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BOUNDS AND ESTIMATES ON CONVEX INEQUALITIES

NICUSOR MINCULETE, AURELIA FLOREA, AND SHIGERU FURUICHI

Abstract. In this article we find some estimations concerning convex func-

tions in inequalities like Hermite-Hadamard inequality or Fejér inequality. Also
we prove a generalization of the Hammer-Bullen inequality.

1. Introduction

If f : [a, b]→ R is continuous and convex, then

(1) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)

2
.

The importance of Hermite (1883) and Hadamard’s (1893) above result is unde-
niable. Today the notion of convexity inequality is substituted by inequality (1).
To support the above statement we use two known results. The first is that: a
necessary and sufficient condition that a continuous function f be convex in (a, b)
is that, (see [1])

f (x) ≤ 1

2h

∫ x+h

x−h
f (t) dt for a ≤ x− h < x+ h ≤ b

and it can be shown that this result is equivalent to the first inequality (1) when
f is continuous on I ≡ [a, b]. For f ∈ C(I), h > 0, and

x ∈ I1(h) = {t : t− h, t+ h ∈ I}
the operator defined by

Sh (f, x) =
1

2h

∫ x+h

x−h
f (t) dt

is often called a Steklov function, although it is an operator mapping C(I) into
C(I1). For a finite interval I, the maximum value of h can be b−a

2 . So, the

Hermite-Hadamard inequality (1) has the form f(x) ≤ Sh(f, x) for a+b
2 ∈ I1(h)
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and is equivalent to the convexity of the function and also is equivalent to the
Jensen inequality.

The second argument is deducted from p.15 in [3], Roberts and Varberg where
we find the following result: A function f ∈ C[a, b] is convex iff for every s < t in
[a, b] we have

1

t− s

∫ t

s

f (x) dx ≤ f (t) + f (s)

2
.

Fejér (1880-1959) obtained inequality which generalized Hermite-Hadamard in-
equality:

(2) f

(
a+ b

2

)
≤
∫ b

a
f (x) g (x) dx∫ b

a
g (x) dx

≤ f (a) + f (b)

2

where g : [a, b]→ R+ is a integrable function, symmetric with respect to the middle
point a+b

2 . See [2] for details. To validate this statement we give an alternative proof.
By convexity of f , for x ∈ [a, b], we have

2f

(
a+ b

2

)
≤ f (x) + f (a+ b− x) ≤ f (a) + f (b)

If we multiply by g (x) and then integrate on the interval [a, b] , we get

2f

(
a+ b

2

)∫ b

a

g (x) dx ≤
∫ b

a

g (x) [f (x) + f (a+ b− x)] dx

≤ [f (a) + f (b)]

∫ b

a

g (x) dx

Taking into account the symmetry of g,(i.e.g (x) = g (a+ b− x) (∀)x ∈ [a, b]), we
have (if we change the variable x with a+ b− y)∫ b

a

g (x) f (a+ b− x) dx =

∫ b

a

g (a+ b− x) f (a+ b− x) dx

=

∫ a

b

f (y) g (y) (−1) dy =

∫ b

a

f (x) g (x) dx

and the proof is done.

2. Main results

The goal of this paper is to establish several inequalities related to Hermite-
Hadamard inequality. Also we prove a generalization of the Hammer-Bullen in-
equality.

Let Ha [f ] and Hb [f ] : [a, b]→ R two functions defined by:

Ha [f ] (x) = (x− a)
f (a) + f (x)

2
−
∫ x

a

f (t) dt

and

Hb [f ] (x) = (b− x)
f (b) + f (x)

2
−
∫ b

x

f (t) dt.

Lemma 1. Let f : [a, b]→ R be a twice differentiable function such that f ′′(x) ≥ 0
for all x ∈ [a, b] . Then we have that the functions Ha [f ] and Hb [f ] are nonnegative
and convex.
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Proof. Applying the second inequality from Hermite-Hadamard on the intervals
[a, x] and [x, b] , we obtain Ha [f ] ≥ 0 and Hb [f ] ≥ 0. Because

(Ha [f ])
′′

(x) = (x− a)
f ′′ (x)

2
, (Hb [f ])

′′
(x) = (b− x)

f ′′ (x)

2

and f ′′ (x) ≥ 0, it follows that (Ha [f ])
′′

(x) ≥ 0 and (Hb [f ])
′′

(x) ≥ 0, so the
functions Ha [f ] and Hb [f ] are convex. �

Theorem 1. Let f : [a, b]→ R be a twice differentiable function such that f ′′(x) ≥
0 for all x ∈ [a, b] . Then we have

