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DIFFERENT TYPE INTEGRAL INEQUALITIES FOR
GENERALIZED (1,m,¢)-PREINVEX FUNCTIONS VIA
FRACTIONAL INTEGRALS

ARTION KASHURI, ROZANA LIKO

ABSTRACT. In the present paper, the notion of generalized (1, m, )-preinvex
function is introduced. By using new identity via Riemann-Liouville fractional
integrals some new estimates on generalizations of Hermite-Hadamard, Os-
trowski and Simpson type inequalities for functions whose second derivatives
in absolute value at certain powers are generalized (1, m, )-preinvex functions
are established. At the end, some applications to special means are given.

1. INTRODUCTION

The following notations are used throughout this paper. We use I to denote an
interval on the real line R = (—o0,+00) and I° to denote the interior of I. For
any subset K C R™ K° is used to denote the interior of K. R™ is used to denote a
generic n-dimensional vector space. The nonnegative real numbers are denoted by
R, = [0,400). The set of integrable functions on the interval [a,b] is denoted by
Ll [a, b] .

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I CR — R be a convex function on an interval I of real
numbers and a,b € I with a < b. Then the following inequality holds:

1(57) = gt [ s < 110 -y

Also the following result is known in the literature as the Ostrowski inequality
(see [I8]) and the references cited therein, which gives an upper bound for the

1 b
/ f(t)dt by the value f(x) at point

approximation of the integral average 5
—a
x € [a,b].
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Theorem 1.2. Let f : I — R, where I C R is an interval, be a mapping differ-
entiable in the interior I° of I, and let a,b € I° with a < b. If |f'(z)| < M for all
x € [a,b], then

b

b _ a+b)2
f(w)—ﬁ/ f)dt| < M(b—a) 1+()], Vo € la,b].  (1.2)

T~
4 (b—a)?

The following inequality is well known in the literature as Simpson’s inequality:

Theorem 1.3. Let f : [a,b] — R be four time differentiable on the interval (a,b)
and having the fourth derivative bounded on (a,b), that is || f®] oo = SUPye (a,b) W] <
oo. Then, we have

b b—a
/a O -

Inequality (1.3]) gives an error bound for the classical Simpson quadrature for-
mula, which is one of the most used quadrature formulae in practical applications.

< Db 0. (13)

2 2 | — 2880

10210 g (210)

In recent years, various generalizations, extensions and variants of such inequal-
ities have been obtained. For other recent results concerning Hermite-Hadamard
type inequalities through various classes of convex functions, (see [2],[3],[9]-[17])
and the references cited therein, also (see [8]) and the references cited therein. For
other recent results concerning Ostrowski type inequalities (see [I8]) and the refer-
ences cited therein, also (see [19]) and the references cited therein. For other recent
results concerning Simpson type inequalities (see [20],[21]).

Fractional calculus (see [9]) and the references cited therein, was introduced at
the end of the nineteenth century by Liouville and Riemann, the subject of which
has become a rapidly growing area and has found applications in diverse fields rang-
ing from physical sciences and engineering to biological sciences and economics.

The following definitions will be used in the sequel.

Definition 1.4. The hypergeometric function o F}(a, b; ¢; z) is defined by

1
B0 D) i b / 71— )71 — 2t) %t
& 0

for ¢ > b > 0 and |z| < 1, where (z,y) is the Euler beta function for all z,y > 0.

2 F1(a,b;c;2) =

Definition 1.5. Incomplete beta function is defined by
Bla;z,y) = / t" 11—ty ldt, z,y >0, 0<a<]l.
0

Definition 1.6. Let f € L;[a,b]. The Riemann-Liouville integrals J&, f and J;* f
of order o > 0 with a > 0 are defined by

T f(a) = %a) /j(x e (), x> a
and

b
T fe) = g [ €= o b
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where I'(ar) = /+Ooe“u°‘1du. Here JO, f(z) = J0_f(z) = f(z).

In the case of a = 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to
study fractional Hermite-Hadamard, Ostrowski, or Simpson type inequalities for
functions of different classes (see [9]-[21]) and the references cited therein.

Definition 1.7. (see [4]) A nonnegative function f : I C R — R, is said to be
P-function or P-convex, if

flz+ (1 =t)y) < fx)+ fy), Vo,yel tel01]

Definition 1.8. (see [5]) A set K C R™ is said to be invex with respect to the
mapping 7 : K x K — R, if 2 + tn(y,x) € K for every z,y € K and t € [0,1].

