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BERNOULLI MATRIX-COLLOCATION METHOD FOR SOLVING

GENERAL FUNCTIONAL INTEGRO-DIFFERENTIAL

EQUATIONS WITH HYBRID DELAYS

KUBRA ERDEM BICER, MEHMET SEZER

Abstract. In this study, we apply a matrix method based on Bernoulli poly-
nomials and collocation points to solve functional integro-differential equations
with hybrid delays. The main problem is reduced to a system of algebraic equa-
tions by using this method. After solving this system, we have the coefficients
of the approximate solution of the given problem. The accuracy and applica-
bility of the method is illustrated by examples and error estimation technique
related to residual function is developed.

1. Introduction

Functional integro-differential equations (FIDEs) arise widely in scientific fields
such as mechanics physics, biology, ecology and the related scientific fields [2], [8],
and [20]. In recent years numerical methods have been developed to solve these
equations. For example: Jacobi operational matrices [9], Chelyshkov collocation
method [24], LegendreGauss spectral collocation method [32], Legendre spectral
collocation method [11], the spectral methods [3]-[4], Lagrange interpolation and
Chebyshev interpolation [26], Meshless Method [12], Rationalized Haar functions
method [23], Tau method [30], Adomian decomposition method [31], Adomain-Pade
technique [14], Hes variational iteration technique [13], Hes homotopy perturbation
method [34], Hes Variational iteration method [33], Homotopy perturbation method
[19], Modified homotopy perturbation method [21], Chebyshev cardinal functions
method [22], etc. [6], [7], [27], and [28].
Also colllocation methods based on Bessel, Taylor, Chebyshev and Laguerre poly-
nomials are devoleped to solve this type of equations [1], [29], [35], [36], and [37]. In
this study we try to solve this equations by using Bernoulli polynomials. Also this
method has been used to solve high-order linear differential-difference equations,
linear delay difference equations with variable coefficients and mixed linear Fred-
holm integro-differential-difference equations, hyperbolic partial differential equa-
tions [15]-[18].
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In this study, we consider the approximate solutions of general functional integro-
differential equations with hybrid delays in form

m1
∑

k=0

m2
∑

j=0

pkj(x)y
(k)(αkjx+ βkj) = f(x) (1.1)

+

m3
∑

r=0

m4
∑

s=0

λrs

∫ vrs(x)

urs(x)

Krs(x, t)y
(r)(µrst+ γrs)dt, a ≤ x, t ≤ b

subject to the initial-boundary conditions

m1−1
∑

k=0

(aiky
(k)(a) + biky

(k)(b)) = ηi, i = 0, 1, 2, · · · ,m1 − 1 (1.2)

where pkj(x),Krs(x, t), f(x), urs(x), vrs(x) are continuous on the interval a ≤ x,
t ≤ b and αkj , βkj , µrs, γrs, λrs are real constants.

The aim of this study is to obtain the approximate solution of the problem 1.1-1.2
using Bernoulli polynomials. Approximate solution of this problem can be written
in the following series form:

y(x) ∼= yN (x) =

N
∑

n=0

anBn(x) (1.3)

where an, n = 0, 1, 2, · · · , N are unknown Bernoulli coefficients and Bn(x),
n = 0, 1, 2, · · · , N are the Bernoulli polynomials [5] defined by

text

et − 1
=

∞
∑

n=0

Bn(x)

n!
tn

or
Bn(x) =

∑n
r=0

(

n
r

)

brx
n−r, br = Br(0) (Bernoulli numbers).

