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TRAPEZOID AND MID-POINT TYPE INEQUALITIES RELATED
TO n-CONVEX FUNCTIONS

ARMIN HADJIAN AND MOHSEN ROSTAMIAN DELAVAR

ABSTRACT. In this paper, we establish some trapezoid and mid-point type
inequalities related to nm-convex functions in connection with celebrated Fejér
integral inequality. The results are extensions of those previously obtained for
convex functions.

1. INTRODUCTION AND PRELIMINARIES

The Fejér integral inequality for convex functions has been proved in [5] as the
following:

Theorem 1.1. Let f : [a,b] = R be a convex function. Then

f(a;b> /abg(:r)da: < /ab f(@)g(x)de < fla) ; 1) /ab g(x)dz, (1.1)

where g : [a,b] — R = [0, 400) is integrable and symmetric about x = £t (g(x) =

gla+b—2x), Vo € [a,b]).

For more results about (|1.1)), see [Tl 6] 8, @, 2] and references therein.
On the other hand the concept of n-convex functions, firstly named by (-convex
functions, introduced in [4] as the following.

Definition 1.2. [4] Let I be an interval in real line R. Consider n: A x A — B
for appropriate A, B C R. A function f: I — R is called convex with respect to n
(briefly n-convex), if

flte + (1= t)y) < fly) +tn(f(z), f(y)), (1.2)
for all z,y € I and ¢ € [0, 1].

In fact above definition geometrically says that if a function is n-convex on I,
then it’s graph between any x,y € I is on or under the path starting from (y, f(y))
and ending at (z, f(y) +n(f(z), f(y))). If f(z) should be the end point of the path
for every x,y € I, then we have n(x,y) = x—y and the function reduces to a convex
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one. Note that by taking z = y in (1.2)) we get tn(f(z), f(z)) > 0 for any = € T
and t € [0, 1] which implies that

n(f(x), f(x)) >0
for any x € I. Also if we take t = 1 in ((1.2) we get

f@@) = fly) <n(f(2), fy))

for any z,y € I. If f: I — R is a convex function and n : I x I — R is an arbitrary
bifunction that satisfies

n(x,y) >z —y
for any z,y € I, then
fltz + (1 =t)y) < fly) +t[f(x) = F)] < fly) +tn(f(z), f(y))

showing that f is n-convex.
There are some examples about 7-convexity of a function.

Example 1.3. [3,[4] (1) Consider a function f: R — R defined as

fa={ " 120

x, z < 0.

and define a bifunction 7 as n(x,y) = —x —y, for all z,y € R~ = (—00,0]. It is not
hard to check that f is an n-convex function but not a convex one.

<zx<l1;
(2) Define the function f : Rt — Rt as f(z) = { 916’ 2;? Sh and abic
r+y, T =Y

function 7 : Rt x Rt — R as n(z,y) = { 2x+y), z>y

Then f is n-convex but is not convex.
The following theorem is an important result:

Theorem 1.4. [4, [II] Suppose that f : I — R is an n-convex function and n
is bounded from above on f(I) x f(I). Then f satisfies a Lipschitz condition on
any closed interval [a,b] contained in the interior I° of I. Hence, f is absolutely
continuous on [a,b] and continuous on I°.

Note. As a consequence of Theorem an 7n-convex function f : [a,b] — R
where 7 is bounded from above on f([a,b]) x f([a,b]) is integrable.
For more results about the concept of n-convexity, see [3], 4} 10} [IT].

2. MAIN RESULTS

An interesting question in 7 is estimating the difference between left and
middle terms and between right and middle terms. Respectively, we investigate
about first and then second part of this question when the absolute value of the
derivative of a function is n-convex. We need the following lemma which is gener-
alization of Lemma 2.1 in [7].
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Lemma 2.1. Suppose that f : I° C I — R is a differentiable mapping, a,b € I°
with a < b, g : [a,b] = RT U {0} is a differentiable mapping and [’ is integrable on
[a,b]. Then

o [ @t (") [ =

(ba)[ 1/2M1(t)f’(ta+(1—t)b)dt+ 1 Ms(t)f (ta+ (1 —t)b)dt|,
0 1/2

where
t 1
M (t) = /o g(ua+ (1 —uwb)du and Ms(t) = —/t g(ua + (1 — u)b)du.

Proof. Using the change of variable x = ta + (1 — )b, we have

b=ty [ e o (U0 [

/0f(ta—|—(1—t)b)g(ta+(1—t)b)dt—f(a;b>/0 glta+(1—t)b)dt =

It follows that
1/2
I = / f(ta+ (1 —=t)b)g(ta+ (1 —t)b)dt — f(
0

1/2

a—|—b) g(ta+ (1 —1t)b)dt+
0

2

/1/2f(ta+(1—t)b)g(ta+(1—t)b)dt—f(a;_b)/ glta+ (1 —t)b)dt.

1/2
On the other hand Leibniz integral rule gives
t / 1 /
glta+(1—t)b) = (/ g(ua+ (1 - u)p)du) = (—/ g(ua+ (1= w)b)du) .
0 t

So

12/Ol/zf(taJr(lt)b)</0tg(ua+(1U)b) )dt* <a+b) /01/2 ta+ (1 —t)b)dt+

1 1 a+b 1
/ f(ta—|—(1—t)b)(—/ g(ua—|—(1—u)b)du dt— / g(ta+ (1 —t)b)dt.
1/2 ¢ 2 1/2

(2.1)

Using integration by parts in (2.1]) implies that
1/2

I = (/Otg(ua +(1- u)b)du).f(ta + (1 —1t)b)

0

/01/2 (/Ot g(ua+ (1 - u)b)du) f(ta+ (1 = )b) (a — b)dt—

~

+
1/2

(a—2|—b) /Ol/zg(ta+(1_t)b)dt+(_/tlg(ua+(1—u)b)du).f(ta+(1—t)b)

a+b

=) /1ng(1§@ + (1= t)b)dt.