Notice that every convex set is invex with respect to the mapping n(y, ) = y—z,
but the converse is not necessarily true. For more details please see (see [5],[6]) and
the references therein.

Definition 1.9. (see [7]) The function f defined on the invex set K C R™ is said
to be preinvex with respect 7, if for every z,y € K and ¢ € [0, 1], we have that

fx+tn(y,z) < (1 —=t)f(z) +tf(y)

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y,z) = y — x, but the converse
is not true.

Motivated by these results, the aim of this paper is to establish some general-
izations of Hermite-Hadamard, Ostrowski and Simpson type inequalities using new
identity given in Section for generalized (1, m, )-preinvex functions via Riemann-
Liouville fractional integral. In Section |3 some applications to special means are
given. In Section [4] some conclusions and future research are given.

2. MAIN RESULTS

Definition 2.1. (see [I]) A set K C R™ is said to be m-invex with respect to the
mapping 7 : K x K x (0,1] — R™ for any fixed m € (0, 1], if ma + tn(y,z,m) € K
holds for each z,y € K and any t € [0, 1].

Remark 2.2. In Definition under certain conditions, the mapping 7n(y, z,m)
could reduce to n(y, z). For example when m = 1, then the m-invex set degenerates
an invex set on K.

We next give new definition, to be referred as generalized (s, m,y)-preinvex
function with respect to 7.

Definition 2.3. Let K C R” be an open m-invex set with respect to : K x K x
(0,1] — R™ and ¢ : I — K a continuous function. For f : K — R and any
fixed s,m € (0,1}, if

I (mo(x) +tn(e(y), p(z),m)) <m(l—1)°f(e(z)) +° f(e(y)), (2.1)

is valid for all z,y € I, t € [0,1], then we say that f(z) is a generalized (s, m, ®)-
preinvex function with respect to 7.
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Remark 2.4. For s = 1 in Definition [2.3| we say that f(z) is a generalized (1,m, ¢)-
preinvex function with respect to 7.

In this section, in order to prove our main results regarding some Hermite-
Hadamard, Ostrowski and Simpson type inequalities for generalized (1, m, ¢)-preinvex
function via fractional integrals, we need the following new interesting Lemma:

Lemma 2.5. Let ¢ : I — K be a continuous function. Suppose K C R be an open
m-invex subset with respect ton: K x K x (0,1] — R for any fized m € (0,1] and
let n(p(b), p(a),m) # 0. Assume that f : K — R be a twice differentiable function
on K° and " € Li[mey(a), me(a) + n(p(d), ¢(a),m)]. Then for any X € [0,1] and
a > 0, the following identity holds:

Ifﬂ?#ﬁ(x; /\7 a,m,a, b)

77@+2(<P($),g0(a),m) ' Y (meola x a),m
(), p(a), m) /0 tA =) " (mep(a) + tn(e(x), p(a), m))dt

7]a+2((p(33),<p(b),m) ! — 4t F (m x m
n(p(b), p(a),m) /0 tA =) f"(me(b) + tn(p(x), p(b), m))dt

- 77(<p(13<p(1a)m){”aﬂ(<ﬂ(w)7 p(a),m) f'(me(a) +n(p(z), p(a),m))

17 (@), 9(B), m) f (mep(B) + n(p(x), 0(6), m)) }

1+a—A
n(p(b), p(a), m)

+n%(p(x), (b), m) f(mp(b) + n(p(z), p(b), m))}

{n*(e(@), e(a).m) f(mep(a) + (), p(a), m)

)\ (o3 83
s A (P9 (@), ) £ (@) 1 (o), (b)) f i (8) |
Ia+2)

n(e(b), ¢(a),m)

x [Jflmwamw(z),so(a)’m>>ff (me(@) + JGnp(v)+n(o (@), 0),m) — f (m‘a(b))}‘ (2.2)

Proof. A simple proof of the equality (2.2)) can be done by performing two integra-
tion by parts in the integrals from the right side and changing the variable. The
details are left to the interested reader. (]

Now we turn our attention to establish new integral inequalities of some Hermite-
Hadamard, Ostrowski and Simpson type inequalities for generalized (1, m, ¢)-preinvex
functions via fractional integrals. Using Lemma the following results can be
obtained for the corresponding version for power of the absolute value of the second
derivative.