2. Main matrix relations

In this section, we will give matrix relations of Eqs. 1.1 and 1.2. Firstly, Bernoulli
polynomials Bn(x) can be written in the matrix form as follows

BT(x) = ζXT(x) ⇔ B(x) = X(x)ζT (2.1)

where B(x) =
[

B0(x) B1(x) · · · BN (x)
]

, X(x) =
[

1 x · · · xN
]

and

ζ =



























(

0
0

)

b0 0 0 0 0 0 · · · 0
(

1
0

)

b1
(

1
1

)

b0 0 0 0 0 · · · 0
(

2
0

)

b2
(

2
1

)

b1
(

2
2

)

b0 0 0 0 · · · 0
(

3
0

)

b3
(

3
1

)

b2
(

3
2

)

b1
(

3
3

)

b0 0 0 · · · 0
(

4
0

)

b4
(

4
1

)

b3
(

4
2

)

b2
(

4
3

)

b1
(

4
4

)

b0 0 · · · 0
(

5
0

)

b5
(

5
1

)

b4
(

5
2

)

b3
(

5
3

)

b2
(

5
4

)

b1
(

5
5

)

b0 · · · 0
...

...
...

...
...

...
...

...
(

N
0

)

bN
(

N
1

)

bN−1

(

N
2

)

bN−2

(

N
3

)

bN−3

(

N
4

)

bN−4

(

N
5

)

bN−5 · · ·
(

N
N

)

b0



























Then we can write the truncated Bernoulli series 1.3 in the matrix form
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y(x) ∼= yN (x) = B(x)A; A(x) =
[

a0 a1 · · · aN
]T

. (2.2)

By substituting Eq. 2.1 into Eq. 2.2, we have the matrix form

y(x) ∼= yN (x) = X(x)ζTA. (2.3)

On the other hand, it can be clearly seen the relationship between X(x) and its

k-th derivative X(k)(x) as follows [37]

X(k)(x) = X(x)(E)k, k = 0, 1, · · · ,m1 (2.4)

where

E =















0 1 0 · · · 0
0 0 2 · · · 0
...

...
...

. . .
...

0 0 0 0 N
0 0 0 0 0















Therefore, by using relations 2.3 and 2.4, we gain the matrix form

y(k)(x) ∼= y
(k)
N (x) = X(x)(E)kζTA. (2.5)

If we put αkjx+ βkj instead of x in 2.5, we obtain the matrix form

y(k)(αkjx+ βkj) ∼= y
(k)
N (αkjx+ βkj) = X(αkjx+ βkj)(E)kζTA, (2.6)

k = 0, 1, · · · ,m1.
Here, it is well known from [35] that

X(αkjx+ βkj) = X(x)B(αkj , βkj) (2.7)

such that

B(αkj , βkj) =













(

0
0

)

α0
kjβ

0
kj

(

1
0

)

α0
kjβ

1
kj · · ·

(

N
0

)

α0
kjβ

N
kj

0
(

1
1

)

α1
kjβ

0
kj · · ·

(

N
1

)

α0
kjβ

N−1
kj

...
...

. . .
...

0 0 · · ·
(

N
N

)

αN
kjβ

0
kj













.

By using the relation 2.7 into 2.6, we obtain

y(k)(αkjx+ βkj) ∼= y
(k)
N (αkjx+ βkj) = X(x)B(αkj , βkj)(E)kζTA, (2.8)

k = 0, 1, · · · ,m1.
Similarly, the matrix form of the term y(r)(µrst+ γrs) becomes

y(r)(µrst+ γrs) ∼= y
(r)
N (µrst+ γrs) = X(t)B(µrs, γrs)(E)rζTA, (2.9)

r = 0, 1, · · · ,m3.
Besides, we can approach to kernel function Krs(x, t) by truncated Maclaurin

series [36] as follows

Krs(x, t) =

N
∑

r=0

N
∑

s=0

tkrsmnx
mtn (2.10)
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where

tkrsmn =
1

m!n!

∂m+nKrs(0, 0)

∂xm∂tn
, m, n = 0, 1, · · · , N.

Also, the kernel functionKrs(x, t) can be approximated by the truncated Bernoulli
series

Krs(x, t) =

N
∑

r=0

N
∑

s=0

bkrsmnBm(x)Bn(t). (2.11)

The matrix relations of the expressions 2.10 and 2.11 are obtained, respectively,
as follows:

Krs(x, t) = X(x)tKrsX
T(t), K(t) =

[

tkrsmn

]

, m, n = 0, 1, · · · , N (2.12)

Krs(x, t) = B(x)bKrsB
T(t), K(b) =

[

bkrsmn

]

, m, n = 0, 1, · · · , N.

