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OSTROWSKI TYPE INEQUALITIES BY USING GENERALIZED
QUADRATIC KERNEL

WASEEM GHAZI ALSHANTI, ATHER QAYYUM, MOHAMMED ABDUL MAJID

ABSTRACT. The current article obtains new versions of Ostrowski’s type in-
tegral inequality by implementing proposed general form of 3-step quadratic
kernel. We investigate the new Ostrowski’s type integral inequalities for differ-
entiable mapping f with second derivative belongs to two different Lebesgue
spaces, namely, f /" € L1 and f ' € L. Moreover, we take into account the
case when f ' € Lo . Applications to cumulative distribution function, and
to composite quadrature rules are also given.

1. INTRODUCTION

In 1938, Ostrowski [I] introduced an interesting integral inequality that draws
the deviation of a fucnction from its integral mean over a given interval. The
integral inequality of Ostrowski can be declared as follows:

Theorem 1.1. Let f : [a,b] — R be continuous mapping on [a,b] and differentiable
on (a,b), whose deriwative f': (a,b) — R is bounded on (a,b), i.e.

1o = sup [f' ()] < oo,
t€la,b]

then for all z € [a, b]

IN

b

f@ - 5 [ s < [T (52 ) [e-alfl.. @
b—a 4 b—a >
a

Ostrowski integral inequality can be proved via considering eihter Mont-
gomery identity [I1] or the Lagrangian’s mean value theorem. An extensive research
history of related results has been conducted by utilizing different Lebesgue spaces
of f and its derivatives as well as considering various linear and quadratic kernels.

In 2009, Z. Liu [2] proved some Ostrowski’s type integral inequalities for function
whose first derivative is absolutely continuous and second derivatives belong to L,
(1 < p < o0) spaces.

Motivated by [2], W. Liu et al. [3] proved the following companion of Ostrowski’s
type integral inequality:
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Theorem 1.2. Let f : [a,b] — R be such that f ' is absolutely continuous on [a,b] .
If f” € Lyfa,b] and v < f"(t) <T, for all t € [a,b], then for all x € [a, ‘IT“’] we
have

‘f(x)+f(a+b—x) - <x_3a+b> Fl(@)—f'(a+b—z)

2 4 2
b
OESIORE! 3a+b\>  (b—a)’ 1
S e [2<x T >+ 5 ]b_a/f(t)dt
< (s V)[(b48a) 1741123_?>a;rl7‘7 (12)
and
’f(x)+f(a+b—x>_( _3a+b>f’(x)—f’(a+b—a:)
2 4 2
b
Fb)=f(a) |1 3a4+b\>  (b—a) 1
RR— [2<_ 1 > 96 ]_ba/f(ﬂdt
2
< (F_S)[(blsa) b;a _Z’)az—b‘7 (13)
where

For other related results, the reader may be refer to [], [5], [6], [7], [8], [9], [10],
[12], [13], [14], [15], [16], [17] and [18].

The aim of this paper is to construct some integral inequalities of Ostrowski type
by introducing general form of quadratic kernel with three sections (see below).
The proposed quadratic kernel can be considered as a general form of that which
was defined by both [2] and [3]. Utilizing this proposed general quadratic kernal,
we establish our new estimations of the left hand side of both and for the
cases when " € Ly [a,b], f"" € La[a,b] and f" € Ly [a,b], respectively. Most of
the new versions of Ostrowski type inequality in the current article are obtained by
using both Holder integral inequality and Diaz-Metcalf inequality. Finally, we apply
our results for both cumulative distribution function and composite quadrature
rules. Several formulae are presented regarding these two fields by cosidering the

midpoint of the interval x € [a, “7“’} .

2. MAIN RESULTS
In order to introduce our main results, we commence with the following lemma:

Lemma 2.1. Let f : [a,b] = R be such that f ' is absolutely continuous on [a,b].
Denote by K(x,t) : [a,b] — R the kernel gien by
St (ot ht5e)])", t€ faal
K= 2f- (33 —h), te(@atrbs] (1)
Lit—(b-n52)]", te(a+b—u,b]
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then for all x € [a, “;b] and h € [0,1], the following identity

b
bia/K(:at)f”(t)dt

a

= g(b—a)(f'(b)—f’(a))
+<x <3a;rb+hb2a)> f’(x)*f’z(aer—x)
_h<x_a—2|—b>f/(x)

holds.