(3)
f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx ≥ 2

(b− a)
2

∫ b

a

Ha [f ] (x) dx ≥

f (a) + f
(
a+b
2

)
2

− 2

b− a

∫ a+b
2

a

f (t) dt ≥ 0

and

(4)
f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx ≥ 2

(b− a)
2

∫ b

a

Hb [f ] (x) dx ≥

f (b) + f
(
a+b
2

)
2

− 2

b− a

∫ b

a+b
2

f (t) dt ≥ 0

Proof. Since the functions Ha [f ] and Hb [f ] are convex, then applying inequality
(1) on the interval [a, b] , we obtain

Ha [f ] (a) +Ha [f ] (b)

2
≥ 1

b− a

∫ b

a

Ha [f ] (x) dx ≥ Ha [f ]

(
a+ b

2

)
and

Hb [f ] (a) +Hb [f ] (b)

2
≥ 1

b− a

∫ b

a

Hb [f ] (x) dx ≥ Hb [f ]

(
a+ b

2

)
.

But, we have

Ha [f ] (a) = 0, Hb [f ] (b) = 0,

Ha [f ] (b) = (b− a)
f (a) + f (b)

2
−
∫ b

a

f (t) dt

Ha [f ]

(
a+ b

2

)
= (b− a)

f (a) + f
(
a+b
2

)
4

−
∫ a+b

2

a

f (t) dt

Hb [f ]

(
a+ b

2

)
= (b− a)

f (b) + f
(
a+b
2

)
4

−
∫ b

a+b
2

f (t) dt
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By replacing these relations in the above inequalities, we obtain the inequalities
of the statement. �

Remark 1. By adding relations (3) and (4) we deduce the following inequality:

f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx ≥ 1

(b− a)
2

∫ b

a

(Ha [f ] (x) +Hb [f ] (x)) dx ≥

1

2

(
f (a) + f (b)

2
+ f

(
a+ b

2

)
− 2

b− a

∫ b

a

f (x) dx

)
≥ 0

This last inequality is in fact the Hammer-Bullen inequality (see [5]), which is
states that:

(5)
1

b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)
≤ f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx,

for every continuous convex function f : [a, b]→ R.

Remark 2. Note that the first inequality is stronger than the second inequality in
Hermite-Hadamard inequality.

Inequality (5) is equivalent with

2

(b− a)

∫ b

a

f (x) dx ≤ 1

2

[
f (a) + f (b) + 2f

(
a+ b

2

)]
which is

2

(b− a)

∫ a+b
2

a

f (x) dx+
2

(b− a)

∫ b

a+b
2

f (x) dx

≤ 1

2

[
f (a) + f

(
a+ b

2

)]
+

1

2

[
f (b) + f

(
a+ b

2

)]
after applying the second inequality in Hermite-Hadamard, twice on the interval[
a, a+b

2

]
,
[
a+b
2 , b

]
.

Theorem 2. Let f : [a, b]→ R be a twice differentiable function such that f ′′(x) ≥
0 for all x ∈ [a, b] . Then we have

(6)
f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx ≥

2

(b− a)
2

∫ b

a

Ha [f ] (x) dx+
4

(b− a)
3

∫ b

a

Hs [Ha [f ]] (x) dx ≥ 0

and

(7)
f (a) + f (b)

2
− 1

b− a

∫ b

a

f (x) dx ≥

2

(b− a)
2

∫ b

a

Hb [f ] (x) dx+
4

(b− a)
3

∫ b

a

Hs [Hb [f ]] (x) dx ≥ 0

where s ∈ {a, b} .
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Proof. If the function f : [a, b] → R is a twice differentiable function such that
f ′′(x) ≥ 0 for all x ∈ [a, b] , then Ha [f ] and Hb [f ] are twice differentiable function
and (Ha [f ])

′′
(x) ≥ 0 and (Hb [f ])

′′
(x) ≥ 0 for all x ∈ [a, b] . Therefore, we apply

inequalities (3) and (4) for functions Ha [f ] and Hb [f ] and we deduce the inequality
of the statement. �

Remark 3. Because Ha [f ] (x) +Hb [f ] (x) ≥ 0, for every x ∈ [a, b] ,so

Ha [f ]

(
a+ b

2

)
+Hb [f ]

(
a+ b

2

)
=
b− a

2

[
f (a) + f (b)

2
+ f

(
a+ b

2

)
− 2

b− a

∫ b

a

f (t) dt

]
≥ 0.

