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SOME WEIGHTED STATISTICAL CONVERGENCE AND

KOROVKIN TYPE-THEOREM

VALDETE LOKU AND N.L. BRAHA1

Abstract. In this paper, we will show a new weighted statistical convergence
and based on this definition we will prove a kind of the Korovkin type theo-

rems. Also we will show the rate of the convergence for this kind of weighted

statistical convergence.

1. Introduction

We shall denote by N the set of all natural numbers. Let K ∈ N and Kn = {k ≤
n : k ∈ K}. Then the natural density of K is defined by d(K) = limn→∞

|Kn|
n if the

limit exists, where the vertical bars indicate the number of elements in the enclosed
set. The sequence x = (xk) is said to be statistically convergent to L if for every
ε > 0, the set Kε = {k ∈ N : |xk − L| ≥ ε} has natural density zero (cf. [10],[18]),
i.e. for each ε > 0,

lim
n→∞

1

n
|{k ≤ n : |xk − L| ≥ ε}| = 0.

In this case, we write L = st − limx. Note that every convergent sequence is
statistically convergent but not conversely.

In what follows we will give the concept of the weighted statistical convergence
related to the summability method (N, p, q). Let (pn) and (qn) be two nonnegative
real sequences such that

Pn = p1 + p2 + · · ·+ pn, P−1 = p−1 = 0,

Qn = q1 + q2 + · · ·+ qn, Q−1 = q−1 = 0.

Convolution of the above sequences we will denote by:

Rn = (p ? q)n =

n∑
k=0

pk · qn−k.

Set Tn = 1
Rn

∑n
v=0 pn−vqvxv. We say that the sequence (xn) is statistically sum-

mable to L by the weighted mean method determined by the sequences (pn) and
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(qn) or briefly statistically summable (N, p, q) if st − limn Tn = L. In this case we
will write L = Np,q(st)− limn xn. We denote by Np,q the set of all sequences which
are statistically summable (N, p, q).

Definition 1.1. We say that the sequence (xn) is weighted statistically convergent
(or SNp,q

− convergent) to L if for every ε > 0, the set {k ≤ Rn : pn−kqk|xk−L| ≥ ε}
has weighted density zero, i.e.,

lim
n

1

Rn
|{k ≤ Rn : pn−kqk|xk − L| ≥ ε}|.

In this case, we write L = SNp,q − limn xn. The definition given above is a
generalization of some of known definitions and them which are defined recently.

Remark 1.2. (1) If pn = 1 and qn = 1 for all n ∈ N, then (N, p, q) summa-
bility method reduce to the Cesaro method (C, 1)

(2) If qn = 1 for all n ∈ N, then (N, p, q) summability method reduce to
(N, pn)− method defined by Mursaleen et al., [16].

Definition 1.3. A sequence x = (xn) is said to be (N, p, q)r− summable (0 < r <
∞) to the limit L if

lim
n

1

Rn

n∑
k=1

pn−kqk|xk − L|r = 0,

and we write it as xk → L(N, p, q)r. In this case L is called (N, p, q)r limit of the
x = (xn).

Nowadays, using into consideration various forms of statistical convergences, are
given plenty of results in different sequence spaces(see for example [6, 7, 8]). In
this paper we are interested to show some properties of the SNp,q

− convergent
sequences, and their relationship with the other two classes which we have defined
above, the (N, p, q)− summability and (N, p, q)r− summability.

2. Main results

Theorem 2.1. Let pn−vqv|xk − L| ≤ M, for all k ∈ N. If a sequence x = (xk) is
SNp,q

− statistically convergent to L then it is statistically summable (N, p, q)− to
L, but conversely is not true.

Proof. Since x = (xk) is SNp,q
− statistically convergent to L, it means that

lim
n

1

Rn
|{k ≤ Rn : pn−kqk|xk − L| ≥ ε}| = 0.