Proof: From (2.1), we have

b

/K(:L',t)f "(t)dt

= /% [t (a+hb;a>rf”(t)dt

a

a+b—zx

+
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| ——| | — |
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Therefore,

(;7'2 2 I /
= P e - @)
b—a\\* f'(z) = f'(a+b—x)
+<x—< +h > )) 5
2 4 _
+<<a—2&—bx>+hb;a> f (a—;b x)
a+b b—a\> f' ()
() )
b
- [Pans @,
where P(z,t) is the linear kernel
t— (a+ht52), t € la,z]
P(x,t) = t—(‘%b—hb;“), te€ (r,a+b— 1z
t—(b—h%%), te(a+b—uwzb.
Now, by observing that
(z —a)® = (z + a)® — 4az,

we have,

(55
(3 )

420 (b— a) <x—“;b).

(2.3)

(2.5)

Now, using the identity (2.3]) together with both (2.4) and (2.5) and by simple

algebraic manipulations, we get the identity (2.2]).
2.1 The case when f " € L; [a,b] and is bounded

Theorem 2.2. Let f : [a,b] — R be such that f ' is absolutely continuous on [a,b] .

Iff" € Lyfa,b] andy < f"(t) <T, for allt € [a,b], then for all x € |a,

} and
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h €10, 1] we have

[(1=2h) f(x) + f(a+b—=z)+h(f(a)+ [ (D))

<x <3a+b ba))f’(x)f;(aerx)
WEOEE ()[4 (m (3a2—b+hb;a>)2

b—a
2
+(1-2h) (x— 3“1b>

DN | =

_ ¢ ;6“)2 (6h% + 3h — 1)1

+h(x—ajb)f'<x>—b1a/bf<t>dt

and

[(1=2h) f(x) + f(a+b—xz)+h(f(a)+ [(D))]

(x (3a+b —a)) f’(x)—f;(a—l—b—a:)
e )

b
+ (1-2h) (a:— 3“4+b>2 _(b—a) (6h2+3h—1)]

N | =

96

+h<x_a;b>f,(x)_bia/f(t)dt

where

[(b—a)(6x —b—5a)+ 12h (x — a) (x — )],
%‘(b a) (3 — b — 2a)—3h((w—a)2+(x—b)2),
(=a)” (6h% + 3 — 1)

[l o)) 1o (o ]|

(2.8)

and S = (f'(b) — f'(a))/(b—a).
Proof: From and the facts

b
ia/f”(t)dt:—f (bl)):i @) (2.9)
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and

- 3 KT— <3a1b+hbga>>2+(1—2h) (:g— 3“:b>2

(b—a)®
+ 5 (6n* —3h+1), (2.10)

it follows that

b

/ (x, ) f " ( dt— /thdt/f”
—CL

b

- / Dt — 3 [(1—20) f () + f (a+b—) + h(f (@) + ] ()

o (ot s

h(x_3a+b> @
Hezre il
b—a

+ (1 - 2h) (x— 3a+b)
2
_e ;;) (6% + 3h — 1)] : (2.11)
We denote
b
R, (x) b—a/K dt—( b a) /thda/f (t)ydt. (2.12)

If C € R is an arbitrary constant, then we have

b
Rale) = 52 [ (£ 0= C)

a

—a
a

b
K(z,t) — 2 L /K(a:,s)ds] dt. (2.13)

