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TRAPEZOID AND MID-POINT TYPE INEQUALITIES RELATED

TO η-CONVEX FUNCTIONS

ARMIN HADJIAN AND MOHSEN ROSTAMIAN DELAVAR

Abstract. In this paper, we establish some trapezoid and mid-point type

inequalities related to η-convex functions in connection with celebrated Fejér

integral inequality. The results are extensions of those previously obtained for
convex functions.

1. Introduction and Preliminaries

The Fejér integral inequality for convex functions has been proved in [5] as the
following:

Theorem 1.1. Let f : [a, b]→ R be a convex function. Then

f
(a+ b

2

)∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ b

a

g(x)dx, (1.1)

where g : [a, b]→ R+ = [0,+∞) is integrable and symmetric about x = a+b
2

(
g(x) =

g(a+ b− x), ∀x ∈ [a, b]
)

.

For more results about (1.1), see [1, 6, 8, 9, 12] and references therein.
On the other hand the concept of η-convex functions, firstly named by ϕ-convex
functions, introduced in [4] as the following.

Definition 1.2. [4] Let I be an interval in real line R. Consider η : A × A → B
for appropriate A,B ⊆ R. A function f : I → R is called convex with respect to η
(briefly η-convex), if

f
(
tx+ (1− t)y

)
≤ f(y) + tη

(
f(x), f(y)

)
, (1.2)

for all x, y ∈ I and t ∈ [0, 1].

In fact above definition geometrically says that if a function is η-convex on I,
then it’s graph between any x, y ∈ I is on or under the path starting from

(
y, f(y)

)
and ending at

(
x, f(y) +η(f(x), f(y))

)
. If f(x) should be the end point of the path

for every x, y ∈ I, then we have η(x, y) = x−y and the function reduces to a convex
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one. Note that by taking x = y in (1.2) we get tη(f(x), f(x)) ≥ 0 for any x ∈ I
and t ∈ [0, 1] which implies that

η
(
f(x), f(x)

)
≥ 0

for any x ∈ I. Also if we take t = 1 in (1.2) we get

f(x)− f(y) ≤ η
(
f(x), f(y)

)
for any x, y ∈ I. If f : I → R is a convex function and η : I × I → R is an arbitrary
bifunction that satisfies

η(x, y) ≥ x− y

for any x, y ∈ I, then

f(tx+ (1− t)y) ≤ f(y) + t[f(x)− f(y)] ≤ f(y) + tη
(
f(x), f(y)

)
showing that f is η-convex.
There are some examples about η-convexity of a function.

Example 1.3. [3, 4] (1) Consider a function f : R→ R defined as

f(x) =

{
−x, x ≥ 0;
x, x < 0.

and define a bifunction η as η(x, y) = −x− y, for all x, y ∈ R− = (−∞, 0]. It is not
hard to check that f is an η-convex function but not a convex one.

(2) Define the function f : R+ → R+ as f(x) =

{
x, 0 ≤ x ≤ 1;
1, x > 1.

and a bi-

function η : R+ × R+ → R+ as η(x, y) =

{
x+ y, x ≤ y;
2(x+ y), x > y.

Then f is η-convex but is not convex.

The following theorem is an important result:

Theorem 1.4. [4, 11] Suppose that f : I → R is an η-convex function and η
is bounded from above on f(I) × f(I). Then f satisfies a Lipschitz condition on
any closed interval [a, b] contained in the interior I◦ of I. Hence, f is absolutely
continuous on [a, b] and continuous on I◦.

Note. As a consequence of Theorem 1.4, an η-convex function f : [a, b] → R
where η is bounded from above on f([a, b])× f([a, b]) is integrable.
For more results about the concept of η-convexity, see [3, 4, 10, 11].

2. Main Results

An interesting question in (1.1), is estimating the difference between left and
middle terms and between right and middle terms. Respectively, we investigate
about first and then second part of this question when the absolute value of the
derivative of a function is η-convex. We need the following lemma which is gener-
alization of Lemma 2.1 in [7].
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Lemma 2.1. Suppose that f : I◦ ⊂ I → R is a differentiable mapping, a, b ∈ I◦
with a < b, g : [a, b]→ R+ ∪ {0} is a differentiable mapping and f ′ is integrable on
[a, b]. Then

1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx =

(b− a)

[ ∫ 1/2

0

M1(t)f ′
(
ta+ (1− t)b

)
dt+

∫ 1

1/2

M2(t)f ′
(
ta+ (1− t)b

)
dt

]
,

where

M1(t) =

∫ t

0

g
(
ua+ (1− u)b

)
du and M2(t) = −

∫ 1

t

g
(
ua+ (1− u)b

)
du.

