), ...,M(xn+p−1, xn+p, t))

≥ ∗(ψn(F0), ψn+1(F0), ..., ψn+p−1(F0)

= ∗p−1
i=0ψ

n+i(F0) (29)

where F0 = F (M(x0, x1, t), ϕ(x0), ϕ(x1)), from Lemma 2, for i ∈ {0, 1, ..., p − 1},
taking n→∞ in 29, we get

lim
n→∞

ψn+i(F0) = 1.

Hence {xn} is a Cauchy sequence. Since (X,M, t) is complete fuzzy metric space,
there is some x∗ ∈ X such that

lim
n→∞

M(xn, x
∗, t) = 1 (30)

Since A0 is a closed subset of the complete fuzyy metric space (X,M, t), there exists
x∗ ∈ A0 such that

lim
n→∞

M(xn, x
∗, t) = 1 (31)

Now, we shall prove that x∗ is a fuzzy ϕ-best proximity point of T. Observe that
from (27),

lim
n→∞

ϕ(xn) = 1. (32)

Since ϕ is continuous, from (31) and (32), we have

ϕ(x∗) = 1. (33)

Since x∗ ∈ A0, from the assertion (ii), there exists z ∈ A0 such that

M(z, Tx∗, t) = M(A,B, t). (34)

Regarding (iv), (26) and (34), we have

F (M(xn+1, z, t), ϕ(xn+1), ϕ(z)) ≥ ψ(F (M(xn, x
∗, t), ϕ(xn), ϕ(x∗))).
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Take limit of the above inequality as n → ∞, keeping (31), (32) and (33) in mind
and considering (F2) and the continuity of F, we get

F (M(x∗, z, t), 1, ϕ(z)) ≤ ψ(F (1, 1, 1)) = 1

which implies from condition (F1) that

M(x∗, z, t) = 1,

and so x∗ = z. By (34), we deduce

M(x∗, Tx∗, t) = M(A,B, t).

It follows from (25) that is x∗ is a fuzzy ϕ-best proximity point of T. Now we show
that Best(T )∩θϕ is singleton. Assume that w ∈ A is another fuzzy ϕ-best proximity
point of T. Then we get

M(x∗, Tx∗, t) = M(A,B, t) and M(w, Tw, t) = M(A,B, t).

From the assertion (iv), we obtain

F (M(x∗, w, t), ϕ(x∗), ϕ(w)) ≤ ψ(F (M(x∗, w, t), ϕ(x∗), ϕ(w)))

and then

F (M(x∗, w), 1, 1) ≤ ψ(F (M(x∗, w, t), 1, 1))

which implies M(x∗, w, t) = 1, that is x∗ = w. This completes the proof.

Example 1. Let X = [0, 1] and let M : X × X × (0,+∞) → [0, 1] be a fuzzy

metric space by M =
t

t+ d(x, y)
for all t > 0, where d : X × X → R a usual

metric on X.Let F : [0, 1]3 → [0, 1], ϕ : [0, 1] → [0, 1] and ψ : [0, 1] → [0, 1] be
defined by F (a, b, c) = a · b · c, ϕ(x) = x and ψ(t) = t. Then, it is obvious that
F ∈ F and θϕ = {1}. Let A = {0, 1, 1

2 ,
1
3 ,

1
5} and B = {0, 1, 1

4 ,
5
6 ,

7
10}. Note that

M(A,B, t) = 1, so A0(t) = {0, 1} and B0(t) = {0, 1}.
Define T : A→ B by

Tx =

{
x x = 0, 1

x+ 1
2 otherwise.

Clearly, T (A0(t)) ⊆ B0(t). Assume that M(u, Tx, t) = M(A,B, t) and M(v, Ty, t) =
M(A,B, t) for some u, v, x, y ∈ A, then we take (u, x) = (0, 0) or (v, y) = (1, 1). If
we put (u, x) = (0, 0), (v, y) = (1, 1) in abowe the theorem, we get

F (M(u, v, t), ϕ(u), ϕ(v)) = M(0, 1, t) · ϕ(0) · ϕ(1)

= 0

= ψ(F (M(0, 1, t), ϕ(0), ϕ(1)))

= ψ(F (M(x, y, t), ϕ(x), ϕ(y))).