Furthermore, we have

b
/|f” (t)—Cldt. (2.14)

b
1
K d
—a/ (z,s)ds
a
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Now,
1 b
tren[;a?z} K(z,t) — bia/K(m,s)ds
1 b—a\)>
= max{Q(x—(a—l—h 5 )) v(z, h)|,
1 a+b b—a\)>
2<$—< 5 +h 5 )) —v(z, h)|,
hz(b8_a)2v(xah)}a
where
v(z,h) = Ut (6h* —3h+1)
T 96
1 3a+b  b—a)\’ 3a4b\>
Al (B b)) o (o 222)]
and
= |(b—a) (6x — b—5a) + 12k (z — a) (z — b)|,
L (b= a) (3o —b—20) = 3h (@~ )" + (2 = 1)) |,
¥ (2, h) = max ‘%(6h2+3h—1) (2.15)
—3 (@ = (B2 n252) + (1 - 20) (o - 222)7] |
We also have
b
J1£7@ = alde= (s =) (- a) (216)
and '
b
/\f” (t) —T|dt = (T — S) (b — a). (2.17)

Therefore, we obtain (2.6)) and (2.7)) by using (2.11))-(2.17)) and choosing C = ~v
and C' =T in (2.14), respectively.

Remark. Choosing h =0 in both (2.6) and (2.7) respectively, yields
‘f(x)+f(a+b—x) ) (x_ 3a+b> fl@) = (a+b—a)

2 4 2
b
Fr)—=f'(a) |1 3a+b\>  (b—a)’ 1
e [2<x T > + 56 ]b_a/f(t)dt
< (S’Y)l(bélga) er;a I3a;rb‘ 7 (2.18)
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and
’f(ar)+f(a+b—m)_(x_3a+b>f’(m)—f’(a+b—x>
2 4 2
fr)—f"(a) 1 3a4+b\>  (b—a)’ 1 b
e lz(m— I ) + 56 ]—ba/f(t)dt
—a2 —a a
< (F_S)[(b48) +b4 3 Z—b’ . 2.19)

Note that (2.18)) and ([2.19)) are similar to those obtained by [3].
Corollary 2.3. Under the assumptions of Theorem (3), choose

(1) z = 322 we have

Sla-mr () s () vnv@ s
_h(b—a)f,<a+3b>+(1_3h) (b—a)® f'(b) = f'(a)

96 b—a

INA

—
>

I

S
=

[ V]

/~
—_
ot

—h+ 1) (S —7), (2.20)

and

< O ;;) (125h + 1) - S). (2.21)

(2) z = a, we have

< B, (222
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and

—(3h+1) B i
b
_h(b;a)f/( )_bia/f(t)dt
(b—a)’
< Sy (T-sS).

2
YOS Y SICES It
b
Sy [T
0o
< B,
and
a-nr () + 5@+ 1)
YOS Y SICES
b
e RACL
0o
< S r-s).

A new inequality of Ostrowski’s type can be stated as follows:

(2.23)

(2.24)

(2.25)
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Corollary 2.4. Let f be as in Theorem (3). Additionally, if f is symmetric about
T = QTH’, then for all x € [a, ‘%rb} we have

B 3a—|—b+hb—a 2
. 1 2

+(1—2h)<x—3a+b) —(6h2+3h—1)(b;6a)]
b
fbia/f(t)dt
< Pz h) (S =), (2.26)
and
’(1_h)f(m)+hf(a)—2kf(b)
-0 - (o= 250 @)
frb)—f"(a) |1 3a+0b b—a\\’
L — [4<_(4+h2>)
+(1—2h)< —3a+b>2 — (6n* +3n 1) (6;6“)2]
b
—bia/f(t)dt
< Yz, h) (I =S5) (2.27)

2.2 The case when "' € L [a,b]
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Theorem 2.5. Let f : [a,b] = R be a twice continuously differentiable mapping
in (a,b) with f"" € Ly la,b]. Then for all z € [a, “f2]and h € [0,1] we have

[(1=2h) f(z) + f(a+b—x)+h(f(a)+ f(D))]

(x <3a—|—b ;a))f’(x)—f;(a—l—b—as)
f

l\D\H

'bz (]:/()L (z(3a2b+hb2a)>2
+(1—2h) <x— 3‘1:1’)2 _ 56‘”2 (6h% + 3h — 1)1

+h(x_a;b)f%x)—bfa/bf(t)dt

a

If "] 1 b—a)\’
- 2{320(17 a)® +w(x(a+h >>

F {[(a+b—2x)+h(b—a)]5+[(a+b—2x)—h(b—a)}5]

—(b—a) léll l(m <3a2—b+hb;a>>2+(12h) (x?’ajb)?

