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GENERALIZATION OF THE BEST PROXIMITY POINT

RAHMATOLLAH LASHKARIPOUR, JAVAD HAMZEHNEJADI

Abstract. In this paper we introduce the concept of the best triplex common

proximity point in G-metric space (X,G), as extension of the best proximity
point in metric spaces. Also we provide sufficient conditions for the existence of

a unique best triplex common proximity point for some mappings in complete

G-metric spaces. At the end, we show that some of this results are extension
of the best proximity point theorems in metric spaces.

1. Introduction

Let A and B be nonempty subsets of the metric space (X, d) and T : A→ B be a
non-self-mapping. A best proximity point of mapping T is a point x∗ ∈ A satisfying
the equality d(x∗, Tx∗) = d(A,B), where d(A,B) = inf{d(x, y) : x ∈ A, y ∈ B}.
The goal of best proximity point theory is to furnish sufficient conditions that assure
the existence of best proximity points. An operator T : A ∪ B → A ∪ B is said to
be cyclic contraction if T (A) ⊆ B and T (B) ⊆ A and there exists k ∈ (0, 1) such
that

d(Tx, Ty) ≤ kd(x, y) + (1− k)d(A,B) for all x, y ∈ A.
A best proximity point theorem for cyclic contraction mappings has been detailed
in A. Anthony, P. Veeramani [1]. A great numbers of generalizations of this theorem
appear in the literature. For more details on this approach, we refer the reader to
[4, 5, 8, 12].
On the other hand, in 2006, Mustafa and Sims [10] defined the notion of the G-
metric space and characterized the Banach fixed point theorem in the context of a
G-metric space. Following these results, many authors have discussed fixed point
theorems in the framework of G-metric spaces; see [2, 6, 7, 9, 10, 11, 13].
Recently several mathematicians notice that, some existing fixed point results and
recently announced best proximity point results are equivalent. In this paper, we in-
troduce the concept of the best triplex common proximity point in G-metric spaces
as extension of the best proximity point in metric spaces that is not equivalent to
fixed point result. Also we provide sufficient conditions for the existence of a unique
best triplex proximity point.
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First, we recall some basic definitions and fundamental results on the G-metric
spaces.

Definition 1.1. (see [10]). Let X be a nonempty set, and let G : X×X×X → R+

be a function satisfying the following properties:

(a) G(x, y, z) = 0 if x = y = z,
(b) 0 < G(x, x, y), for all x, y ∈ X, with x 6= y,
(c) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X with z 6= y,
(d) G(x, y, z) = G(x, z, y) = G(y, x, z) = ..., for all x, y, z ∈ X,
(e) G(x, y, z) ≤ G(x, a, a) +G(a, y, z), for all x, y, z, a ∈ X.

Then the function G is called a generalized metric, or more specifically a G-metric
on X, and the pair (X,G) is called a G-metric space.

Example 1.2. Let (X, d) be a metric space. The function G : X×X×X → [0,∞),
defined by

G(x, y, z) = max{d(x, y), d(y, z), d(x, z)},
where x, y, z ∈ X, is a G-metric on X.

Definition 1.3. A G−metric on X is said to be symmetric if G(x, y, y) = G(y, x, x)
for all x, y ∈ X.

Example 1.4. Let X = {a,b}, and let,

G(a, a, a) = G(b, b, b) = 0, G(a, a, b) = 1, G(a, b, b) = 2.

and extend G to X × X × X by symmetry in the variables. Then it is easily
verified that G is a G−metric, but G(a, b, b) 6= G(a, a, b), and so G is asymmetric
G−metric.

Definition 1.5. (see [10]). Let {xn} be a sequence of points in a G-metric space
(X,G). The sequence {xn} is called G−convergent to x if for any ε > 0, there
exists k ∈ N such that G(x, xn, xm) < ε, ∀n,m ≥ k. In this case we say that
limn→+∞ xn = x, that is

lim
n,m→∞

G(x, xn, xm) = 0.

Proposition 1.6. (see [10]). Let (X,G) be a G-metric space. The following are
equivalent:

(a) {xn} is G−convergent to x,
(b) G(xn, xn, x)→ 0 as n→ +∞,
(c) G(xn, x, x)→ 0 as n→ +∞,
(d) G(xn, xm, x)→ 0 as n,m→ +∞.