The last inequality justify the Hammer-Bullen inequality.

Definition 1. Ha [f, g] and Hb [f, g] : [a, b]→ R are defined by:

Ha [f, g] (x) =

(∫ x

a

g (t) dt

)
f (a) + f (x)

2
−
∫ x

a

f (t) g (t) dt

Hb [f, g] (x) =

(∫ b

x

g (t) dt

)
f (b) + f (x)

2
−
∫ b

x

f (t) g (t) dt

The following result represents a refinement of the Hammer-Bullen inequality
for g (x) = 1.

Theorem 3. Let f : [a, b]→ R be a twice differentiable function and g : [a, b]→ R+

is a differentiable function symmetric with respect to the middle point a+b
2 .If the

function f is convex then:

(8) f

(
a+ b

2

)∫ b

a

g (t) dt ≤ 1

2

[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]∫ b

a

g (t) dt

≤
∫ b

a

f (t) g (t) dt ≤ 1

2

[
f (a) + f (b)

2
+ f

(
a+ b

2

)]∫ b

a

g (t) dt

≤ f (a) + f (b)

2

∫ b

a

g (t) dt.

Proof. We consider the following functions:

Ha [f, g] (x) =

∫ x

a

f (t) g (t) dt− f
(
a+ x

2

)∫ x

a

g (t) dt ≥ 0

and

Hb [f, g] (x) =

∫ b

x

f (t) g (t) dt− f
(
b+ x

2

)∫ b

x

g (t) dt ≥ 0.

After a simple calculation, we deduced that

Ha
′
[f, g] (x) = f (x) g (x)− 1

2
f ′
(
a+ x

2

)∫ x

a

g (t) dt− f
(
a+ x

2

)
g (x)
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and

Ha
′′

[f, g] (x) = f ′ (x) g (x) + f (x) g′ (x)− 1

4
f ′
(
a+ x

2

)∫ x

a

g (t) dt

−1

2
f ′
(
a+ x

2

)
g (x)− 1

2
f

(
a+ x

2

)
g (x)− f

(
a+ x

2

)
g′ (x) ≥ 0

Thus we have

Ha [f, g] (x) +Hb [f, g] (x)

=

∫ b

a

f (t) g (t) dt− f
(
a+ x

2

)∫ x

a

g (t) dt− f
(
b+ x

2

)∫ b

x

g (t) dt.

For x = a+b
2 , we have

Ha [f, g]

(
a+ b

2

)
+Hb [f, g]

(
a+ b

2

)
=

∫ b

a

f (t) g (t) dt− f
(

3a+ b

4

)∫ a+b
2

a

g (t) dt− f
(
a+ 3b

4

)∫ b

a+b
2

g (t) dt

since we have g (x) = g (a+ b− x), we have∫ a+b
2

a

g (t) dt =

∫ b

a+b
2

g (t) dt =
1

2

∫ b

a

g (t) dt

and taking into account that Ha [f, g] (x) +Hb [f, g] (x) ≥ 0, we deduce that∫ b

a

f (t) g (t) dt− 1

2

[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]∫ b

a

g (t) dt ≥ 0.

Summing up (side by side), we obtain the statement. �

Next, we establish an estimation of Fejer inequalities for different kind of func-
tions. In this context, the next theorem give a alternative proof and a generalization
of Theorem 2.4 in [4], considering the integrability Riemann-Stieltjes.

Theorem 4. Let f : I ⊂ R → R a differentiable on I,with f and f ′monotonically
increasing and µ a absolute continuous measure on I, dµ (x) = p (x) dx with p :
[a, b]→ R+ ,a, b ∈ I◦. Then,

(i) If p is monotonically decreasing then
(9)

f (a) + f (b)

2
µ ([a, b])− f (a) + f (x)

2
µ ([a, x]) ≥

∫ b

a

f (x) dµ−
∫ x

a

f (t) dµ (R-S)

(ii) If p is monotonically increasing then

(10)

∫ b

a

f (x) dµ−
∫ x

a

f (t) dµ ≥ f
(
a+ b

2

)
µ ([a, b])−f

(
a+ x

2

)
µ ([a, x]) (R-S)

for all x ∈ [a, b] .
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Proof. We consider the functions F and G as follows:

F (x) =
f (a) + f (b)

2
µ ([a, b])− f (a) + f (x)

2
µ ([a, x])

G (x) =

∫ b

a

f (x) dµ (x)−
∫ x

a

f (t) dµ (t)

Because f is a continuous functions on the interval [a, b] , and p (x) is a
monotonically function, f is integrable Riemann-Stieltjes and

(R-S)

∫ b

a

f (x) dµ =

∫ b

a

f (x) p (x) dx (R).