Proof. Using the change of variable x = ta+ (1− t)b, we have

I1 =
1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx =∫ 1

0

f
(
ta+ (1− t)b

)
g
(
ta+ (1− t)b

)
dt− f

(a+ b

2

)∫ 1

0

g
(
ta+ (1− t)b

)
dt = I2.

It follows that

I2 =

∫ 1/2

0

f
(
ta+ (1− t)b

)
g
(
ta+ (1− t)b

)
dt− f

(a+ b

2

)∫ 1/2

0

g
(
ta+ (1− t)b

)
dt+∫ 1

1/2

f
(
ta+ (1− t)b

)
g
(
ta+ (1− t)b

)
dt− f

(a+ b

2

)∫ 1

1/2

g
(
ta+ (1− t)b

)
dt.

On the other hand Leibniz integral rule gives

g
(
ta+ (1− t)b

)
=
(∫ t

0

g
(
ua+ (1− u)b

)
du
)′

=
(
−
∫ 1

t

g
(
ua+ (1− u)b

)
du
)′
.

So

I2 =

∫ 1/2

0

f
(
ta+ (1− t)b

)( ∫ t

0

g
(
ua+ (1− u)b

)
du
)′
dt− f

(a+ b

2

)∫ 1/2

0

g
(
ta+ (1− t)b

)
dt+∫ 1

1/2

f
(
ta+ (1− t)b

)(
−
∫ 1

t

g
(
ua+ (1− u)b

)
du
)′
dt− f

(a+ b

2

)∫ 1

1/2

g
(
ta+ (1− t)b

)
dt.

(2.1)

Using integration by parts in (2.1) implies that

I2 =
(∫ t

0

g
(
ua+ (1− u)b

)
du
)
.f
(
ta+ (1− t)b

)∣∣∣∣∣
1/2

0

−

∫ 1/2

0

(∫ t

0

g
(
ua+ (1− u)b

)
du
)
f ′
(
ta+ (1− t)b

)
(a− b)dt−

f
(a+ b

2

)∫ 1/2

0

g
(
ta+ (1− t)b

)
dt+

(
−
∫ 1

t

g
(
ua+ (1− u)b

)
du
)
.f
(
ta+ (1− t)b

)∣∣∣∣∣
1

1/2

+

∫ 1

1/2

(∫ 1

t

g
(
ua+ (1− u)b

)
du
)
f ′
(
ta+ (1− t)b

)
(a− b)dt− f

(a+ b

2

)∫ 1

1/2

g
(
ta+ (1− t)b

)
dt.
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If we apply the limits in above relations then we have

I2 = (b− a)

[ ∫ 1/2

0

(∫ t

0

g
(
ua+ (1− u)b

)
du
)
f ′
(
ta+ (1− t)b

)
dt+∫ 1

1/2

(
−
∫ 1

t

g
(
ua+ (1− u)b

)
du
)
f ′
(
ta+ (1− t)b

)
dt

]
.

Since I1 = I2, the result is obtained. �

Remark. In Lemma 2.1, if we use the change of variable x = tb+ (1− t)a, then

1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

= (b− a)

[ ∫ 1/2

0

M1(t)f ′
(
tb+ (1− t)a

)
dt+

∫ 1

1/2

M2(t)f ′
(
tb+ (1− t)a

)
dt

]
,

where

M1(t) = −
∫ t

0

g
(
ub+ (1− u)a

)
du and M2(t) =

∫ 1

t

g
(
ub+ (1− u)a

)
du.

Using Lemma 2.1 and Remark 2, we can prove the following theorem to estimate
the difference between the middle and left terms in (1.1).