Definition 1.7. (see [10]). Let (X,G) be a G-metric space. The sequence {xn} is
called G−cauchy if for any ε > 0, there exists k ∈ N such that G(xn, xm, xl) < ε
for any n,m, l ≥ k, that is, G(xn, xm, xl)→ 0 as n,m, l→ +∞.

Proposition 1.8. (see [10]). Let (X,G) be a G-metric space. Then the following
are equivalent:

(a) sequence {xn} is G− cauchy,
(b) for any ε > 0 there exist k ∈ N such that G(xn, xn, xm) < ε for all n,m ≥ k.

Definition 1.9. (see [10]). A G-metric space (X,G) is called a complete G-metric
space if every G−cauchy sequence be G−convergent in (X,G).
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2. Main Results

At first, we present some necessary definitions which will be needed in this paper.

Definition 2.1. Let A,B and C be three nonempty subsets of G-metric space
(X,G). We define G−distance of three subsets A,B and C, G(A,B,C), as follows:

G(A,B,C) := inf{G(a, b, c) : a ∈ A, b ∈ B, c ∈ C}.

The following notations will be used throughout this article:

A0 := {a ∈ A : G(a, b, c) = G(A,B,C) for some b ∈ B and c ∈ C},

B0 := {b ∈ B : G(a, b, c) = G(A,B,C) for some a ∈ A and c ∈ C},

C0 := {c ∈ C : G(a, b, c) = G(A,B,C) for some a ∈ A and b ∈ B}.

Example 2.2. Let X = R. Then

G(x, y, z) = d(x, y) + d(x, z) + d(y, z),

is a G-metric on X. Suppose that A = [1, 4], B = (5, 6] and C = [9, 11). Then for
any b ∈ B we have

G(4, b, 9) = G(A,B,C) = 10,

and for any a ∈ [1, 4) and c ∈ (9, 11), we have G(a, b, c) > 10. Therefore A0 =
{4}, B0 = B and C0 = {9}.

Definition 2.3. Let A,B and C be three nonempty subsets of G-metric space
(X,G). A best triplex common proximity point of mappings T : A → B and S :
A→ C is a point x∗ ∈ A satisfying equality

G(x∗, T (x∗), S(x∗)) = G(A,B,C).

Define ATS
0 and PTS

G as follows:

ATS
0 := {x0 ∈ A : G(y0, T (x0), S(x0)) = G(A,B,C) for some y0 ∈ A},

PTS
G := {x∗ ∈ A : G(x∗, T (x∗), S(x∗) = G(A,B,C)}.

Let x0 ∈ PTS
G . Then G(x0, T (x0), S(x0)) = G(A,B,C) which implies that x0 ∈ A0,

and x0 ∈ ATS
0 . Therefore PTS

G ⊆ A0 and PTS
G ⊆ ATS

0 .

Note that if A = B = C, then x∗ is common fixed point of mappings T and S.

Example 2.4. Let X = R2, and

G(x, y, z) = max{d(x, y), d(x, z), d(y, z)}, ∀x, y, z ∈ R2

be a G-metric on X. Let A = {(x, y) : x2 +y2 = 1}, B = {(x, y) : x2 +y2 = 4}, and
C = {(x, y) : x2 + y2 = 16}. For any a ∈ A, b ∈ B and c ∈ C we deduce that
G(a, b, c) ≥ 3, and

G(a, b, c) = 3⇐⇒ ∃(x, y) ∈ A : a = (x, y), b = (2x, 2y), c = (4x, 4y).

Therefore G(A,B,C) = 3 and A0 = A. Define mappings T : A→ B and S : A→ C
by

T (x, y) = (2x, 2y), S(x, y) = (4x, 4y).

It is easy to show that PTS
G = ATS

0 = A.
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Example 2.5. Let X = Z where Z is set of integers. Let E = {(2, 2, 0), (2, 0, 2), (0, 2, 2)},
G(x, y, z) = |x− y|+ |y − z|+ |z − x|, ∀x, y, z ∈ X.

Then

G1(x, y, z) =

{
7
2 (x, y, z) ∈ E,
G(x, y, z) otherwise,

is a asymmetric G-metric on X. Suppose that A = {−1, 0, 1} and B = C =
{2, 4, 3, 6}. Then G(A,B,C) = 2. Define mappings T : A → B and S : A → C by
T (x) = S(x) = −x+ 3, for all x ∈ A. It is easy to show that PTS

G = {1}.