All conditions of the abowe the theorem are satisfied. Moreover T has a unique
ϕ-best proximity point which is x∗ ∈ A such that M(x∗, Tx∗, t) = M(A,B, t) for
all t > 0 and Best(T ) ∩ θϕ = {1} .

Definition 12. Let A and B be two nonempty closed subsets of a fuzzy metric
space (X,M, t) and F ∈ F . An operator T : A → B is said to be an (F,ϕ)-weak
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fuzzy proximal contraction, if there exist mapping ϕ : X → [0, 1) and a continuous
function φ : [0, 1]→ [0, 1] and ψ ∈ Ψsuch that

M(u, Tx, t) = M(v, Ty, t) = M(A,B, t)

=⇒
F (M(u, v, t), ϕ(u), ϕ(v)) ≥ ψ(F (M(x, y, t), ϕ(x), ϕ(y)))

φ(F (M(y, u, t), ϕ(y), ϕ(u)− F (0, ϕ(y), ϕ(u))), (35)

for all u, v, x, y ∈ A.

Theorem 7. Let A and B be two nonempty subsets of a fuzzy metric space (X,M, t)
such that A0 is nonempty and ϕ : X → [0, 1] and F ∈ F . Suppose that T : A→ B
satisfies the following conditions:

(i) A0 is closed with respect to the topology induced by M ;
(ii) T (A0) ⊆ B0;

(iii) ϕ is continuous;
(iv) T : A→ B is an (F,ϕ)-weak fuzzy proximal contraction.

Then, there exists z ∈ A such that Best(T ) ∩ θϕ = {z}, that is, F has a unique
fuzzy ϕ-best proximity point.

Proof. Assume that ξ ∈ A is a best proximity point of T. Then d(ξ, T ξ) = d(A,B).
Applying (35) with u = v = x = y = ξ, we obtain

F (1, ϕ(ξ), ϕ(ξ)) ≥ ψ(F (1, ϕ(ξ), ϕ(ξ)))

+φ(F (1, ϕ(ξ), ϕ(ξ)))− F (1, ϕ(ξ), ϕ(ξ))) (36)

implies that

F (1, ϕ(ξ), ϕ(ξ)) = 1. (37)

On the other hand, from (F1), we have

ϕ(ξ) ≥ F (1, ϕ(ξ), ϕ(ξ)) (38)

From (37) and (38), we obtain ϕ(ξ) = 1, which means that

Best(T ) ⊆ Zϕ. (39)

Let us select an element x0 in A0. Since Tx0 ∈ T (A0) ⊆ B0, we can find x1 ∈ A0

such that M(x1, Tx0, t) = M(A,B, t). Further, since Tx1 ∈ T (A0) ⊆ B0, it follows
that there is an element x2 in A0 such thatM(x2, Tx1, t) = M(A,B, t). Recursively,
we obtain a sequence {xn} in A0 satisfying

M(xn+1, Txn, t) = M(A,B, t), for all n ∈ N. (40)

If there exists n0 such that xn0
= xn0+1, then

M(xn0
, Txn0

, t) = M(xn0+1, Txn0
, t) = M(A,B, t).

This shows that xn0
is a best proximity point of F and the proof is completed. Due

to this reason, we suppose that xn 6= xn+1, for all n. In view of (40), by (35), we
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get

F (M(xn, xn+1, t), ϕ(xn), ϕ(xn+1)) ≥ ψ(F (M(xn−1, xn, t), ϕ(xn−1), ϕ(xn)))

+ φ(F (1, ϕ(xn), ϕ(xn))− F (1, ϕ(xn), ϕ(xn)))

= ψ(F (M(xn−1, xn, t), ϕ(xn−1), ϕ(xn)))

...

≥ ψn(F (M(x0, x1, t), ϕ(x0), ϕ(x1))).

The proof of this theorem is obtained in a similar way to the Theorem 6.
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E-mail address: muzeyyen.sezen@giresun.edu.tr
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