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UNIFORM CONTINUITY AND CAUCHY CONTINUITY IN
G-METRIC SPACES

MERVE ILKHAN, EMRAH EVREN KARA

ABSTRACT. In this paper, we introduce the notions of G-uniform continuity
and G-Cauchy continuity of a function defined from one generalized metric
space to another generalized metric space. Also, we investigate the relation-
ships between these two types continuity and ordinary continuity. Further,
we give some special properties of G-Cauchy sequences and G-totally bounded
sets.

1. INTRODUCTION

Metric space is an abstract notion generated to study basic analytic concepts
as convergence of sequences and continuity of functions. The structure of ordi-
nary metric spaces has a great importance in pure mathematics particularly in the
branches of topology, functional analysis and also in applied sciences. Although
the concept of a metric space is essentially due to a French mathematician Frechet
who introduced it in his doctoral thesis, the definition which is currently in use is
given by Hausdorff.

Banach fixed point theorem is a significant tool in the theory of metric spaces and
has several applications to important fields as linear algebraic equations, ordinary
and partial differential equations and integral equations. For this reason in the last
one hundred years, many people have tried to generalize the definition of a metric
space.

In [I5], the authors define a new notion called generalized metric as follows.

Let X be a nonemty set. A function G : X x X x X — [0,00) satisfying the
properties
(Gl) G(z,y,2) =0if v =y = z,

(G2) G(z,x,y) > 0 for all z,y € X with z # y,

(G3) G(z,x,y) < G(x,y,2) for all z,y,z € X with z # y,

(G4) G(z,y,2) = G(z,2,y) = G(y, z,x) = ... (symmetry in all three variables),
(G5) G(z,y,2) < G(z,a,a) + G(a,y, z) for all z,y, z,a € X (rectangle inequality)
is called a generalized metric or briefly G-metric on X and the pair (X, G) is called
a G-metric space.
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If (X,d) is an ordinary metric space, G5 and G, defined as

Golr,2) = g ldle,) +dly,2) + d(z, 2))

and
Gm(x,y,2) = max{d(z,y),d(y, 2),d(z, 2) }
are GG-metrics on X.
On the other hand, if (X,G) is a G-metric space, then a metric on X can be
easily constructed via G as follows:

dG($7y) = G(x,y,y) + G(az,x,y).

Definition 1.1. [15] Let (X, G) be a G-metric space, g € X and r > 0. The
G-ball Sg(xo,r) centered at xg and radius r is defined by

SG('IOvT) = {y €X: G(x07y7y) < T}.

The collection of all G-balls in X generates the topology 7(G) on X and this
topology is called G-metric topology. It is given as a consequence that G-metric
topology 7(G) coincides with the metric topology originated from dg. This means
that G-metric spaces are topologically equivalent to metric spaces. So many con-
cepts and results in metric spaces can be carried to G-metric spaces.

Throughout the study, R and N stand for real and natural numbers, respectively
and Ny = {0,1,2,...}.

Definition 1.2. [I5] A sequence (x,) in a G-metric space (X,G) is said to be
G-convergent to x if it converges to x in the G-metric topology T(QG).

Lemma 1.3. [I5] For a G-metric space (X,QG), if (x,) is a sequence in X and
x € X, then the statements

(1) (xn) is G-convergent to x,

(2) G(xn,zn,x) = 0 as n — oo,

(3) G(zp,z,2) > 0 asn — 0o
are equivalent.

Definition 1.4. [I5] A sequence (x,) in a G-metric space (X,G) is said to be
G-Cauchy if for every e > 0 there exists n € N such that G(xp, Tm,x;) < € for all
n,m,l > ¢; that s, if G(Xp, Tm,x;) = 0 as n,m,l — oco.

It follows directly from the rectangle inequality that (z,,) is a G-Cauchy sequence
in X if and only if G(2p, Zm, 2m) — 0 as n,m — oo ([15]).