Definition 2.6. Let A,B and C be three nonempty subsets of G-metric space
(X,G) with A0 6= ∅. The triple (A,B,C) is said to have the strong GP -property if
for any x1, x2 ∈ A0, y1, y2 ∈ B0 and z1, z2 ∈ C0,{

G(x1, y1, z1) = G(A,B,C)
G(x2, y2, z2) = G(A,B,C)

implies that G(x1, x2, x2) = G(y1, y2, y2).

Definition 2.7. Let A and B be two nonempty subsets of a G-metric space (X,G).
A mapping T : A → B is said to be triplex Geraghty contraction if satisfying the
following condition:

G(Tx, Ty, Ty) ≤ β(G(x, y, y))G(x, y, y), for all x, y ∈ A,
where the function β : [0,∞)→ [0, 1) satisfying the following condition:

β(tn)→ 1 implies tn → 0.

Theorem 2.8. Let (A,B,C) be a triple of nonempty closed subsets of a complete
G-metric space (X,G) such that A0 6= ∅. Let T : A → B and S : A → C be
triplex Geraghty contraction mappings such that A0 ⊆ ATS

0 . Suppose that the triple
(A,B,C) have strong GP -property. Then there exists a unique x∗ ∈ A such that
G(x∗, Tx∗, T 2x∗) = G(A,B,C).

Proof. Choose x0 ∈ ATS
0 , there exists x1 ∈ A0 such that G(x1, Tx0, Sx0) =

G(A,B,C). Similarly since x1 ∈ A0 ⊆ ATS
0 , there exists x2 ∈ A0 such that

G(x2, Tx1, Sx1) = G(A,B,C). By induction, we can get a sequence {xn} ⊆ A
such that for any n ∈ N

G(xn, Txn−1, Sxn−1) = G(A,B,C).

Thus for any n ∈ N, we have{
G(xn, Txn−1, Sxn−1) = G(A,B,C)
G(xn+1, Txn, Sxn) = G(A,B,C).

The triple (A,B,C) has strong GP -property, and so

G(xn, xn+1, xn+1) = G(Txn−1, Txn, Txn).

Since T is a triplex Geraghty contraction mapping, for any n ∈ N, we have

G(xn, xn+1, xn+1) = G(Txn−1, Txn, Txn)

≤ β(G(xn−1, xn, xn)G(xn−1, xn, xn)

≤ G(xn−1, xn, xn). (2.1)

Suppose that there exists n0 ∈ N such that G(xn0
, xn0+1, xn0+1) = 0. This implies

that xn0 = xn0+1. Therefore

G(xn0
, Txn0

, Sxn0
) = G(xn0+1, Txn0

, Sxn0
) = G(A,B,C).
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This is the desired result.
Now Let for any n ∈ N, G(xn, xn+1, xn+1) > 0. By (2.1), {G(xn, xn+1, xn+1)} is a
decreasing sequence of nonnegative real numbers and hence there exists r ≥ 0 such
that

lim
n→∞

G(xn, xn+1, xn+1) = r.

In the sequel, we prove that r = 0. In the contrary case suppose that r > 0. Then
from (2.1) we have

0 <
G(xn, xn+1, xn+1)

G(xn−1, xn, xn)
≤ β(G(xn−1, xn, xn)) < 1.

This implies that limn→∞ β(G(xn, xn+1, xn+1)) = 1, which is a contradiction.
Therefore

lim
n→∞

G(xn, xn+1, xn+1) = 0. (2.2)

Note that for any m,n ∈ N, we have{
G(xn+1, Txn, Sxn) = G(A,B,C),
G(xm+1, Txm, Sxm) = G(A,B,C).

Therefore for any n,m ∈ N,

G(xn+1, xm+1, xm+1) = G(Txn, Txm, Txm).

In what follows, we show that {xn} is a cauchy sequence. In the contrary case, we
have

lim sup
m,n→∞

G(xn, xm, xm) > 0. (2.3)

Property (e) of G-metric spaces implies that

G(xn, xm, xm) ≤ G(xn, xn+1, xn+1)

+ G(xn+1, xm, xm)

≤ G(xn, xn+1, xn+1) +G(xn+1, xm+1, xm+1) +G(xm+1, xm, xm)

≤ G(xn, xn+1, xn+1) + β(G(xn, xm, xm)G(xn, xm, xm)

+ G(xm+1, xm, xm).