From 2.11 and 2.12, we have the following relations;

X(x)tKrsX
T(t) = B(x)bKrsB

T(t) ⇒ X(x)tKrsX
T(t) = X(x)ζTb

KrsζX
T (t) (2.13)

tKrs = ζTbKrsζ ⇒ bKrs = (ζT)−1tKrs(ζ)
−1.

By substituting the relation 2.5 in the conditions 1.2, the corresponding matrix
forms becomes

m1−1
∑

k=0

[aikB(a) + bikB(b)] (E)kA = ηi, i = 0, 1, 2, · · · ,m1 − 1

or

m1−1
∑

k=0

[aikX(a) + bikX(b)] (E)kζTA = ηi, i = 0, 1, 2, · · · ,m1 − 1 (2.14)

3. Collocation Method

To construct the fundamental matrix equation corresponding to Eq. 1.1, the
matrix relations 2.8, 2.9 and 2.12 together with 2 are substituted in Eq. 1.1 and
then, obtained the matrix equation

{

∑m1

k=0

∑m2

j=0 Pkj(x)X(x)B(αkj , βkj)E
kζT

−
∑m3

r=0

∑m4

s=0 λrsX(x)NrsQrsB(µrs, γrs)E
rζT

}

A = f(x)
(3.1)

where

Nrs = ζTbKrsζ

and
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Qrs(x) =

∫ vrs(x)

urs(x)

XT(t)X(t)dt =
[

qrsmn(x)
]

r = 0, 1, · · · ,m3; s = 0, 1, · · · ,m4

qrsmn(x) =

(

vrs(x)
m+n+1 − urs(x)

m+n+1
)

m+ n+ 1
, m, n = 0, 1, · · · , N

By substituting the collocation points xi defined by

xi = a+
b− a

N
i, i = 0, 1, , N

into Eq. 3, the system of matrix equations is obtained as

{

∑m1

k=0

∑m2

j=0 Pkj(xi)X(xi)B(αkj , βkj)E
kζT

−
∑m3

r=0

∑m4

s=0 λrs X(xi)NrsQrsB(µrs, γrs)E
rζT

}

A = f(x
i
)

Also, this system can be written, in the compact form, as

{

∑m1

k=0

∑m2

j=0 PkjXB(αkj , βkj)E
kζT

−
∑m3

r=0

∑m4

s=0 λrsXNrsQrsB(µrs, γrs)E
r
ζ
}

A = F
(3.2)

where

Pkj = Diag
[

Pkj(x0) Pkj(x1) · · · Pkj(xN )
]

(N+1)×(N+1)
,

X =











X(x0)
X(x1)

...
X(xN )











=











1 x0 · · · xN
0

1 x1 · · · xN
1

...
... · · ·

...
1 xN · · · xN

N











(N+1)×(N+1)

,

X = Diag
[

X(x0) X(x1) · · · X(xN )
]

(N+1)×(N+1)2
,

Qrs = Diag
[

Qrs(x0) Qrs(x1) · · · Qrs(xN )
]

(N+1)2×(N+1)2
,

Nrs = Diag
[

Nrs Nrs · · · Nrs

]

(N+1)2×(N+1)2
,

B(µrs, γrs) = Diag
[

B(µrs, γrs) B(µrs, γrs) · · · B(µrs, γrs)
]

(N+1)2×(N+1)2
,

E
r
= Diag

[

Er Er · · · Er
]

(N+1)2×(N+1)2
,

A =
[

a0 a1 · · · aN
]T

(N+1)×1
,

F =
[

f(x0) f(x1) · · · f(xN )
]T

(N+1)×1
,

ζ =
[

ζT ζT · · · ζT
]T

(N+1)2×(N+1)
.