Theorem 2.2. Suppose that f : I◦ ⊂ I → R is a differentiable mapping, a, b ∈ I◦
with a < b, g : [a, b] → R+ ∪ {0} is a differentiable mapping symmetric about a+b

2
and |f ′| is an η-convex mapping on [a, b]. Then∣∣∣∣∣

∫ b

a

f(x)g(x)dx− f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣ ≤
1

(b− a)

∫ b

a+b
2

[
(x− a)2 − (b− x)2

]
g(x)Kdx,

where

K = min
{∣∣f ′(b)∣∣+

η
(
|f ′(a)|, |f ′(b)|

)
2

,
∣∣f ′(a)

∣∣+
η
(
|f ′(b)|, |f ′(a)|

)
2

}
Proof. From Lemma 2.1 and η-convexity of |f ′| it follows that∣∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣ ≤
(b− a)

{∫ 1/2

0

(∫ t

0

g
(
ua+ (1− u)b

)
du
)(
|f ′(b)|+ tη

(
|f ′(a)|, |f ′(b)|

))
dt+∫ 1

1/2

(∫ 1

t

g
(
ua+ (1− u)b

)
du
)(
|f ′(b)|+ tη

(
|f ′(a)|, |f ′(b)|

))
dt

}
= J1
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Changing the order of integrals and calculation of internal integrals in J1 we have

J1 = (b− a)

{∫ 1/2

0

∫ 1/2

u

g
(
ua+ (1− u)b

)(
|f ′(b)|+ tη

(
|f ′(a)|, |f ′(b)|

))
dtdu+∫ 1

1/2

∫ u

1/2

g
(
ua+ (1− u)b

)(
|f ′(b)|+ tη

(
|f ′(a)|, |f ′(b)|

))
dtdu

}
=

(b− a)

{∫ 1/2

0

(
t|f ′(b)|+ 1

2
t2η
(
|f ′(a)|, |f ′(b)|

)∣∣∣∣∣∣1/2
u

)
g
(
ua+ (1− u)b

)
du+∫ 1

1/2

(
t|f ′(b)|+ 1

2
t2η
(
|f ′(a)|, |f ′(b)|

)∣∣∣∣u
1/2

)
g
(
ua+ (1− u)b

)
du

}
=

(b− a)

{∫ 1/2

0

(
1

2
− u)|f ′(b)|+ (

1

8
− 1

2
u2)η

(
|f ′(a)|, |f ′(b)|

)
g
(
ua+ (1− u)b

)
du+∫ 1

1/2

(u− 1

2
)|f ′(b)|+ (

1

2
u2 − 1

8
)η
(
|f ′(a)|, |f ′(b)|

)
g
(
ua+ (1− u)b

)
du

}
= J2.

Changing the variable by x = ua+ (1− u)b in J2 implies that

J2 =

∫ b

a+b
2

(1

2
− x− b
a− b

)
|f ′(b)|+

(1

8
− 1

2
(
x− b
a− b

)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx+

∫ a+b
2

a

(x− b
a− b

− 1

2

)
|f ′(b)|+

(1

2
(
x− b
a− b

)2 − 1

8

)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx =∫ b

a+b
2

(a+ b− 2x

2(a− b)

)
|f ′(b)|+

( (a− b)2 − 4(x− b)2

8(a− b)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx+

∫ a+b
2

a

(2x− (a+ b)

2(a− b)

)
|f ′(b)|+

(4(x− b)2 − (a− b)2

8(a− b)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx = J3.

Since for any x ∈ [a, b] we have g(x) = g(a+ b− x), then

J3 =

∫ b

a+b
2

(a+ b− 2x

2(a− b)

)
|f ′(b)|+

( (a− b)2 − 4(x− b)2

8(a− b)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx+∫ b

a+b
2

(a+ b− 2x

2(a− b)

)
|f ′(b)|+

(4(x− a)2 − (a− b)2

8(a− b)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx =∫ b

a+b
2

(a+ b− 2x

(a− b)

)
|f ′(b)|+

(4(x− a)2 − 4(x− b)2

8(a− b)2
)
η
(
|f ′(a)|, |f ′(b)|

)
g(x)dx =

1

(a− b)2

∫ b

a+b
2

(
(a− b)(a+ b− 2x)

)
|f ′(b)|+

(
(x− a)2 − (x− b)2)

)η(|f ′(a)|, |f ′(b)|
)

2
g(x)dx =

1

(b− a)2

∫ b

a+b
2

(
(x− a)2 − (b− x)2

)(
|f ′(b)|+

η
(
|f ′(a)|, |f ′(b)|

)
2

)
g(x)dx = J4.
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On the other hand according to Remark 2, if we use the change of variable x =
ub+ (1− u)a in J2 then∣∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣
≤ 1

(b− a)2

∫ b

a+b
2

(
(x− a)2 − (b− x)2

)(
|f ′(a)|+

η
(
|f ′(b)|, |f ′(a)|

)
2

)
g(x)dx = J5.

Since J1 = J2 = J3 = J4, then we can deduce the result from∣∣∣∣∣ 1

b− a

∫ b

a

f(x)g(x)dx− 1

b− a
f
(a+ b

2

)∫ b

a

g(x)dx

∣∣∣∣∣ ≤ min{J4, J5}.