This implies that

G(xn, xm, xm) ≤ (1− β(G(xn, xm, xm)))−1[G(xn, xn+1, xn+1) +G(xm+1, xm, xm)].

From (2.2) and (2.3), we have

lim sup
m,n→∞

(1− β(G(xn, xm, xm)))−1 =∞.

Therefore
lim sup
m,n→∞

β(G(xn, xm, xm)) = 1.

This implies that lim supm,n→∞G(xn, xm, xm) = 0 which is a contradiction. There-
fore {xn} is a cauchy sequence. Since {xn} ⊆ A and A is a closed subset of the com-
plete G-metric space (X,G), there exists x∗ ∈ A such that {xn} is G−convergent
to x∗ ∈ A. Using the fact that T and S are triplex Geraghty contraction mappings,
we have

G(Txn, Txn, Tx
∗) ≤ G(xn, xn, x

∗),

and
G(Sxn, Sxn, Sx

∗) ≤ G(xn, xn, x
∗).
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Therefore Txn → Tx∗ and Sxn → Sx∗, which implies that

lim
n→∞

G(xn, Txn−1, Sxn−1) = G(x∗, Tx∗, Sx∗).

Since G(xn, Txn−1, Sxn−1) is a constant sequence with value G(A,B,C), we deduce
that

G(x∗, Tx∗, Sx∗) = G(A,B,C).

Therefore x∗ is the best triplex common proximity point of mappings T and S.
For the uniqueness, suppose that x1 and x2 be two best triplex common proximity
points of mappings T and S with x1 6= x2. Applying strong GP -property of triple
(A,B,C), implies that

G(x1, x2, x2) = G(Tx1, Tx2, Tx2).

Therefore

G(x1, x2, x2) = G(Tx1, Tx2, Tx2)

≤ β(G(x1, x2, x2))G(x1, x2, x2)

< G(x1, x2, x2),

which is a contradiction. Hence the best triplex common proximity point is unique.
�

Definition 2.9. Let A and B be nonempty subsets of G-metric space (X,G). The
mapping T : A→ B is said to be weakly G−ψ− φ−contractive mapping if for any
x, y, z ∈ A

ψ(G(Tx, Ty, Tz)) ≤ ψ(G(x, y, z))− φ(G(x, y, z)).

where ψ : [0,∞) → [0,∞) and ψ : [0,∞) → [0,∞) are continuous and monotone
nondecreasing functions such that ψ(t) = φ(t) = 0 if and only if t = 0.

Theorem 2.10. Let (A,B,C) be a triple of nonempty closed subsets of a complete
G-metric space (X,G) such that A0 6= ∅. Let T : A → B and S : A → C be
weakly G − φ − ψ−contractive mappings such that A0 ⊆ ATS

0 . Suppose that the
triple (A,B,C) have strong GP -property. Then there exists a unique x∗ ∈ A such
that G(x∗, Tx∗, Sx∗) = G(A,B,C).

Proof. Choose x0 ∈ ATS
0 . There exists x1 ∈ A0 such that G(x1, Tx0, Sx0) =

G(A,B,C). Similarly, since x1 ∈ A0 ⊆ ATS
0 , there exists x2 ∈ A0 such that

G(x2, Tx1, Sx1) = G(A,B,C). By induction, we can get a sequence {xn} ⊆ A
such that for any n ∈ N

G(xn, Txn−1, Sxn−1) = G(A,B,C).

Thus for any n ∈ N, we have{
G(xn, Txn−1, Sxn−1) = G(A,B,C),
G(xn+1, Txn, Sxn) = G(A,B,C).

Since the triple (A,B,C) has strong GP -property and T is G−ψ− φ−contractive
mapping, for any n ∈ N, we have

ψ(G(xn, xn+1, xn+1)) = ψ(G(Txn−1, Txn, Txn)

≤ ψ(G(xn−1, xn, xn))− φ(G(xn−1, xn, xn))

≤ ψ(G(xn−1, xn, xn))
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which implies that G(xn, xn+1, xn+1) ≤ G(xn−1, xn, xn). So {G(xn, xn+1, xn+1)}
is a decreasing sequence of nonnegative numbers. Hence there exists r ≥ 0 such
that

lim
n→∞

G(xn, xn+1, xn+1) = r.