Lemma 1.5. [I5]

(1) Ewery G-convergent sequence in a G-metric space is G-Cauchy.
(2) If a G-Cauchy sequence in a G-metric space has a G-convergent subse-
quence, then the sequence itself is G-convergent.

Example 1.6. Consider the G-metric space (R,G,,) and the sequence (x,) =
(1,0,1,0,...). Leteg = % Then for all N € N we have that G, (xan, Tan+1, Tan+1) =
Gn(0,1,1) =1 > gg. So (x,) is not a G-Cauchy sequence and hence it is not G-
convergent.

Definition 1.7. [15] If every G-Cauchy sequence in a G-metric space (X, Q) is
G-convergent, then (X, G) is said to be G-complete.
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Definition 1.8. [15] Let (X,G) and (X',G’) be two G-metric spaces and f be a
function from X into X'. The function [ is said to be G-continuous at a point
xo in X if for every € > 0 there is a § > 0 such that G'(f(zo), f(z), f(y)) < e
whenever x,y € X with G(zg,x,y) < 9.

Since G-metric topologies are metric topologies, a function f is G-continuous
if and only if it is G-sequentially continuous; that is, f preserves G-convergent
sequences ([15]).

Definition 1.9. [I5] Let (X,G) be a G-metric space and € > 0. A subset A of
X is called an e-net of X if given any x in X there is a point 1 in A such that
x € Sa(z1,¢).

Definition 1.10. [I5] A set B in a G-metric space (X,G) is called G-totally
bounded subset if for every € > 0, there exists a finite e-net for B.

Lemma 1.11. [15] Let (X, G) be a G-metric space. The inequalities
G(z,y,y) < 2G(y, z, ) (1.1)

G(z,y,2) < G(w,2,y) + G(z,2, 2) (1.2)
hold for every x,y,z € X.

Lemma 1.12. [I5] Let (X, G) be a G-metric space. Then G(xo,x,y) < r implies
that x,y € Sa(xo,r) for any xg € X and r > 0.

In many areas of mathematics and related sciences, the existence of a fixed point
of a certain function between metric spaces has a remarkable significance since it is
equivalent to the existence of a solution in numerous mathematical problems. Over
the last decades the fixed point theory has gained importance with the applications
to various fields such as physics, biology, chemistry, economics, engineering. Since
G-metric spaces are generalization of usual metric spaces, several fixed point results
on G-metric spaces are studied by many authors. For some of them, one can see
[T, 121, 3, (4L [ (6, 7, 18] 9] [TO] [T 12} [13], 14} 16} 17].

In the literature, there are no more papers related to the topological concepts in
G-metric spaces. Therefore in this study we explain some concepts and give some
characteristic features in G-metric spaces to remove the lack in the literature. We
introduce the concepts of G-uniform continuity and G-Cauchy continuity of a func-
tion defined between G-metric spaces. These types of continuity are more stronger
than G-continuity and also G-uniform continuity is stronger than G-Cauchy conti-
nuity. There are some nice properties of G-uniformly continuous functions which
G-continuous functions do not need to satisfy. For example, they map G-Cauchy
sequences to G-Cauchy sequences and also they map G-totally bounded sets to
G-totally bounded ones. To see this we characterize G-totally bounded sets with
G-Cauchy sequences. Moreover, we prove that G-uniform limit of a sequence of
G-continuous functions is G-continuous and G-uniform limit of a sequence of G-
Cauchy continuous functions is G-Cauchy continuous.

2. MAIN RESULTS

We assume throughout that G-metric on R is G,, (or G;) constructed by the
usual metric on R.
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Lemma 2.1. Let (X,G) be a G-metric space and A be a subset of X. Then, the
function f : X — R defined as f(x) = G(z,z,A) = inf{G(z,z,a) : a € A} is
G-continuous.