} . (2.28)

Proof: Let R, (z) be defined by (2.12)). From (2.11]), we get

IA

(6n* —3h +1)

R, (x)

b
— s [T A=) F @) Fak b ) h(f @)+ £ O)

+<:ci <3a4+b+hb;a)> f’(x)—f’z(aer—x)

h2 , 3a+b ,
e U IO R CR~ P

—W Lll <x_ <3a:b +hbga>)2
Sl

+(1—2h) (m - (6R* —3h+1) . (2.29)
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If we choose C = f " ((a+b) /2) in (2.13) and use the Cauchy inequality, then

we get
b—a/‘fﬂ -1 <(;b)>‘ K(w,t)b_la/bK(a:,s)ds dt
bia (_/b(f”(t)—f”<a;_b)>2dt)

x / (K@c,t)bia / K(:z:,s)ds)th é, (2.30)

a

[ R ()|

IN

IN

Now, by using Diaz-Metcalf inequality [11]], we get

/b (w57 <;b)> i< O= e, (231)

a

Moreover,

5 —a °
- a0 (0 (00757))
+$[[( +b—20) +h(b—a)’ +[(a+b—22) ~h(b—a)]

-0 [F (e (222 055))

2

2 2
+ (1 —2h) (m - 3“+b> + b—ay (6h* —3h +1) (2.32)
4 96
Therefore, by using (2.29), (2.30), (2.31)), and (2.32)), we obtain (2.28).
Remark. Choosing h =0 in yields
fla+flatb-z) ([  3a+b)f'(z)-f'(a+b-z)
2 4 2
Fr)—f'(a) |1 3a+b\> (b—a)’ 1
T [2<x_ 4 ) T 06 ]_b—a/f(t)dt
|f /l/|2 1 1 5
< Y12 _
< — 320 [a+b— 22"+ 0 (x — a)
1 3a+b\> (b-a)?]]’
—(b—a) [2 (x -~ ) + 96 . (2.33)

Note that (2.33)) is similar to that obtained by [3].
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Corollary 2.6. Under the assumptions of Theorem (4), choose

(1) z = 322 " we have

’; {(1 —om) f <3“4+b> +f (az?’b) +h(f (a)+ [ (1)

_h(b—a)f/<a+3b>+(1_3h) (b—a)” f'(b)— f'(a)

4 96 b—a
b
1
e RACL
a
—a)? 1
(SGW% (195h% — 15k +4) % £ "], . (2.34)

(2) z = a, we have

f@+f®) L fO)—f@) )= b-a

2 2 a b—a - Bh+)
b
(b*a) I 1
S @ - [
(bia)% 2 % "
or (15h% +1)2 |f"],. (2.35)

(1 3h) (b;la) f'(bl)):i/(a) 7bia/f(t)dt

5
b—a)? 1
(247“/)5 (15h* — 15h +4)2 |f "], (2.36)

Additional new inequality of Ostrowski’s type can be stated as follows:
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Corollary 2.7. Let f be as in Theorem (4). Additionally, if f is symmetric about

T = QTH’, then for all x € [a, ‘%rb} we have

’(1—h)f(x)+hw+ [h(x—a)— (x—?"‘:b)}f'(x)

+W Lll <x_ <3a;rb+hb2a>>2
+(1 - 2h) (x— 3a+b)2 — (6h>+3h—1) (bgﬁa)Q]

b

bia/f(t)dt

a

If "]y | B 5 1 b—a)\’
e RO T i il G

+$ ([(a+b—2x)+h(b—a)]5+[(a+b—2a:)—h<b—a)]5)
- (3 (o= (B ent5)) - (o 252

MU, (61 — 3h + 1)) ] : (2.37)

IN

96

2.3 The case when f " € Ls[a,b]
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Theorem 2.8. Let [ : [a,b] — R be such that f ' is absolutely continuous on [a,b] .