The matrix equation 3.2 which corresponds to Eq.1.1 becomes a system of N+1
linear algebraic equations with unknown Bernoulli coefficients a0, a1, · · · , aN .
Taking
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W =

m1
∑

k=0

m2
∑

j=0

PkjXB(αkj , βkj)E
kζT −

m3
∑

r=0

m4
∑

s=0

λrsXNrsQrsB(µrs, γrs)E
r
ζ,

Eq.3.2 can be written in the compact form

WA=G (3.3)

or in the augmented matrix form

[W;G] =











w00 w01 w02 · · · w0N ; f(x0)
w10 w11 w12 · · · w1N ; f(x1)
...

...
...

. . .
...

...
...

wN0 wN1 wN2 · · · wNN ; f(xN )











On the other hand, we can express the matrix forms 2.14 for conditions as

UjA = [ηi] or [Ui; ηi] ; i = 0, 1, 2, · · · ,m1 − 1 (3.4)

where

Ui =

m−1
∑

k=0

[aikX(a) + bikX(b)] (E)
k
ζT =

[

ui0 ui1 · · · uiN

]

.

Finally, by using the matrix equations 3.3 and 3.4, our main equation 1.1 under
the conditions 1.2 is reduced to the following new augmented matrix form (system
of algebraic equations):

[W̃;F̃] =





















w00 w01 w02 · · · w0N ; f(x0)
w10 w11 w12 · · · w1N ; f(x1)

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
w(N−m1)0 w(N−m1)1 w(N−m1)2 · · · w(N−m1)N ; f(xN−m1)

u00 u01 u02 · · · u0N ; η0

u10 u11 u12 · · · u1N ; η1

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

.

.

.
u(m1−1)0 u(m1−1)1 u(m1−1)2 · · · u(m1−1)N ; ηm1−1





















(3.5)

Note that this augmented matrix is obtained by replacing the m rows of aug-
mented matrix 3.4 by the last m rows of the matrix 3.3 [17].

If rankW̃ = rank
[

W̃;F̃
]

= N +1 then we can write A =
(

W̃
)−1

G̃. Thus the

matrix A is uniquely determined. When the determined coefficients a0, a1, · · · , aN
are substituted in series 1.3, the Bernoulli polynomial solution

y(x) ∼= yN (x) =

N
∑

n=0

anBn(x)

is obtained.
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4. Residual Correction and Error Estimation

In this section, an error estimation based on residual function which used in
the literature [25]-[10] is introduced for the Bernoulli collocation method and is
performed the residual correction of the Bernoulli approximate solution.
Firstly, we can define the residual function of the Bernoulli collocation method as

L [yN (x)] =
∑m1

k=0

∑m2

j=0 pkj(x)y
(k)
N (αkjx+ βkj)

−
∑m3

r=0

∑m4

s=0 λrs

∫ vrs(x)

urs(x)
Krs(x, t)y

(r)
N (µrst+ γrs) dt = f(x) +RN (x),

∑m1−1
k=0

(

aiky
(k)
N (a) + biky

(k)
N (b)

)

= ηi, i = 0, 1, 2, · · · ,m1 − 1































(4.1)

where yN (x), which is the Bernoulli polynomial solution defined by 1.3, is the
approximate solution of the problem 1.1-1.2.
Since y(x) represents the exact solution of the problem 1.1-1.2, the error function
eN(x) can be defined as

eN(x) = y(x)− yN (x). (4.2)

By substituting 4.2 into 4.1, and by simplifying the error differential equation is
obtained

∑m1

k=0

∑m2

j=0 pkj(x)e
(k)
N (αkjx+ βkj)

−
∑m3

r=0

∑m4

s=0 λrs

∫ vrs(x)

urs(x)
Krs(x, t)e

(r)
N (µrst+ γrs) dt = f(x) +RN (x),

∑m1−1
k=0

(

aike
(k)
N (a) + bike

(k)
N (b)

)

= 0, i = 0, 1, 2, · · · ,m1 − 1































(4.3)

After applying the Bernoulli collocation method to Eq. 4.3, the approximation
eN,M(x) to eN (x) is obtained, (M > N) which is the error function based on the
Residual function RN (x). By summing yN (x) and eN,M(x), the corrected Bernoulli
polynomial solution yN,M(x) = yN (x)+eN,M(x) is obtained. On the other hand, by
using the Bernoulli error function eN(x) and the estimated error function eN,M(x),
the corrected Bernoulli error function can be constructed as

EN,M (x) = eN (x)− eN,M(x) = y(x)− yN,M (x).