In the sequel, we prove that r = 0. In the contrary case suppose that r > 0. We
have

ψ(r) = lim
n→∞

ψ(G(xn, xn+1, xn+1))

≤ lim
n→∞

{ψ(G(xn−1, xn, xn))− φ(G(xn−1, xn, xn))}

= lim
n→∞

ψ(G(xn−1, xn, xn))− lim
n→∞

φ(G(xn−1, xn, xn))

= ψ(r)− φ(r)

which implies that φ(r) = 0 , and so r = 0, that is a contradiction. Therefore

lim
n→∞

G(xn, xn+1, xn+1) = 0.

Note that for any m,n ∈ N, we have{
G(xn+1, Txn, Sxn) = G(A,B,C),
G(xm+1, Txm, Sxm) = G(A,B,C).

Therefore for all m,n ∈ N,

ψ(G(xn+1, xm+1, xm+1)) ≤ ψ(G(xn, xm, xm))− φ(G(xn, xm, xm)). (2.4)

In what follows, we show that {xn} is a cauchy sequence. Assume that {xn} is not
cauchy. Then there exist ε > 0 such that for every k ∈ N there exist k < nk < mk

such that

ε < G(xnk
, xmk

, xmk
).

Choose mk as small as possible such that

G(xnk
, xmk−1, xmk−1) ≤ ε.

Hence for each k ∈ N, we have

ε < G(xnk
, xmk

, xmk
) ≤ G(xnk

, xmk−1, xmk−1) +G(xmk
, xmk

, xmk−1)

≤ ε+G(xmk
, xmk

, xmk−1).

Therefore

lim
k→∞

G(xnk
, xmk

, xmk
) = ε.

For each k ∈ N, we have

G(xnk
, xmk

, xmk
) ≤ G(xnk

, xnk+1, xnk+1) +G(xnk+1, xmk
, xmk

)

≤ G(xnk
, xnk+1, xnk+1) +G(xnk+1, xmk+1, xmk+1)

+ G(xmk+1, xmk
, xmk

).

Letting k →∞, from (2.4), we have

ε = lim sup
k→∞

G(xnk
, xmk

, xmk
) ≤ lim sup

k→∞
(G(xnk+1, xmk+1, xmk+1)).
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Therefore

ψ(ε) ≤ ψ
(

lim sup
k→∞

(G(xnk+1, xmk+1, xmk+1))
)

= lim sup
k→∞

ψ(G(xnk+1, xmk+1, xmk+1))

≤ lim sup
k→∞

(
ψ(G(xnk

, xmk
, xmk

))− φ(G(xnk
, xmk

, xmk
))
)

= lim
k→∞

(
ψ(G(xnk

, xmk
, xmk

))− φ(G(xnk
, xmk

, xmk
))
)

= ψ(ε)− φ(ε).

This implies that φ(ε) = 0 , and so ε = 0, which is a contradiction. Hence {xn}
is a cauchy sequence. Since {xn} ⊆ A and A is a closed subset of the complete
G-metric space (X,G), there exists x∗ ∈ A such that {xn} is G−convergent to
x∗ ∈ A. In what follows, we show that x∗ is the best triplex common proximity
point of mappings T : A→ B and S : A→ C. For any n ∈ N, we have

G(x∗, Txn, Sxn) ≤ G(x∗, xn+1, xn+1) +G(xn+1, Txn, Sxn)

= G(x∗, xn+1, xn+1) +G(A,B,C).

Therefore

lim
n→∞

G(x∗, Txn, Sxn) = G(A,B,C).

For any n ∈ N, we have

ψ(G(Tx∗, Txn, Txn)) ≤ ψ(G(x∗, xn, xn))− φ(G(x∗, xn, xn)).

Thus

lim
n→∞

ψ(G(Tx∗, Txn, Txn)) ≤ lim
n→∞

ψ(G(x∗, xn, xn))− lim
n→∞

φ(G(x∗, xn, xn)) = 0.

this implies that limn→∞ Txn = Tx∗. Similarly we have limn→∞ Sxn = Sx∗.
Therefore

G(x∗, Tx∗, Sx∗) = lim
n→∞

G(xn, Txn−1, Sxn−1) = G(A,B,C).

For the uniqueness, suppose that x1 and x2 be two best triplex common proximity
point of mappings T : A → B and S : A → C with x1 6= x2. Applying strong
GP -property of triple (A,B,C), implies that

G(x1, x2, x2) = G(Tx1, Tx2, Tx2).