Proof. Let g € X and € > 0 be given. Consider any two points z,y in X with
G(zo,z,y) < 06 = £. For every a € A, by using the rectangle inequality and the
inequality ([1.1) we have that

G(z,z,A) < G(x,x,a)

L)

G(zg,x,a)
G(z,xg,x0) + G(x0, zg, a)
4G(I170,13, ‘T) + G(I(),l‘o, a)'

G
G

< G(z,xo, 20) +
< G(x,x0,20) +
<
This inequality yields

G(z,z,A) — G(xg, 0, A) < 4G(x0, 2, T).
Similarly, one can obtain that

G(zg,x0,4A) — G(z,x, A) < 4G(x0,x, )
holds. Hence we conclude that for every € > 0

|G(z, 2, A) — G(x0, x0, A)| < 4G(x0,2, ).
Analogously, we have that

|G(y,y, A) — G(z0, 70, A)| < 4G (20,Y,Y)-
From the rectangle inequality and the definition of G,, on R, it follows that

G (f(z0), f(2), f(y) < Gnlf(2), f(20), f(20)) + G (f(20), f(20), f(y)) (2.1)
< 4G(zp,z,x) + 4G(x0,y,Y).

As a consequence, we obtain from Lemma and (2.1
Gm(f(x0)7 f(il?), f(y)) <g,

whenever G(zg,z,y) < J. O

We call a subset A of a G-metric space (X,G) as G-closed if it is closed with
respect to the G-metric topology 7(G); that is its complement is in 7(G).

Definition 2.2. Let (X, G) be a G-metric space and A be a subset of X. A point
z in X is a G-limit point of A if for every r > 0 the G-ball Sg(z,7) contains a point
y in A distinct from x.

We denote the set of all G-limit points of A by G-A’.

A is G-closed if and only if A = G-Cl(A), where G-Cl(A) is the G-closure of A
and defined as G-Cl(A) = AU G-A'.

Since the function defined in Lemma is G-continuous and the singleton {0}
is closed in R, it is clear that the set H = {z € X : G(z,z,A) = 0} containing
A is closed with respect to 7(G). Therefore the closure of A is contained in H.
Also the converse is true. In fact, if z € H, we have G(z,z, A) = 0 and so for any
€ > 0 there exists a point y in A such that G(x,z,y) < 5. We obtain from the
inequality , y € Bg(x, ) which means z is in G-Cl(A). Consequently, we have

the following Corollary.

Corollary 2.3. Let (X,G) be a G-metric space and A be a subset of X. A= {zx €
X : G(x,x,A) =0} if and only if A is a G-closed subset of the G-metric space X .
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Theorem 2.4. If A and B are disjoint G-closed subsets of a G-metric space (X, G),
then there is a real valued G-continuous function on X such that f(z) = 0 and
fly) =1 for every x € A and y € B,respectively.

Proof. Let define a function f on X as follows:

(x,2,A) + G(z,z, B)
where A and B are disjoint G-closed subsets of X. It is clear that f is a G-
continuous function by virtue of Lemma If = is any point in A, then we have
G(z,z,A) = 0 and = ¢ B which implies G(z,z, B) # 0 according to Corollary
since B is G-closed. Hence f(x) = 0 holds for every « € A. Similarly, f(y) =1
holds for every y € B. ]

Definition 2.5. Let (X,G) and (X',G’) be G-metric spaces. A function f :
(X,G) = (X',@) is called G-uniformly continuous if for every real number £ >
0 there exists § > 0 such that G'(f(z), f(y), f(2)) < € for all z,y,z € X with
G(z,y,z) < 9.

Let & > 0 be given and assume that there exits 6 > 0 such that G'(f(z), f(z), f(y)) <
s for all 2,y € X with G(z,z,y) < 6. Hence by inequality (L.2)) for z,y,z € X,
if G(z,z,y) < ¢ and G(z,x,z) < 0 then we have that G(z,y,z) < G(z,z,y) +
G(z,z,z) < 0+ 6. Now, if we choose é; = 24, then we obtain that

G'(f(2), f(y), f(2)) < G'(f(x), f(2), f()) + G'(f(2), f(2), f(2)) <e

whenever G(z,y,z) < d;. Consequently, we say that f is G-uniformly continuous
if and only if for every € > 0 there exists § > 0 such that G'(f(z), f(z), f(y)) < e
for all z,y € X with G(z,z,y) < 4.