If f " € Lya,b]. Then for all x € [a, “;b] and h € [0, 1] we have

L1020 )+ (@b 4R (0) S O)
(e e
O s [, (st o)y’

+ (1 —2h) (z— 3a:b>2_(6h2+3h_1) (ba)j

96
b
a+b , 1
+h<x— 3 )f (x)—b_a/f(t)dt

a(fy | we s 1 b—a\\’
320(b—a) +10<x—<a+h 5 ))

oo (llatb=20) +h (b= ) +[(a+b-20) — h(b—a))

—(b—a) (le Km— (?’a:bJrhb;a))Q

2 2 2
+(1—2h)(az—3a4+b> Gl (6h2—3h+1)>] . (2.38)

DN | =

IA

[N

96

where o (f ") is defined by

/ —f'(a 2
oy =g - LN e g2,

and S is given in Theorem (3).
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b
Proof: Let R,(z) be defined by (2.12). If we choose C = ;- [ f” (t)dt in
(2.13]) and use the Cauchy inequality and (2.32)) , then we have
1 / 1 / 1 /
- < ") = —— ") dt| | K(x,t) — —— | K(x,s)ds|dt
Rl = o [0 -5 [rr ] Ko - 2 [ Ksds
b b 2 3
< 1 f7 () - L /f”(t)dt dt
- b—-a b—a
b . b 2 \?
K -—— [ K
X /( (z,t) b—a/ (x,s)ds) dt
a(f")| 5 1 b—a\\’
< — (b— — —
S EE AR T G G

+— ([(a+b—2x)+h(b—a)]5+[(a+b—2x)—h(b—a)]s)

—(b—a) (i K:c— <3a:b+hb;a>)2+(

) 273
1) (6h2—3h+1)>] .

i
|
[\
>
N~—
N
8
|
w
S
=+
S
N———
.

Remark. Choosing h =0 in (2.38)) yields

’f(g;>+f(2a+b—x) B (x_3a2—b) f’(x)—f;(a+b—x)

b
OESIORE! 3a+b\>  (b—a)’ 1
R— [2@ 4 >+ 96 ]b—a/f(t)dt

1 1 1
< ;EJ;){?)QO[CLJH)2:17]5Jr10(xa)5

—(b—a) [; (x— 3a: b) M ;6a) ] } . (2.39)

Corollary 2.9. Under the assumptions of Theorem (5), choose
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(1) z = 322 we have

Sla-ms () s () vnv@ s
O (1Y gy 1O
b

—f'(a)
96 b—a

2 _ 3 o (F
N (195h* — 15k + 4) (f ).

(2.40)

(2.41)

P —b_a/f(t)dt
(b*a)% 2 3
< NG (15h* — 15h + 4)

o (f 7). (2.42)

Further inequality of Ostrowski’s type can be stated as follows:
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Corollary 2.10. Let f be as in Theorem (5). Additionally, if f is symmetric about

T = QTH’, then for all x € [a, ‘%rb} we have

- [h(x—a)— <x—3“4+b>}f’(x)

f’(bl)):i“(a) [411 (x_ <3az—b+hb;a)>2
+(1—2h) (x— Sa:b>2
[ row

a(f") | h° 1 b—a\\’
e 320(ba)5+10(1:(a+h 5 ))

b—a
+$ ([(‘H’b_%)+h(b_a)]5+[(a+b—2x)—h(b_a)]5>
—(b—a) (i [(x_ <3a4+b+hb2a>)2+(1_2h) (x_3a4+b>2

271 2
(b—a)®
+ 5 (6h23h+1)>] . (2.43)

96

— (6h® +3h—1) (b_”)Q]

IN

3. APPLICATION TO CUMULATIVE DISTRIBUTION FUNCTION

Let X be a random variable taking values in the finite interval [a,b] with the

probability density function f : [a,b] — [0,1] and cumulative distribution function
such that

F(z):Pr(ng):/If(t)dt7

b

F(b):Pr(ng):/f(t)dtzl.

a

Then the following theorem holds:
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Theorem 3.1. Let X and F be as above. Then with the assumptions of Theorem
(3), we have

‘;[(1—2h)F(x)+F(a+b—a:)+h(F(a)+F(b))]

- <x_ (3““’ b—a>> f@) = flat+b—x)

h
4 + 2 2

OO (o (B )Y o (o 2
- (b;6“)2 (6h% +3h —1) —&-h(:c—a;—b)f(a:) —b_bE(aX)’
< Y(zh)(S—7), (3.1)
and

‘;[(1—2h)F(x)+F(a+b—x)+h(F(a)_|_F(b))]
—(g;_<3a+b b‘“))f(ﬂﬁ)—f(a—i—b—x)

+h

1 2 2
+f(bl),:£(a) il(m—<3a:b+hb;a)>2+(1—2h)<x—3ajb>2
O s o (v ) s 52

< Yz h) (T =5), (3.2)

for all x € [a, ‘%"b] and h € [0,1], where E(X) is the expectation of X.