Therefore

ψ(G(x1, x2, x2)) = ψ(G(Tx1, Tx2, Tx2))

≤ ψ(G(x1, x2, x2))− φ(G(x1, x2, x2)).

This implies that φ(G(x1, x2, x2)) = 0. Thus G(x1, x2, x2) = 0, which is a contra-
diction. Hence the best triplex common proximity point of mappings T : A → B
and S : A→ C is unique. �

In Definition 3.2, By taking ψ(t) = t and φ(t) = (1 − k)t, where k ∈ (0, 1), we
deduce the following corollary.
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Corollary 2.11. Let (A,B,C) be a triple of nonempty closed subsets of a complete
G-metric space (X,G) such that A0 6= ∅ and the triple (A,B,C) has strong GP -
property. Let there exists k ∈ (0, 1), such that T : A→ B and S : A→ C satisfying
the following conditions:

(a) G(Tx, Ty, Ty) ≤ kG(x, y, y), ∀x, y ∈ A,
(b) G(Sx, Sy, Sy) ≤ kG(x, y, y), ∀x, y ∈ A.

If A0 ⊆ ATS
0 , then there exists a unique x∗ ∈ A such that G(x∗, Tx∗, Sx∗) =

G(A,B,C).

Example 2.12. Let X = R2 be a G-metric space by

G(x, y, z) = d(x, y) + d(x, z) + d(y, z), ∀x, y, z ∈ R2.

Let A = {(x, y) ∈ R : y = x}, B = {(x, y) ∈ R : y = x + 2}, and C = {(x, y) ∈ R :

y = x− 2}. Then for any a ∈ A, b ∈ B and c ∈ C, we have G(a, b, c) ≥ 4
√

2, and

G(a, b, c) = 4
√

2⇐⇒ ∃x ∈ R : a = (x, x), b = (x− 1, x+ 1), c = (x+ 1, x− 1).

Therefore G(A,B,C) = 4
√

2 and A0 = A. Let a1, a2 ∈ A, b1, b2 ∈ B and c1, c2 ∈ C
such that {

G(a1, b1, c1) = G(A,B,C),
G(a2, b2, c2) = G(A,B,C).

Then there exist x1, x2 ∈ R such that a1 = (x1, x1), b1 = (x1 − 1, x1 + 1), c1 =
(x1 + 1, x1 − 1) and also a2 = (x2, x2), b2 = (x2 − 1, x2 + 1), c2 = (x2 + 1, x2 − 1)
which implies that

G(a1, a2, a2) = 2
√

2|x1 − x2| = G(b1, b2, b2).

Thus the triple (A,B,C) has strong GP -property. Let T : A → B and S : A → C
be defined as

T (x, y) = (
1

2
x− 1,

1

2
y + 1), S(x, y) = (

1

2
x+ 1,

1

2
y − 1).

Let b = (x, y) ∈ A. For any a ∈ A we deduce that G(a, T b, Sb) = G(A,B,C) if and
only if a = ( 1

2x,
1
2y), which implies that ATS

0 = A and so A0 ⊆ ATS
0 . Let k = 3

4 . It
is easy to show that T and S are satisfying the following conditions

(a) G(Tx, Ty, Ty) ≤ kG(x, y, y), ∀x, y ∈ A,
(b) G(Sx, Sy, Sy) ≤ kG(x, y, y), ∀x, y ∈ A.

All the hypotheses of Corollary 2.10 are satisfied. Then there exists a unique x∗ ∈ A
such that G(x∗, Tx∗, Sx∗). Further, it is easy to see that (0, 0) is the unique best
triplex common proximity point of the mappings T and S.

3. Best triplex common proximity point as extension of Best
Proximity point

Let (X, d) be a metric space, and let

G(x, y, z) = max{d(x, y), d(y, z), d(x, z), ∀x, y, z ∈ X}.

Then (X,G) is called G-metric space generated by metric d. We show that results
of this paper are extension of best proximity point results in the metric spaces.
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Definition 3.1. ([1]). Let A and B be two nonempty subsets of a metric space
(X, d). We denote by A′0 and B′0 the following sets:

A′0 = {x ∈ A : d(x, y) = d(A,B) for some y ∈ B},

B′0 = {y ∈ B : d(x, y) = d(A,B) for some x ∈ A},
where d(A,B) = inf{d(x, y) : x ∈ A and y ∈ B}.