Definition 2.6. Let (X,G) and (X',G’) be G-metric spaces. A function f :
(X,G) — (X',G") is called G-Cauchy continuous if it preserves G-Cauchy se-
quences, that is for every G-Cauchy sequence (z,) in X, (f(z,)) is a G-Cauchy
sequence in X’.

By G-U(X,X'), G-F(X,X') and G-C(X,X’), we denote the class of all G-
uniformly continuous functions, G-Cauchy continuous functions and G-continuous
functions from a G-metric space X into another G-metric space X', respectively.

In a G-metric space (X,G), it is said that a sequence (z,) has the property
G-P,,(¢) for m € N if there is a positive real number € such that G(z;, z;, x5) > ¢,
where i, 5,k € {0,1,...,m} and at least two of them are distinct.

Note that by using Lemma a sequence (z,) has the property G-Py,(¢) for
m € N if and only if there exists an € > 0 such that G(z;,z;,z;) > € for every
i,7€{0,1,...,m} with i # j.

Lemma 2.7. Let (X,G) be a G-metric space and B be a subset of X. B is G-totally
bounded if and only if every sequence in B has a G-Cauchy subsequence.

Proof. If B is finite, the result is obvious. So we take an infinite subset B of X.
Let every sequence in B have a G-Cauchy subsequence and assume that B is
not G-totally bounded. Then for an €y > 0 there is no finite eyg-net for B. Hence
there exists an z1 € B such that G(xg,x1,21) > €9. Otherwise, for every x; € B
we have G(xg,x1,x1) < €p; that is B is contained in the G-ball S¢(xg,e0) and so
the singleton {x¢} is an eg-net for B which is not true. Thus we have that every
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sequence in B whose first two terms are equal to zy and z; has the property G-
Pi(gp). Suppose that a sequence (z,) in B has the property G-P,,(gg) for some
m € N. Then for all 4,5 = 0,1,...,m with ¢ # j we have G(x;,2;,2;) > €9. The
set {zg, X1, ..., Tm } 18 not an ep-net for B. Then there exists an element Z,,,1 of B
satisfying

G(0; Tmt1; Tm+1) = €0

G(Z1, Tmt1, Tmt1) = €0

G(:Cmy EEerla -Ar'erl) Z £0-

Also it is clear that G(Zp41, i, ;) > €0 since G(X4, Tpt1, Tmr1) > €o for every
i € {0,1,...,m}. If we replace the (m + 1) term of the sequence (x,,) with T, 11,
the resulting sequence has the property G-P,,+1(0). Consequently, by induction
method we have for all m € N a sequence (z,) in B has the property G-P,,(so)
which means G(xz;,xj,x;) > €g for all 4,5 € Ny with ¢ # j. Thus this sequence
in B cannot have a G-Cauchy subsequence which is a contradiction. B must be a
G-totally bounded set.

Conversely, let B be a G-totally bounded subset of X. Then given ¢ > 0 we
have B C U, Sq(x,e/3) for z; € X (1 < i < m) and m € N. If (z,) is any
sequence in B, then one of the G-balls Sg(x;,e/3) contains infinitely many terms
of the sequence. Therefore there exits a subsequence (z,,) in Sg(x;,,/3), where
i0 € {1,...,m}. Hence, we have

G(xnk s Ty -/Enr) S G(mnk y Ligs xio) + G(l‘io, Tn,.s xnr)

< G(I’i()?l‘nk?xnk) + G(ank,l‘nk,l‘io) + G(xiovznmx’%)
< g + 13 + 13

Ty —¢

3 3 3

for every k,r € N. This means (x,, ) is a G-Cauchy subsequence of (z,,). O

Theorem 2.8. Let (X,G) and (X',G’) be G-metric spaces and f : (X,G) —
(X', G") be a G-uniformly continuous function. Then f is G-Cauchy continuous.