Proof: By using both (2.6)) and (2.7]) , choosing f = F', and taking into account
b b
B(X) :/ tf(t)dt:b—/ Pt dt,
we can obtain inequality (3.1 and (3.2).

Corollary 3.2. Under the assumptions of Theorem (6) with x = %, we have

o (2 er(252) sucrr o

2
(b—a) , (a+3b (b—a)® (£ (b) = f(a)
T f( 4 >+(1_3h) 96 (b—a)
_b-B(X)
b—a

< b ;SG)Q (125h + 1) (S =),
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and

- (52) o (52) sno e

—a a —a2 — a
B0 (1Y gy U U0 S )

4 96 b—a)
b E(X)
 b-a ‘
< (b48) (125h+1>(r—5).

Theorem 3.3. Let X and F be as above. Then with the assumptions of Theorem
(4), we have

‘;[(12h)F(x)+F(a+b;v)+h(F(a)+F(b))]

— <x— <3a4+b+hb2a>) f(x)*f(;erfx)

+W i[(x— <3a:b+hb;a)>2+(1—2h) (m—ga:b)z
_ (bgﬁa)2 (642 + 3h — 1) +h(xa;rb>f(w)bb]_5(ax)|

IN

I ba\)’
el AN T il G

+$ ([(a+b—2x)+h(b—a)]5+[(a+b—2x)_h(b_a)]5)
BTN

2 2

[N

96

for all x € [a,%Ft] and h € [0,1].

Proof: By using (2.28]), choosing f = F', and taking into account

E(X):/btf(t)dt:b—/bF(t)dt,

we obtain (3.3)) .
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Corollary 3.4. Under the assmuptions of Theorem (7) with x = 3“4+b, we have

Ha—er (B s r () s @+ )

(b—a) . [a+3b (b—a)® f(b) — f(a)
T f< 4 >+(13h) 96 b—a

b— BE(X)
" b—a ‘
(b—a)?
967r\/5

Theorem 3.5. Let X and F be as above. Then with the assumptions of Theorem
(5), we have

1
(195h* — 15k +4)2 |f "],

‘;[(12h)F(x)+F(a+bx)+h(F(a)+F(b))]

- <x— <3“:b+hbga>> f(x)—f(2a+b—x)

18- T@ i[(x—(3“:b+hbga)>2+(1—2h)<x—3a4+b)2
- (b96“)2 (6h% +3h — 1) +h(:g“2+b> f (@) bb]f(ch)‘

IN

# [g)(b—a)"’jtll()(m— (a+hb2a>>5

+$([(a+b—2x)+h(b—a)]5+[<a+b_2x)_h(b_a)]5)
_(b—a)<il(x—(?T)+hb;a)> +(1—2h)<x—3a:b>
273
(b~ a)*
+36 (6h23h+1))} _ 5.0

where o (f) is defined by

1

(=N

Proof: By (2.38) on choosing f = F' and taking into account
b b
B(X) :/ tf(t)dt:b—/ Pt dt,

we obtain (3.4)) .
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Corollary 3.6. Under the assmuptions of Theorem (8) with x = 3“4+b, we have

o (252)er(52) s

+h(b;a)f<a+3b>+(l_3h) (b—a)* £ (b) ~ f ()

4 96 b—a
_b—E(X)‘

b—a
(b—a)®

2 % ’
Sue (19917 =15k +4)* /o (7).