/1;2(/tlg(mH_(l_u)b)du)f/(ta‘f'(l—t)b)(a—b)dt—f<
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If we apply the limits in above relations then we have
1/2 t
Iy=(b—a) [/ (/ g(ua+ (1 - u)b)du)f’(ta + (1= t)b)dt+
0 0
1 1
/ (- / g(ua+ (1= u)b)du) f'(ta + (1 - t)b)dt].
t

1/2

Since I; = I3, the result is obtained. O

Remark. In Lemma if we use the change of variable z = tb + (1 — t)a, then

—/ e d:cf—f(“b)/a g(a)da

1/2 1

:(b—a)[ ; M (t) f'(tb+ (1 — t)a)dt + 1/2M2(t)f’(tb+(1—t)a)dt,

where

t 1
Ml(t):—/og(ub—k(l—u)a)du and Mg(t):/t g(ub+ (1 — w)a)du.

Using Lemma [2.7] and Remark [2] we can prove the following theorem to estimate
the difference between the middle and left terms in (1.1)).

Theorem 2.2. Suppose that f: I° C I — R is a differentiable mapping, a,b € I°

with a < b, g : [a,b] = R* U{0} is a differentiable mapping symmetric about “F°
and |f’| is an n-conver mapping on [a,b]. Then

x)dx —f(a—i_b)/a g(x)dx

where

n(f'(@)l, |f'(b)
2

(1 @), If’(a)l)}

|),|f’(a)‘+ 5

K :min{’f’(b)| +

Proof. From Lemma [T and n-convexity of | f'| it follows that
12 [ e L (52) [
o-af [ / g(ua + (1= ) (17 ) + tn(1F @ 1 B)) ) i+
/ / ([ stua+ @ —am)a) (15O + tnl5 @11 O Jat} =

<
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Changing the order of integrals and calculation of internal integrals in J; we have

Ji=(b— a){ /01/2 /u1/2 g(ua+ (1 —u)b) <|f/(b)| +tn(|f' ()], \f’(b)\))dtdqu
/1;2 /1:;9(1161 + (1 — u)d) (If’(b)l +tn(|f ()], f’(b)|))dtdu} =

1/2

1/2
(b—a){ / (H7G) + 520 (1F @G| )glua+ (1~ upp)dut

u
u

[ (aron @l on| Yo+ - pi) -

1/2

1/2

o-af [7G -0l ol G- 57 @1 Ola(a+ (- 0b)dus
! 1, 1 1 , ,

[0 DO+ G = @, 70+ 1w | = 7

Changing the variable by = ua 4+ (1 — w)b in J5 implies that

J2 = / (3 - 220N+ (5 - 5 =005 @17 ) gladat

a+b

/GT (=5 - IOl + (507 = )l @17 O)) gla)de =

a—>b
b oy C B Al b2
L Coag o (S s @l i 0 gtwyaes
I b (e
|7 oo+ (s )l @ O)ata)ds =

Since for any = € [a, b] we have g(z) = g(a + b — z), then

5= (= + (4 D =1 @) £ ) g(addo+

[ =iy iron+ (= =l ot =
[ (2 i+ (e A IR a1 ) gt =

1/bb (0= Wb 2070 + (2 - - (x_b)Q))n(lf’(a)IQ, 5O e

;)2 /”b (G- - - 22) (iro + L@ ODY gy,
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On the other hand according to Remark [2] if we use the change of variable z =
ub+ (1 —w)a in Jp then

o | e s () [ ot

< ﬁ /b ((x —a)’ —(b— x)2> (\f’(a)| + 77(|f’(b)|2, |f’(a)|) )g(x)dx = Js.

a+b
2

Since J; = Jy = J3 = Jy, then we can deduce the result from

b_a/ flz dxf—f(aer)/a g(x)de

< min{Jy, J5}.

O

If in Theorem we counsider n(z,y) = x —y and g = 1, then we recapture the
following result.

Corollary 2.3. [7] Consider I* as the interior of interval I C R. Let f : I* - R
be a differentiable mapping on I*, a,b € I* with a < b. If |f'| is convex on [a,b],
then we have

B /f e — 1 (“30) < 22 (17 @)1+ 17 0))

In [3] we proved the following results to estimate the difference between the middle

and right terms in ([L.1).

Lemma 2.4. Suppose that f : [a,b] — R is a differentiable function, g : [a,b] — R*

is a continuous function and symmetric about ‘IT“’ and f’ is an integrable function
on [a,b]. Then

fla)+ f()/ dx_/ fa (2.2)

u)du) f’(1 ot 1—b)d

(b—a) et
1 9 >
ﬁ _;,_%b
1 a+1+t
2 1=t 141t
t.
—l—A </12“a+12fb (u)du)f( 5 a+ 5 ——b)d

Theorem 2.5. Suppose that f : [a,b] = R is a differentiable function, g : [a,b] —

R* is a continuous function and symmetric about “2 and |f'| is a n-convex func-
tion with n bounded from above on f([a,b]) x f([a,b]). Then

20 s
e IR IR FC / /+ w)dudt.

Theorem reduces to the following result if we consider n(z,y) = z—y and g = 1.
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Corollary 2.6. [2] Let f : I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b. If | f'| is convex on [a,b], then the following inequality holds:

OES O / ' fayda] < 2 (7@ + 17 0)),
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