Let us denote by: KRn
= {k ≤ Rn : pn−kqk|xk − L| ≥ ε} and Kc

Rn
= {k ≤ Rn :

pn−kqk|xk − L| < ε}. Then we have:

|Tn−L| =

∣∣∣∣∣ 1

Rn

n∑
k=1

pn−kqk(xk − L)

∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣

1

Rn

n∑
k=1

k∈KRn

pn−kqk(xk − L)

∣∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣

1

Rn

n∑
k=1

k∈Kc
Rn

pn−kqk(xk − L)

∣∣∣∣∣∣∣∣ ≤
1

Rn

n∑
k=1

k∈KRn

pn−kqk|xk − L|+
1

Rn

n∑
k=1

k∈Kc
Rn

pn−kqk|xk − L| ≤
1

Rn
·M ·|KRn |+

1

Rn

n∑
k=1

k∈Kc
Rn

ε→ 0+ε·1 = ε
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as n → ∞. Which implies that Tn → L. That is x = (xn) is (N, p, q)− summable
to L, in ordinary sense, which implies the (N, p, q)−is statistically summable to L.
To prove that converse is not true we will construct this

Example 2.2. Let us consider that pn = 2 and qn = 1, then the summability
method (N, p, q) reduce to the (C, 1)− summability method. In this case the SNp,q−
statistically convergence is reduced to the statistically convergence. Following Moritz
et al., [14] and Moursaleen et al., [16], we define the sequence x = (xn) as follows:

xk =

 1 if k = m2 −m,m2 −m+ 1, · · · ,m2 − 1
−m if k = m2,m = 2, 3, · · · ,
0 otherwise

Under this conditions we get:

Tn =
1

Rn

n∑
v=0

pn−vqvxv =
1

2(n+ 1)

n∑
v=0

2xv ={
l+1
n+1 if n = m2 −m+ l; l = 0, 1, · · · ,m− 1;m = 2, 3, · · · ,
0 otherwise

whence it follows that limn→∞ Tn = 0, and hence st − limn→∞ Tn = 0, i.e.,
x = (xn) is (N, p, q)−summable to 0. On the other hand, the sequence (m2;m =
2, 3 · · · , ) is statistically convergent to 0, it is clear that st − lim infn xn = 0 and
st − lim supn xn = 1. Thus x = (xn) is not statistically convergent, nor SNp,q

−
statistically convergent.

�

In what follows we will show under which conditions from SNp,q− statistical
convergence, follows (N, p, q)r− summability and the conversely.

Proposition 2.3. Let us suppose that x = (xn) is (N, p, q)r summable convergent
to L. If

(1) 0 < q < 1 and 0 ≤ |xk − L| < 1,
(2) 1 ≤ q <∞ and 1 ≤ |xk − L| <∞

then x is SNp,q− statistically convergent to L.

Proof. Let us suppose that x = (xn) is (N, p, q)r summable convergent to L. Under
above conditions we get:

pn−kqk|xk − L|r ≥ pn−kqk|xk − L|,
respectively

lim
n

1

Rn
|KRn

| = 1

ε ·Rn

n∑
k=1

k∈KRn

ε ≤ 1

ε ·Rn

n∑
k=1

k∈KRn

pn−kqk|xk − L| ≤
1

ε ·Rn

n∑
k=1

pn−kqk(xk − L) ≤

1

ε ·Rn

∑
k=1

pn−kqk|xk − L|r = 0.

Hence x = (xn) is SNp,q− statistically convergent to L. �

Proposition 2.4. Let us suppose that x = (xn) is SNp,q
− summable convergent to

L and pn−kqk|xk − L| ≤M(k ∈ N). If

(1) 0 < q < 1 and 1 ≤M <∞,
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(2) 1 ≤ q <∞ and 0 ≤M < 1

then x is (N, p, q)r− summable convergent to L.

Proposition 2.5. (i): If x = (xk)→ L statistically convergent, it is SNp,q
−

statistically convergent to L, too.
(ii): If

(
Rn

n

)
is a bounded sequence, then statistical convergence is equivalent

to SNp,q
− statistically convergence.

3. Weighted statistical convergence and Orlicz functions

In this section we will define the weighted statistical convergence related to the
Orlicz functions.