4. APPLICATION TO COMPOSITE QUADRATURE RULES

Let I, :a =29 <21 < 23 < ... < Tp_1 < T, = b be a partition of the
interval [a, b] and 0; = ;41 —2; (i = 0,1,.....,n — 1). Consider the following general
quadrature rule:

0. (f1) = 1Y [1—% (3“’”””1)+f(”“?“l“)+h[f<xi>+f<xi+l>] 5,

2 4

hzf/
1 —3h'«
96

Fl (@) = f ' ()] 67

<wz + 3xz+1> 5?
+ [
0

i=

Theorem 4.1. Let f : [a,b] — R be such that f ' is absolutely continuous on [a,b] .
If f"” €Lyla,b] andy < f"(t) <T, for all t € [a,b], then for all z € [a, “'H’]cmd
h €0, 1] we have

b
/f(x) dz = Qu (f. 1) + R (£, 1),

where Q,, (f,I,,) is defined by formula [{.1)), and the remainder R, (f,I,) sat-
isfies the estimates

1 (15 — .
|Rn(faln)|§478 7h+1 (51_7)517 (42)
1=0
and
1 (15 — .
=0
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Proof: Applying (2.20) and (2.21)) to the interval [x;, z;11], then, respectively,
we get

oz () g (B g )+ S )|

4
h ., (x;i+ 3241 J (@ig1) = f' (z4)
-3 (4) 52 + (1 — 3h) 5% &7
- [

1 /15
< —(=h+1)(S—9)8

and
‘2 {(1 —2h) f (4+1) + f (4+1> +h(f (25) + f(zig1)) ]| 0
h,,(®i+3%Ti1\ [ @) = (@) o
_r Zr T ol ) e 1— 2
L (PR o (1w LT 0
Tit1
- [
T4
1 /15
< —(=h4+1)@-=25,)06
< g (Frer)m-soa
for all : = 0,1,.....,n — 1. Now summing over ¢ from 0 to n — 1 and using the

triangle inequality, we get both (4.2)) and (4.3)) .

Theorem 4.2. Let f : [a,b] — R be a twice continuously differentiable mapping
in (a,b) with f """ € Ly [a,b]. Then for all x € [a, “f2]and h € [0,1] we have

b
/f@Mx=QMﬁLJ+RMﬂh%

where Qn (f, I) is defined by formula ([{.1), and the remainder R, (f,I,) sat-
isfies the estimate

[N
=

" n—1
IR (f,1,)| < 9"2\'/25 (195h% — 15h 4+ 4)* Y 42 (4.4)
s ,

7=
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Proof: Applying (2.34) to the interval [x;, z;11], we get
{(1 —2h) f <+1> +f (H> +h (f (zi) + f(@it1)) | 6

2 4 4
,%f ' (zz +jl’z‘+1> 52 4 (1 3h) f’(l'z‘+12)6* f’(xi)aiz
- 71f(t)dt

(195h% — 15h + 4)* §

1)

9675

for all = 0,1,.....,n — 1. Now summing over ¢ from 0 to n — 1 and using the
triangle inequality, we get (4.4) .

Theorem 4.3. Let f : [a,b] — R be such that f ' is absolutely continuous on [a,b] .
If f"" € Ly la,b]. Then for all x € [a, “$2]and h € [0,1] we have

b
/ F (@) de = Qu (f1) + R (f. 1)

where Qp, (f,I,) is defined by formula [{-1), and the remainder R, (f,I,) sat-
isfies the estimate

5
2

(195h2 — 15h+4)2 S r 0 94
1705 = S56i| 67, (4.5)
96v/5 —~ [ ? }

where S; = (f(xiy1) — f(2:))/6i, i =0,1,..c.,n — 1.
Proof: Applying (2.40) to the interval [x;, z;11], we get

3@y (BT g (BB ) 4 £ )] 6

h ., @i+ 3241 @) = ' (@)
. (4) 62+ (1— 3h) o 57

R(f,1n) <

Ti+1

- / Ft) dt

X4

ot
(M

0; 1 2
< L (195h% — 15h +4)2 ||| "|I5 — S2d:| .
< 5ar ) 17715

for all i = 0,1,.....,n — 1.Now summing over i from 0 to n — 1 and using the
triangle inequality, we get (4.5]).
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