5. Numerical Examples

Example 1. Let us first consider the second order functional integro-differential
equation given by

y′′(x) = (x− 1)y′(x)−xy(2x− 1)+

∫ x

x−2

x2y′(t)dt+4x4− 6x3+2x2+8x+1 (5.1)
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0 6 x, t 6 1
with the initial conditions

y(0) = 0, y′(0) = 1.

The exact solution of this problem is y(x) = 2x3 + x. Firstly, let us write the
problem 5.1 as

y′′(x) = (x−1)y′(x)−xy(2x−1)−

∫ x−2

0

x2y′(t)dt+

∫ x

0

x2y′(t)dt+4x4−6x3+2x2+8x+1.

Here, P00 = x, P10 = −(x− 1), P20 = 1, α00 = 2, β00 = −1, λ10 = −1, λ11 = 1,

K10(x, t) = K11(x, t) = x2, u10(x) = u11(x) = 0, v10(x) = x− 2, v11(x) = x.

Let us seek the Bernoulli polynomial solution in the form

yN(x) =

3
∑

n=0

anBn(x)

for N = 3 in [0, 1]. The collocation points for N = 3 becomes

x0 = 0, x1 =
1

3
, x2 =

2

3
, x3 = 1.

The fundamental matrix equation of the problem is

{

P20XE2ζT +P10XEζT +P00XB(2,-1)ζT

−λ10XN10Q10Eζ − λ11XN11Q11Eζ
}

A = F

where

P20 =









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









4×4

,P10 =









1 0 0 0
0 2

3 0 0
0 0 1

3 0
0 0 0 0









4×4

,

P00 =









0 0 0 0
0 1

3 0 0
0 0 2

3 0
0 0 0 1









4×4

, ζT =









1 − 1
2

1
6 0

0 1 −1 1
2

0 0 1 − 3
2

0 0 0 1









4×4

,

B(2,-1) =









1 −1 1 −1
0 2 −4 6
0 0 4 −12
0 0 0 8









4×4

,E =









0 1 0 0
0 0 2 0
0 0 0 3
0 0 0 0









4×4

X =









X(x0)
X(x1)
X(x2)
X(x3)









=









1 0 0 0
1 1

3
1
9

1
27

1 2
3

4
9

8
27

1 1 1 1









4×4

,
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F =









1
301/81
505/81

9









4×1

,N10 = N11 =









0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0









4×4

,

Q10 = Diag
[

Q10(0) Q10(1/3) Q10(2/3) Q10(1)
]

16×16
,

N10 = Diag
[

N10 N10 · · · N10

]

16×16
,

N11 = Diag
[

N11 N11 · · · N11

]

16×16
,

X = Diag
[

X(x0) X(x1) X(x2) X(x3)
]

4×16

ζ =
[

ζT ζT ζT ζT
]T

16×4
,E =

[

E E E E
]T

16×16
.

The augmented matrix for this fundamental matrix equation is calculated as

[W;F] =









0 1 1 −5/2 ; 1
1/3 1/6 5/2 −187/81 ; 301/81
2/3 −2/3 32/9 −251/162 ; 505/81
1 −3/2 25/6 0 ; 9









.

From Eq. 3.4 the matrix forms for initial conditions are

[U0; η0] =
[

1 −1/2 1/6 0 ; 0
]

and [U1; η1] =
[

1 1 −1 1/2 ; 1
]

.