We show that F (x) ≥ G (x) . If we consider the function H (x) = F (x) −
G (x), we have H (b) = 0. Thus we have x < b, it is suffices to show that
the first derivative by the function H (x) is H ′ (x) ≤ 0.

F ′ (x) = −f (a) + f (x)

2
p (x)− f ′ (x)

2

∫ x

a

p (t) dt,

G′ (x) = −f (x) p (x)

equivalently with

(11) f ′ (x)

∫ x

a

p (t) dt ≥ p (x) (f (x)− f (a))

By Lagrange’ Theorem we obtain

(12) f (x)− f (a) = f ′ (h) (x− a) ≤ f ′ (x) (x− a)

because a < h < x and f is a convex function because f ′ is monotonically
increasing. By the other hand, p is a decreasing function and for integrals

(13)

∫ x

a

p (t) dt ≥ p (x) (x− a) .

Considering inequalities (12) and (13) we obtain inequality (11), and the
proof of statement (i) is done. For the proof of statement (ii), consider the
functions F and G as follows

F (x) =

∫ b

a

f (x) dµ−
∫ x

a

f (t) dµ

G (x) = f

(
a+ b

2

)
µ ([a, b])− f

(
a+ x

2

)
µ ([a, x])

Because f is a continuous functions on the interval [a, b] , and p (x) is a
monotonically function, f is integrable Riemann-Stieltjes and

(R-S)

∫ b

a

f (x) dµ (x) =

∫ b

a

f (x) p (x) dx (R).

We show that F (x) ≥ G (x) , considering the function H (x) = F (x) −
G(x).We have H (b) = 0,Thus we have a+x

2 < b, it is suffices to show that
the first derivative by the function H (x) is H ′ (x) ≤ 0,where

F ′ (x) = −f (x) p (x) ,

G′ (x) = −1

2
f ′
(
a+ x

2

)∫ x

a

p (t) dt− f
(
a+ x

2

)
p (x)
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�

Remark 4. If we put

p (x) =
g (x)∫ b

a
g (t) dt

then p (x) ≥ 0 and
∫ b

a
p (x) dx = 1,and (2) in the present paper becomes

f

(
a+ b

2

)
≤
∫ b

a

f (x) p (x) dx ≤ f (a) + f (b)

2
.

If we take p (x) = 1
b−a ,then the above inequalities were reduced to (1) in the present

paper.

3. Applications

We may consider the following t−power mean, for t ∈ R.

Γt (f ; p) =

(∫ b

a

f (x)
t
p (x) dx

)1/t

, t 6= 0

Γ0 (f ; p) = exp

(∫ b

a

(log f (x)) p (x) dx

)
, t = 0.

where f is continuous on [a, b] and f (x) > 0 for x ∈ [a, b] , also p (x) > 0 for
x ∈ [a, b] with ∫ b

a

p (x) dx = 1.

If we take t = 1, then we recover

Γ1 (f ; p) =

∫ b

a

f (x) p (x) dx.

Some properties are known.

1. Γ0 (f ; p) ≤ Γ1 (f ; p) .
2. For given t > 0 and continuous function f (x) > 0 on the interval [a, b],

min f = Γ−t (f ; p) = Γ0 (f ; p) = Γt (f ; p) = max f,

if f (x) is constant function.
3. For given t > 0 and continuous function f (x) > 0 on the interval [a, b] ,

min f < Γ−t (f ; p) < Γ0 (f ; p) < Γt (f ; p) < max f

if f (x) is not constant function.
4. For given continuous function f (x) > 0 on the interval [a, b] ,we have

t1 < t2 ⇒ Γt1 (f ; p) ≤ Γt2 (f ; p)

if f (x) is not constant function.
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5. For given continuous function f (x) > 0 on the interval [a, b] ,we have

lim
t→0

Γt (f ; p) = Γ0 (f ; p) = exp

(∫ b

a

(log f (x)) p (x) dx

)
,

lim
t→∞

Γt (f ; p) = max f,

lim
t→−∞

Γt (f ; p) = min f.
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