Definition 3.2. ([3]). Let A and B be two nonempty subsets of a metric space X
with A0 6= ∅. Then the pair (A,B) is said to be have the P−property if and only if
for any x1, x2 ∈ A′0 and y1, y2 ∈ B′0{

d(x1, y1) = d(A,B)
d(x2, y2) = d(A,B)

=⇒ d(x1, x2) = d(y1, y2).

Proposition 3.3. Let A and B be two nonempty subsets of metric space (X, d)
and (X,G) be the G-metric space generated by metric d. Let the pair (A,B) have
P−property and set C = B. Then the triple (A,B,C) has strong GP -property.

Proof. Property (e) of G-metric spaces, implies that

G(A,B,C) ≤ G(x, y, y) ≤ G(x, y, z), ∀x ∈ A, y, z ∈ B.

Hence

G(A,B,C) = inf
x∈A,y,z∈B

G(x, y, z) = inf
x∈A,y∈B

G(x, y, y) = inf
x∈A,y∈B

d(x, y) = d(A,B).

Let G(x, y, z) = G(A,B,C), where x ∈ A and y, z ∈ B. Then

G(A,B,C) ≤ G(x, y, y) ≤ G(x, y, z) = G(A,B,C).

Therefore

d(x, y) = G(x, y, y) = G(A,B,C) = d(A,B).

Let x1, x2 ∈ A0, y1, y2 ∈ B0 and z1, z2 ∈ C0 and{
G(x1, y1, z1) = G(A,B,C)
G(x2, y2, z2) = G(A,B,C).

Thus

d(x1, y1) = d(A,B), d(x2, y2) = d(A,B).

Applying P−property of metric space (X, d), we have d(x1, x2) = d(y1, y2). There-
fore

G(x1, x2, x2) = G(y1, y2, y2).

This implies that the triple (A,B,C) has strong GP -property. �

Proposition 3.4. Let A and B be two nonempty subsets of a metric space (X, d).
Let (X,G) be the G-metric space generated by the metric d and set C = B. Let
T ′ : A→ B be a Geraghty contraction mapping. Define the mapping T : A∪B∪C →
A ∪B ∪ C by

Tx =

{
T ′x x ∈ A
x x ∈ B.

Then T is a SG−Geraghty contraction mapping.
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Proof. By definition of T , we have T (A) ⊆ B and T (B) ⊆ C. For any x, y ∈ A, we
have

G(Tx, Ty, Ty) = G(T ′x, T ′y, T ′y) = d(T ′x, T ′y)

≤ β(d(x, y))d(x, y)

= β(G(x, y, y))G(x, y, y).

Also for all x, y in B, we have

G(Tx, Ty, Ty) ≤ G(x, y, y).

Therefore T is a SG−Geraghty contraction mapping. �

Corollary 3.5. ([3]). Let (A,B) be a pair of nonempty closed subsets of a complete
metric space (X, d) such that A′0 6= ∅ . Let T : A → B be a Geraghty contraction
mapping satisfying T (A′0) ⊆ B′0. Suppose that the pair (A,B) has the P−property.
Then mapping T has a unique best proximity point.

Proof. Let (X,G) be G-metric space generated by the metric d, and set B = C and
S = T . Let x0 ∈ A0. Then there exist y, z ∈ B such that G(x0, y, z) = G(A,B,C).
Thus d(x0, y) = d(A,B), and so x0 ∈ A′0. Since T (A′0) ⊆ B′0, there exists x1 ∈ A′0
such that d(x1, Tx0) = d(A,B). Hence

G(x1, Tx0, Sx0) = G(A,B,C).

This implies that x0 ∈ ATS
0 . Therefore A0 ⊆ ATS

0 . Applying Propositions 3.3 and
3.4, the triple (A,B,C) has strong GP -property. Thus all hypotheses of Theorem
2.7 are satisfying, and so there exists a unique x∗ ∈ A such that

G(x∗, Tx∗, Sx∗) = G(A,B,C).

This implies that d(x∗, Tx∗) = d(A,B). �

Similar to Corollary 3.4 we can prove the following corollary.

Corollary 3.6. Let (A,B) be a pair of nonempty closed subsets of a complete
metric space (X, d) such that A′0 6= ∅. Let T : A→ B be a weakly ψ−φ−contractive
mapping satisfying T (A′0) ⊆ B′0. Suppose that the pair (A,B) has the P−property.
Then the mapping T has a unique best proximity point.
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