Therefore, the new augmented matrix based on the conditions from Eq.3 is
obtained as

[

W̃; F̃
]

=









0 1 1 −5/2 ; 1
1/3 1/6 5/2 −187/81 ; 301/81
1 −1/2 1/6 0 ; 0
0 1 −1 1/2 ; 1









.

Solving this system, the unknown Bernoulli coefficient matrix is obtained as

A =
[

1 3 3 2
]T

.

Consequently, we substitute the matrix A into Eq. 1.3. Thereby, the approxi-
mate solution of problem for N = 3 is found y3(x) = 2x3 + x, which is the exact
solution.

Example 2 ([36]). Now , we consider the first order functional integro-differential
equation

y′(x) = y(x)− 2y′(x− 0.5) + (x− x2)y(0.5x− 1) +
∫ x

0
xe−ty(t)dt

+
∫ x

2

0
(x2 − 2t− 2)y′(t)dt + g(x), 0 ≤ x, t ≤ 1,

(5.2)

with the initial condition y(0) = 1. Here, g(x) = −(x − x2)e
x
2 −1 + 2ex−

1
2 −

x2e
x
2 + xe

x
2 and the exact solution of the problem is y(x) = ex. In Table 1 the ex-

act solution y(x) the Bernoulli solution yN(x) and the corrected Bernoulli solution
yN,M(x) are compared for N,M = 7, 8 and N,M = 13, 14. Also the comparison
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of the corrected Bernoulli error |EN,M (x, t)|, the estimated error |eN,M(x, t)| abso-
lute error |eN(x, t)| is given in Table 2 for the same value of N,M . In Fig. 1, we
compare the exact solution y(x), the Bernoulli solution yN (x) and the corrected
Bernoulli solution yN,M(x) for N,M = 13, 14. The absolute error functions, the
estimated absolute error functions and corrected absolute error functions are com-
pared in Figs. 2a and 2b for the values N,M = 7, 8 and N,M = 13, 14, respectively.

Table 1. The comparison of exact solution, Bernoulli Solutions and Corrected Bernoulli so-

lutions for the problem 5.2

xi Exact Solution ex Bernoulli-app yN (x) Corr.Bern. sol. yN,M(x)
N = 7 N = 13 N = 7,M = 8 N = 13,M = 14

0 1.0 1.0 1.0 1.0 1.0
0.2 1.221402758 1.2214035 1.221402731 1.221402741 1.221402758
0.4 1.491824698 1.491826053 1.491824634 1.49182485 1.491824698
0.6 1.8221188 1.822119215 1.822118695 1.822119161 1.822118801
0.8 2.225540928 2.225539025 2.225540778 2.225541177 2.225540929
1 2.718281828 2.718278481 2.718281635 2.718281551 2.718281829

Table 2. The Comparison of absolute error function |eN |, estimated error function |eN,M |

and corrected Bernoulli error function |EN,M | for the problem 5.2

xi Absolute error function |eN | Estimated error function |eN,M | Corrected Bernoulli error function |EN,M |
N = 7 N = 13 N = 7,M = 8 N = 13,M = 14 N = 7,M = 8 N = 13,M = 14

0 0 0 0 0 0 0
0.2 7.4141e− 07 2.7389e− 08 7.5814e − 07 2.7402e− 08 1.6721e − 08 1.2802e − 11
0.4 1.3555e− 06 6.3412e− 08 1.2028e − 06 6.3513e− 08 1.5276e − 07 1.0056e − 10
0.6 4.1432e− 07 1.0549e− 07 5.4210e − 08 1.0578e− 07 3.6011e − 07 2.9521e − 10
0.8 1.9036e− 06 1.5038e− 07 2.1524e − 06 1.5099e− 07 2.4881e − 07 6.0970e − 10
1 3.3473e− 06 1.9364e− 07 3.0698e − 06 1.9467e− 07 2.7749e − 07 1.0261e − 09
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Fig 1. The comparison of the exact solution y(x) = ex, approximate solution y13(x) and corrected

approximate solution y13,14(x) for the problem 5.2
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Fig 2a. The comparison of the absolute error functions, the estimated absolute error functions

and corrected absolute error functions for the values N,M = 7, 8 for the problem 5.2
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Fig 2b. The comparison of the absolute error functions, the estimated absolute error functions

and corrected absolute error functions for N,M = 13, 14 for the problem 5.2

Example 3 ([28]).