Theorem 2.6. Let ¢ : I — A be a continuous function. Suppose A C R be
an open m-invex subset with respect to n : A x A x (0,1] — R for any fized
m € (0,1] and let n(p(b),p(a),m) # 0. Assume that f : A — R be a twice
differentiable function on A°. If |f"|? is a generalized (1,m, p)-preinvezr function
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on [mep(a), mp(a) +n(p(b),¢(a),m)], ¢ > 1, p~! + ¢~ =1, then for any X € (0,1]
and a > 0, the following inequality for fractional integrals holds:

< (1)13 »(a, A, p)
= In(e(b), ¢(a), m)|

><{|n<¢<x>,w<a>,nwa*?[nuf“<¢<a>MQ-+|f”<w<x>MQ}

[Tfm,0(x; X, 0, m, a,b)

Q=

Q=

+ (@), (), m) | F2 [ml £ (O] + £ (@)

}, 0

where
B(a, A, p)
p(at+1)41
AR ta+1 +1
— {F(p+1)F<p Z )x2F1(1p+1p+2+p1)
+1)+1 F1)+1
+5(p+1,_M>_5(A;pH,_M>}. 2.0

Proof. Suppose that ¢ > 1. Since |f”|? is a generalized (1, m, ¢)-preinvex function,
using Lemma [2.5] Holder’s inequality and property of the modulus, we have

L (s A cv,m, a,b)

|77 o(x), p(a), m) |°‘+2
(o (b), o(a),m /“

N (mepla) + tn(p(z), (a), m))|dt

o
n(p(b), p(a), m

_ Inlete V“(/ﬁ ypar)

In(e
(/Lﬂmw>+mw>wUmmqu

UL ([

x(/'u%mw@>+nﬂwu>wwxm»ww

< In(e(@), p(a),m)|**2
(e (), p(a), m)]

x(Almur—wvwwm»w+tf%wu»qwﬁ)

\n(so(x) ©(b), m)|**+?
In(0(b), e(a), m)|

1
X(A<muwvwﬂww+tf%wm>%ﬁ)

T m oc+2
MUCCREOND] /u | (mep(b) + tn(p(x), @(b), m))dt

)1
d

B7 (o, A, p)

1
q

B7(a, A, p)

1
q
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_ ()" B
In(e(b), p(a), m)]

Q=

x{m«o(az), @), )] [ml (@) 7+ 11" (o) ]

1 A 1
/0 e )|pdt:/0 (tOr— 1) dt+//\1 (4% — \)P dt = B(a, A, p).

o

Q=

(), 9(0),m) |2 ml 1" (o ()7 + | (o))"

where

The proof of Theorem [2.6] is completed. O

b
Corollary 2.7. Under the conditions of Theorem if we choose x = i,

m =1 and n(¢(y), p(z),1) = p(y) — p(x), we get the following generalized Simpson
type inequality for fractional integrals:
)" BY (o A, p)

s (M5 e o) | < LG
{ (o () o) (irrcotanie |1 (o (“42)) ]”)‘1’
wlew o (N (e s (o (450)) )} (25)

Corollary 2.8. Under the conditions of Theorem|2.6, if we choose A\ =m =1 and

n(p(y), p(x),1) = ©(y) — p(x), we get the following generalized Hermite-Hadamard
type inequality for fractional integrals:

[I.o(z;1,0,1,a,b)] < (2(a+2)> (0(b) — ¢(a))

{ (@) = @) [LF" ()| + |1 (@)

Q=

(3
=7

+ () = p(@)™ 7 |7 (DI + |1 (@) } (2.6)

Corollary 2.9. Under the conditions of Theorem [2.6, if we choose A =0, m =1

and n(p(y), p(x),1) = p(y) — p(x), we get the following generalized Ostrowski type
inequality for fractional integrals:

Q=

(3)

1 P
[ Lf.o(2;0,0,1,0,b)| < <p(a +1)+ 1) (¢(b) — ¢(a))

{ (@) = @) [ (pla)|” + 11" (@)
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+ (28) = 9@ [ (O + | (@] } (2.7