Definition 3.1. Let M be an Orlicz function and p = (pk) be any sequence of
strictly positive real numbers. A sequence a = (ak) is said to be weighted strongly
Np,q− convergent to the number L with respect to the Orlicz function M , provided
that

lim
n

1

Rn

∑
k≤Rn

[
M

(
pn−kqk|xk − L|

ρ

)]pk
= 0. (3.1)

The set of all weighted strongly Np,q− convergent sequences to the number L
with respect to the Orlicz function M is denoted by [Np,q,M, p] . In this case we
write xk → L([Np,q,M, p]). In special case where M(x) = x, pk = p0 for all k ∈ N
we shall write [Np,q] instead of [Np,q,M, p] .

Theorem 3.2. (i): If x = (xk) is strongly [Np,q]− convergent to L, then it
is SNp,q− statistically convergent to L.

(ii): If a bounded x = (xk) sequence, is SNp,q
− statistically convergent to L,

then it is strongly [Np,q]− convergent to L.

Proof. (i) Let us suppose that x = (xk) is strongly [Np,q]− convergent to L. It
means that

1

Rn

∑
k≤Rn

[pn−kqk|xk − L|]p0 → 0,

as n→∞. Then we have:
1

Rn

∑
k≤Rn

[pn−kqk|xk − L|]p0 ≥
1

Rn

∑
k≤Rn

pn−kqk|xk−L|≥ε

[pn−kqk|xk − L|]p0 ≥

εp0 |k ≤ Rn : pn−kqk|xk − L| ≥ ε| .
Hence xk → L(SNp,q

).
(ii) Suppose that xk → L(SNp,q

) and let x = (xk) ∈ l∞. Let ε > 0 be given and
select nε such that

1

Rn

∣∣∣∣k ≤ Rn : pn−kqk|xk − L| ≥
( ε

2

) 1
p0

∣∣∣∣ ≤ ε

2Ap0

for all n ≥ nε, whereA = supn |xk| and setB =
{
k ≤ Rn : pn−kqk|xk − L| ≥

(
ε
2

) 1
p0

}
.

Now for all n > nε we have:

1

Rn

∑
k≤Rn

[pn−kqk|xk − L|]p0 =
1

Rn

∑
k≤Rn
k∈B

[pn−kqk|xk − L|]p0+
1

Rn

∑
k≤Rn

k/∈B

[pn−kqk|xk − L|]p0
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≤ 1

Rn

(
ε ·Rn
2Ap0

)
Ap0 +

ε

2Rn
Rn = ε.

Thus implies that (xk)→ L([Np,q]). �

Theorem 3.3. Let M be an Orlicz function, and 0 < h = inf pk ≤ pk ≤ sup pk =
H. Then [Np,q,M, p] ⊂ SNp,q

.

Proof. Let us suppose that a ∈ [Np,q,M, p]. Then there exists a ρ > 0 such that:

1

Rn

∑
k≤Rn

[
M

(
pn−kqk|xk − L|

ρ

)]pk
→ 0,

as n→∞.
For any given ε > 0 we have:

1

Rn

∑
k≤Rn

[
M

(
pn−kqk|xk − L|

ρ

)]pk
≥ 1

Rn

∑
k≤Rn

pn−kqk|xk−L|≥ε

[
M

(
pn−kqk|xk − L|

ρ

)]pk
≥

1

Rn

∑
k≤Rn

pn−kqk|xk−L|≥ε

[M(ε1)]
pk , where

(
ε1 =

ε

ρ

)
≥

1

Rn

∑
k≤Rn

min {[M(ε1)]h, [M(ε1)]H} ≥

1

Rn
|{k ≤ Rn : pn−kqk|xk − L| ≥ ε}| ·min {[M(ε1)]h, [M(ε1)]H}.

Hence x = (xk) ∈ SNp,q
. �

Theorem 3.4. Let M be an Orlicz function, and 0 < h = inf pk ≤ pk ≤ sup pk =
H. If a = (an) is a bounded sequence, such that an → L[SNp,q

]. Then it follows that
an → L[Np,q,M, p].