�

If in Theorem 2.2 we consider η(x, y) = x − y and g ≡ 1, then we recapture the
following result.

Corollary 2.3. [7] Consider I∗ as the interior of interval I ⊂ R. Let f : I∗ → R
be a differentiable mapping on I∗, a, b ∈ I∗ with a < b. If |f ′| is convex on [a, b],
then we have∣∣∣ 1

b− a

∫ b

a

f(x)dx− f
(a+ b

2

)∣∣∣ ≤ b− a
8

(
|f ′(a)|+ |f ′(b)|

)
In [3] we proved the following results to estimate the difference between the middle
and right terms in (1.1).

Lemma 2.4. Suppose that f : [a, b]→ R is a differentiable function, g : [a, b]→ R+

is a continuous function and symmetric about a+b
2 and f ′ is an integrable function

on [a, b]. Then

f(a) + f(b)

2

∫ b

a

g(x)dx−
∫ b

a

f(x)g(x)dx (2.2)

=
(b− a)

4

{∫ 1

0

(∫ 1−t
2 a+ 1+t

2 b

1+t
2 a+ 1−t

2 b

g(u)du

)
f ′
(1 + t

2
a+

1− t
2

b
)
dt

+

∫ 1

0

(∫ 1−t
2 a+ 1+t

2 b

1+t
2 a+ 1−t

2 b

g(u)du

)
f ′
(1− t

2
a+

1 + t

2
b
)
dt.

}
Theorem 2.5. Suppose that f : [a, b]→ R is a differentiable function, g : [a, b]→
R+ is a continuous function and symmetric about a+b

2 and |f ′| is a η-convex func-
tion with η bounded from above on f([a, b])× f([a, b]). Then∣∣∣∣f(a) + f(b)

2

∫ b

a

g(x)dx−
∫ b

a

f(x)g(x)dx

∣∣∣∣ ≤
(b− a)

4

[
2|f ′(b)|+ η

(
|f ′(a)|, |f ′(b)|

)] ∫ 1

0

∫ 1−t
2 a+ 1+t

2 b

1+t
2 a+ 1−t

2 b

g(u)dudt.

Theorem 2.5 reduces to the following result if we consider η(x, y) = x−y and g ≡ 1.
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Corollary 2.6. [2] Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, a, b ∈ I◦
with a < b. If |f ′| is convex on [a, b], then the following inequality holds:∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx
∣∣∣ ≤ b− a

8

(
|f ′(a)|+ |f ′(b)|

)
.
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[5] L. Fejér, Über die fourierreihen, II, Math. Naturwise. Anz Ungar. Akad. Wiss. 24 (1906)
369–390.

[6] S-R. Hwang, K-L. Tseng and K-C. Hsu, Hermite-Hadamard type and Fejér type inequalities

for general weights (I), J. Inequal. appl. 2013:170, 13PP.
[7] U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of

real numbers and to midpoint formula, Appl. Math. Comp. 147(1) (2004) 137–146.

[8] B. Micherda and T. Rajba, On Some Hermite-Hadamard-Fejér inequalities for (k,h)-convex
function, Math. Inequal. Appl. 4 (2012), 931–940.

[9] J. Park, Inequalities of Hermite-Hadamard-Fejér type for convex functions via fractional

integrals, International Journal of Mathematical Analysis, 8(59) (2014), 2927–2937.
[10] M. Rostamian Delavar and M. De La Sen, Some generalizations of Hermite-Hadamard type

inequalities, SpringerPlus, (2016) 5:1661.
[11] M. Rostamian Delavar and S.S. Dragomir, On η-convexity, Math. Inequal. Appl. 20 (2017)

203–216.

[12] K-L. Tseng, S-R Hwang and S. S. Dragomir, Fejér-type inequalities (I), J. Inequal. appl. 239
(2010), Article ID 531976, 7PP.

Armin Hadjian

Department of Mathematics, Faculty of Basic Sciences, University of Bojnord, P.O.

Box 1339, Bojnord 94531, Iran.
E-mail address: hadjian83@gmail.com, a.hadjian@ub.ac.ir

M. Rostamian Delavar
Department of Mathematics, Faculty of Basic Sciences, University of Bojnord, P.O.

Box 1339, Bojnord 94531, Iran.
E-mail address: m.rostamian@ub.ac.ir, rostamian333@gmail.com