Proof. Let f be a G-uniformly continuous function. Then given any € > 0 there
exits a § > 0 such that

G'(f(x) f(y), f(2)) <&

for all z,y,z € X with G(z,y, 2) < 6. Take a G-Cauchy sequence (z,,) in X. For
this 6 > 0 there exists a ng € N such that G(z,,Zm,x;) < 0 for all n,m,l > ng
and so G'(f(zn), f(xm), f(x1)) < € which implies (f(x,)) is a G-Cauchy sequence
in X’. O

Theorem 2.9. Let (X,G) and (X',G’) be G-metric spaces and f : (X,G) —
(X', G") be a G-uniformly continuous function. If B is a G-totally bounded subset
of X, then f(B) is a G-totally bounded subset of X'.

Proof. The proof is straightforward by Lemma [2.7] and Theorem [2-8 O

Theorem 2.10. Every G-Cauchy continuous function is G-continuous.
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Proof. Let (X,G) and (X', G’') be G-metric spaces. Suppose that f: X — X' is
G-Cauchy continuous but it is not G-continuous at zg € X. Then for a sequence
(zn) in X which is G-convergent to g, the sequence (f(x,)) is not G-convergent
to f(xo). That is there exists an g9 > 0 such that for every natural number N
there is an n > N with G'(f(xn), f(zn), f(z0)) > 0. Also, the sequence (y,) =
(21,20, T2, TQy -y TQy Ty, T, --.) 18 G-convergent to xg and so it is G-Cauchy. By
hypothesis, (f(y,)) is G-Cauchy; however for any N € N and n > N, we obtain

G'(f(y2n-1), f(Yan-1), f (y2n)) = G'(f (zn), f(2n), f(20)) = 0

which is a contradiction. Hence f is G-continuous at any xg € X. ]

Corollary 2.11. For G-metric spaces X and X', the inclusions
GUX,X')CG-F(X,X")CG-C(X,X")
hold.

Proof. Tt is a consequence of Theorem [2.8 and Theorem a

Corollary 2.12. If a G-metric space X is G-complete, then we have
G-F(X,X')=G-C(X,X").

Proof. Tt is sufficient to prove the reverse inclusion G-F(X,X') O G-C(X,X’)
holds. Let f € G-C(X,X’) and (z,) be a G-Cauchy sequence in X. Then it is
G-convergent since X is G-complete. By Gcontinuity of f, we have (f(x,)) is also

G-convergent and so it is G-Cauchy. This means f preserves G-Cauchy sequences;
that is f € G-F(X, X'). O

Definition 2.13. Let (f,) be a sequence of functions defined between G-metric
spaces (X,G) and (X',G’). Then (f,) is said to be G-uniformly convergent to a
function f: (X,G) — (X', &) if for any € > 0 there is a N € N such that

G'(fu(@), fu(2), f(2)) <

for every n > N and for every xz € X.

Theorem 2.14. Let f, : (X,G) — (X', G’) be a G-continuous function for every
n € N. If the sequence (fy) is G-uniformly convergent to a function f: (X,G) —
(X', G"), then f is G-continuous.

Proof. Let zy € X. For each n € N, the sequence (f,(z,,)) is G-convergent to
fn(xo) whenever (z,,) is G-convergent to xg since f, is G-continuous at xg. By
hypothesis, given any € > 0 there is a N € N such that

G (ful@). ful@), f(@) < 5

for every n > N and for every x € X. Also there exists a p € N satisfying

G’(fN(Z'm), fN(on), fN(IO)) < Z
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for every m > p. Hence we obtain

G'(f(xm), [(20), f(20)) < G'(f(xm), [N (2m), fn(@m)) + G'(fn(2m), f(20), f(20))
< G'(f(@m), fn(@m), [N (zm)) + G'(f(20), [N (20), [N (20))
+G'(fn(x0), [N (Tm), f(20))
<G (f(@m), fn(@m), [N (2m)) + G'(f(20), [N (20), [N (20))
+G'(f(xo), fn(w0), fn(20)) + G'(fn(20), v (w0), f(2m))

cELE e E
VIV
which implies (f(z,,)) is G-convergent to f(z¢). We conclude that f is G-continuous.