y′(x)+(6+sin(x))y(x)−y
(

x−
π

x

)

+

∫ x

x−π
4

sin ty(t)dt = 5ecosx 0 ≤ x, t ≤ 1, (5.3)

with the initial condition y(0) = e. The exact solution of the problem is y(x) =
ecosx. The approximate solution is obtained for N = 7 and N = 13. And this



96 K. ERDEM BICER, M. SEZER

approximate solutions are improved for M = 8 and M = 14. In Table 3, we present
the values of approximate solutions for (N,M) = (7, 8) and (N,M) = (13, 14).
And the absolute errors are compared with estimated absolute errors and corrected
absolute errors in Table 4. Also we compare absolute error functions in Figs. 3a
and 3b.

Table 3. The comparison of exact solution, Bernoulli Solutions and Corrected Bernoulli

solutions for the problem 5.3
xi Exact Solution ecos x Bernoulli-appn yN (x) Corr.Bern. sol. yN,M(x)

N = 7 N = 13 N = 7,M = 8 N = 13,M = 14
0 2.718281828 2.718281828 2.718281828 2.718281828 2.718281828
0.2 2.664633642 2.664499552 2.664642562 2.664537526 2.664644316
0.4 2.511954145 2.511745712 2.511958132 2.511838699 2.511959986
0.6 2.282646727 2.282524323 2.282645683 2.282590029 2.282646482
0.8 2.007131743 2.007097918 2.007130717 2.007118242 2.007130877
1 1.7165257 1.716484035 1.716526204 1.716530051 1.716526347

Table 4. The Comparison of absolute error function, estimated error function and corrected

Bernoulli error function for the problem 5.3
xi Absolute error function |eN | Estimated error function |eN,M | Corrected Bernoulli error function |EN,M |

N = 7 N = 13 N = 7,M = 8 N = 13,M = 14 N = 7,M = 8 N = 13,M = 14
0 0 0 1.3235e − 23 3.5026e− 24 0 0
0.2 1.3409e− 04 8.9207e− 06 3.7974e − 05 1.7533e− 06 9.6116e − 05 1.0674e − 05
0.4 2.0843e− 04 3.9873e− 06 9.2988e − 05 1.8542e− 06 1.1545e − 04 5.8416e − 06
0.6 1.2240e− 04 1.0440e− 06 6.5706e − 05 7.9928e− 07 5.6698e − 05 2.4470e − 07
0.8 3.3825e− 05 1.0261e− 06 2.0324e − 05 1.6024e− 07 1.3501e − 05 8.6583e − 07
1 4.1664e− 05 5.0481e− 07 4.6016e − 05 1.4223e− 07 4.3515e − 06 6.4704e − 07
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Fig 3a. The comparison of the absolute error functions, the estimated absolute error functions

and corrected absolute error functions for the values N,M = 7, 8 for the problem 5.3
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Fig 3b. The comparison of the absolute error functions, the estimated absolute error functions

and corrected absolute error functions for the values N,M = 13, 14 for the problem 5.3

6. Conclusions

In this study, Bernoulli collocation method has been presented for solving func-
tional integro-differential equations with hybrid delays. Also, the error estimation
based on residual functions has been given for our method. We have corrected
the obtained results by using these estimated error functions. In numerical exam-
ples, we have considered the problems for various values of N,M . Given tables
and figures show that when N,M increases, the obtained results are better. This
method have considerable advantages in terms of using computer programs. All
given examples have been calculated by using computer code written in MATLAB.
And also this method can be extended for the solutions of numerous equations and
equation systems.
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