Theorem 2.10. Let ¢ : I — A be a continuous function. Suppose A C R be
an open m-invex subset with respect to n : A x A x (0,1] — R for any fized
m € (0,1] and let n(p(b),p(a),m) # 0. Assume that f : A — R be a twice
differentiable function on A°. If |f"|? is a generalized (1,m,p)-preinvezr function
on [mp(a), me(a) + n(e((b), p(a),m)], ¢ > 1, then for any X € [0,1] and o > 0, the
following inequality for fractional integrals holds:

Al %(O‘7)‘)
In(p(b), p(a), m)]

x{m«o(x), o), m)| 2 [mAg (o, VS (pl@))]? + Az, NI (o)1)

}, 29

|If77w3(x; A, a,m, a, b)|

Q=

+ (@), (), m) [+ [mAs (o, N ()] + Az, NI (o)) )

where
ata 1 A
A - - _
1(a, ) ) 5
3—(a+3)A+2a\ta
A A) = ;
Q(Qv ) 3(0[+3) )

1 A « 2 2.1
A N=———— — = AMFa (1—2Xa ).
(@ = 1) 6+<a+2) ( 3 )
Proof. Suppose that ¢ > 1. Since |f”|? is a generalized (1, m,)-preinvex func-

tion, using Lemma the well-known power mean inequality and property of the
modulus, we have

|Ifx77;50(x; )" a,m,a, b)'

’ ) ' « i
b), o(a), m)| /0 [t(A =) f" (mp(a) + tn(e(x), p(a), m))|dt

(
In(e ’fff()é;l 7>n)|+ / [E = E)I1F" (o (b) + tn(p(w). (b), o))t

J W (/ 1A "”) E

x ( [ =l mpta) + et w(a%m))qut)

n(p(@), ¢ b,m|a+2 T
T e ®). pla).m (/ 1t 'dt>
x ( / 68— )] (o (®) + (o (), so(b>,m>>|wt)

1—1
q

1
q

1
q
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x{m«o(x), (@), m)|" 2 [mAs (@, NI (@) + Az, NI (o (@)

(), (), m)I*+ [mAg (o, VI (O] + Aale, VI (@] }

The proof of Theorem [2.10]is completed. [

b
Corollary 2.11. Under the conditions of Theorem |2.10, if we choose x = %,

m =1 and n(p(y), p(z),1) = ©(y) —p(z), we get the following generalized Simpson
type inequality for fractional integrals:
1
_ A (@)
—(

Iy, <aQ+b;)\,a, 1,a,b) m
{5 -v0)
% ((Agfe VI (@)1 + Asfe V] £ (0 (2E2)) [ %
( e
(o (73))"
< (st VI O+ Asla N (0 (E2)) [ i (2.9)
( (597

Corollary 2.12. Under the conditions of Theorem [2.10} if we choose A = m =
1 and n(e(y), p(x),1) = o(y) — @(x), we get the following generalized Hermite-
Hadamard type inequality for fractional integrals:

1—

A (1)
(¢(b) = p(a))

{ (@) = @) [As (e, VIS (@) + Az(a, DI (p(@))]

Q=

|If,¢(l‘; L1, a7b>| <

1
q

+ ((6) = 9(@)** [As(a, DI (O + Az(a, DI (p@)]7) " } (2.10)

Corollary 2.13. Under the conditions of Theorem[2.10}, if we choose A =0, m = 1
and n(e(y), o(x),1) = p(y) — @(x), we get the following generalized Ostrowski type
inequality for fractional integrals:

s p(2;0,0,1,0,b)] < (aiz) <omlt3)q (cp(b)icp(a)

{ (@) = @) [LF" (PN + (o + )| (p())]
}. (2.11)

alm  —

Q=

+ (p(0) = (@) [[1 (DI + (e + 217" (pl))]
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Remark 2.14. For any A € [0,1] and « > 0, for any fixed m € (0, 1], for a particular
choices of a continuous increasing function ¢(x) = e* for all x € R, 2™ for all
x > 0 and for all n € N, etc., by Theorem and Theorem [2.10| we can get some
special kinds of Hermite-Hadamard, Ostrowski and Simpson type fractional integral
inequalities for generalized (1, m, ¢)-preinvex functions.

3. APPLICATIONS TO SPECIAL MEANS

In the following we give certain generalizations of some notions for a positive
valued function of a positive variable.