O

Theorem 2.15. Let f, : (X,G) — (X',G’") be a G-Cauchy continuous function
for every n € N. If the sequence (f,) is G-uniformly convergent to a function
f:(X,G) = (X',G"), then f is G-Cauchy continuous.

Proof. 1t follows in a similar way with the the preceding proof by using G-Cauchy
continuity instead of G-sequentially continuity. O

Definition 2.16. A subset B of a G-metric space (X, G) is G-discrete if for every
x € B there is 6 > 0 depending on x such that G(z,y,y) > ¢ for all y € B\{z}.

Definition 2.17. A subset B of a G-metric space (X, G) is G-uniformly discrete
if there is § > 0 such that G(z,y,y) > ¢ for all z,y € B with © # y.

Definition 2.18. A subset B of a G-metric space (X, G) is GF-discrete if every
G-totally bounded subset of B is finite.

Theorem 2.19. In a G-metric space (X, G), if B is G-uniformly discrete, then it
is GF-discrete and if B is GF-discrete, then it is G-discrete.

Proof. Let B be a G-uniformly discrete set and A be a G-totally bounded subset
of B. Then there is a 6 > 0 such that G(z,y,y) > § for all distinct points z,y in B
and A C UM, Sg(x;,0) for z; € A (1 <4 < n). Hence we obtain A = {z1,...,z,};
that is any totally bounded subset of B is finite.

Secondly, let B be GF-discrete and suppose that B is not G-discrete. Then
there is a point  in B and a sequence (y,) in B such that G(z, yn, yn) < % for all
n € N. This means that the sequence (y,) is G-convergent to x. It follows from
Lemma [2.7| that the set {y, : n € N} is a G-totally bounded subset of B but it is
infinite. Therefore, this contradicts the fact that B is GF-discrete. O

Theorem 2.20. Let (X,G) be a G-metric space. Then the following statements
are equivalent:
(1) (X, Q) is G-complete.
(2) If A and B are disjoint G-closed subsets of X, then there is a real valued
G-Cauchy continuous function on X such that f(z) =0 and f(y) =1 for

every x € A and y € B,respectively.
(3) If D is G-closed G-discrete subset of X then D is GF-discrete.

Proof. (1) = (2) By Theorem[2.4] there is a G-continuous function on X satisfying
f(@) =0 and f(y) =1 for every x € A and y € B, where A and B are disjoint
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G-closed sets. Since X is G-complete, f is also G-Cauchy continuous by Corollary
2. 12

(2) = (3) Let D be a G-closed G-discrete subset of X. Suppose that D is not
GF-discrete. Then there is a G-totally bounded subset P of D which is infinite.
Any G-Cauchy sequence (x,,) with distinct terms and any subsequence of it cannot
be G-convergent since D is G-closed and G-discrete. Set A = {xg,_1 : n € N} and
B = {z3, : n € N} which are disjoint and G-closed sets. By hypothesis, there is
a G-Cauchy continuous function f : X — R such that f(z) = 0 and f(y) = 1 for
every ¢ € A and y € B. By Example (f(zn)) = (0,1,0,1,...,0,1,...) is not a
G-Cauchy sequence which is a contradiction. Hence D is GG F-discrete.

(3) = (1) Suppose that (X,G) is not G-complete. Then there is a G-Cauchy
sequence (x,) in X which is not G-convergent. Also any subsequence of this G-
Cauchy sequence cannot be G-convergent. Let A = {x,, : n € N}. Obviously, A is
G-closed and G-discrete. Since every sequence in A has a G-Cauchy subsequence,
A is G-totally bounded but it is infinite subset of X. Hence A is not GF-discrete
which is a contradiction. Consequently, G-metric space X must be G-complete. [J
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