Definition 3.1. (see [22]) A function M : RZ — R, is called a Mean function if
it has the following properties:

(1) Homogeneity: M (ax,ay) = aM (x,y), for all a > 0,

(2) Symmetry: M(z,y) = M(y,z),

(3) Reflexivity: M(z,z) =z,

(4) Monotonicity: If x <2’ and y </, then M (z,y) < M(2',y'),

(5) Internality: min{z,y} < M(z,y) < max{x,y}.

We consider some means for arbitrary positive real numbers «, 8 (a # B).
(1) The arithmetic mean:

A=A, ) = —

(2) The geometric mean:

(3) The harmonic mean:

(4) The power mean:

5
I:I(a’ﬁ):{i<2a>v Oé#ﬂa
Q, a=p
(6) The logarithmic mean:
L:=L(a, §) boo . x8

~ log(B) — log(a)
(7) The generalized log-mean:

ﬂp+1 — oPtl

LP ::LP(O‘a/B): (p—i—l)(ﬂ—a)

]p; peR\{-1,0}.
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(8) The weighted p-power mean:

a1, @ @ u »
1 25 e y n _ P
Mp( U, U2, - y Un ) N (Zaluz>
=1
where 0 < o; <1, u; >0(i=1,2,...,n) with > | a; = 1.
It is well known that L, is monotonic nondecreasing over p € R with L_; := L

and Lo := I. In particular, we have the following inequality H < G < L < I < A.
Now, let a and b be positive real numbers such that a < b. Consider the function

M := M(p(a), ¢(b)) : [p(a), o(a) +n(e(b), p(a))] X [p(a), p(a) +n(e(b), ¢(a))] —
R, which is one of the above mentioned means and ¢ : I — A be a continuous
function. Therefore one can obtain various inequalities using the results of Section
Bl for these means as follows:

Replace n(¢(y), ¢(x), m) with n(¢(y), ¢(x)) and setting n(o(y), o(z)) = M(p(z), £ (y)),
Va,y € I for value m = 1 in (2.3)) and (2.8)), one can obtain the following interesting

inequalities involving means:
5 ar¢,y,0(T5 A a1, a,0)|
B | A1
M (p(a), ¢(b))
+ M ((b), o)) f (9(b) + M((b), () }

1+a—A N
+W{M (0(a), 0(2)) f((a) + M((a), o(x))

+ MO ((b), 9(2)) (2 (b) + M((), () }

{M““(w(a% p(@))f (p(a) + M(p(a), o(x)))

x [J&(a>+M<v(a>,<p<w>))—f(‘P(a)) + J@(b)+M(«:(b>,w<w>)>—f(W(b))} |

(1)" B¥(a,\p)
@), 2(0))

(
x {Mww(ax el) |1 (et + 1" (p(a))I]

Q=

£ MO (b 0(@) |1 () + 1 (el))l] } (3.)
i, y,0(T A a,1,a,b)] <

X {M‘”Q((p(a)7 o(z)) [Aa(ch NI (p(a)]? + Az (e, )\)|fﬁ(<ﬂ($))|q] !
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+ M2 (p(b), ¢()) A3(a,A)|f”(<p(b))lq+A2(Oé,>\)\f”(¢(x))lqr - (32

Letting M (p(x), ¢(y)) = A,G,H,P.,I,L,L,,M,, Vz,y € I in (3.1) and (3.2]), we
get the inequalities involving means for a particular choices of a differentiable gen-
eralized (1,1, ¢)-preinvex function f. The details are left to the interested reader.

4. CONCLUSIONS

In this paper, by using new identity via Riemann-Liouville fractional integrals
some new estimates on generalizations of Hermite-Hadamard, Ostrowski and Simp-
son type inequalities for functions whose second derivatives in absolute value at
certain powers are generalized (1, m, )-preinvex functions are proved. At the end,
some applications to special means are given.

Motivated by this new interesting class of generalized (1,m, )-preinvex functions
we can indeed see to be vital for fellow researchers and scientists working in the
same domain.

We conclude that our methods considered here may be a stimulant for further
investigations concerning Hermite-Hadamard, Ostrowski and Simpson type inte-
gral inequalities for various kinds of preinvex functions involving classical integrals,
Riemann-Liouville fractional integrals, k-fractional integrals, local fractional inte-
grals, fractional integral operators, g-calculus, (p, ¢)-calculus, time scale calculus
and conformable fractional integrals.

Acknowledgements. The authors would like to express sincere gratitude to anony-
mous referee for his/her valuable suggestion regarding the manuscript.
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