Proof. Let us suppose that an → L[SNp,q ]. Then there exists a constant K such
that pn−kqk|xk − L| ≤ K. Given ε > 0 we have:

1

Rn

∑
k≤Rn

[
M

(
pn−kqk|xk − L|

ρ

)]pk
=

1

Rn

∑
k≤Rn

pn−kqk|xk−L|≥ε

[
M

(
pn−kqk|xk − L|

ρ

)]pk
+

1

Rn

∑
k≤Rn

pn−kqk|xk−L|<ε

[
M

(
pn−kqk|xk − L|

ρ

)]pk

≤ 1

Rn

∑
k≤Rn

pn−kqk|xk−L|≥ε

max

{[
M

(
K

ρ

)]h
,

[
M

(
K

ρ

)]H}
+

1

Rn

∑
k≤Rn

pn−kqk|xk−L|<ε

[
M

(
ε

ρ

)]pk
≤
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max

{[
M

(
K

ρ

)]h
,

[
M

(
K

ρ

)]H}
1

Rn
|{k ≤ Rn : pn−kqk|xk − L| ≥ ε}|+

max

{[
M

(
ε

ρ

)]h
,

[
M

(
ε

ρ

)]H}
.

Hence an → L[Np,q,M, p]. �

4. Korovkin type theorem and rate of the convergence

In the sequel we will use some notation related to the function spaces. With
F [a, b] we will denote the linear space of all real-valued functions defined in [a, b].
And with C[a, b] we will denote the space of all bounded and continuous functions
defined in [a, b]. It is know fact that C[a, b] is ac Banach space equipped with norm

||f ||∞ = sup
x∈[a,b]

|f(x)|, f ∈ C[a, b].

The classical Korovkin first theorem is given as follows (see [11, 12, 1]):

Theorem 4.1. Let (Bn) be a sequence of positive linear operators from C[0, 1] into
F [0, 1]. Then

lim
n→∞

||Bn(f, x)− f(x)||∞ = 0,

for all f ∈ C[0, 1] if and only if

lim
n→∞

||Bn(fi, x)− fi(x)||∞ = 0,

for i ∈ {0, 1, 2} where f0(x) = 1, f1(x) = x and f2(x) = x2,

where Bn is a sequence of positive linear operators from [a, b] → [a, b], and we
say that B is a positive if B(f ;x) ≥ 0, whenever f(x) ≥ 0.

The Korovkin type theorems are investigated by several mathematicians in gen-
eralization of them in many ways and several settings such as function spaces,
abstract Banach latices, Banach algebras, and so on. This theory is useful in real
analysis, functional analysis, harmonic analysis, and so on. For more results related
to the Korovkin type theorems see ([9, 13, 15, 16, 17, 3, 4, 5]). In this section, we
extend the results of Mursaleen et al.([16]) and Boyanov et al.([2]), by using the
notion of the generalized Vallée-Poussin summability.

Let C(I) be the Banach space with the uniform norm ||.||∞ of all real two
dimensional continuous functions on I = [0,∞); provided that limx→∞ f(x) is
finite. Suppose that Bn : C(I)→ C(I). We write Bn(f ;x) for Bn(f(s);x).

Theorem 4.2. Let (Bk) be a sequence of positive linear operators from C(I) into
C(I). Then for all f ∈ C(I)

Np,q(st)− lim
n
||Bk(f ;x)− f(x)||∞ = 0 (4.1)

if and only if
Np,q(st)− lim

n
||Bk(f ;x)− 1||∞ = 0, (4.2)

Np,q(st)− lim
n
||Bk(f ;x)− e−x||∞ = 0, (4.3)

Np,q(st)− lim
n
||Bk(f ;x)− e−2x||∞ = 0. (4.4)
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Proof. Let us suppose that relation (4.1) is true, since functions 1, e−x, e−2x are
continuous, then relations (4.2), (4.3) and (4.4) follow immediately from (4.1). Now
we will prove the conversely, that relations (4.2-4.4) are valid, and we will prove
that relation (4.1) is valid , too. Let f ∈ C(I), then there exist a constant K > 0
such that |f(x)| ≤ K for all x ∈ (I). Therefore

|f(t)− f(x)| ≤ 2K,x ∈ I. (4.5)

For every given ε > 0 there exist a δ > 0 such that

|f(t)− f(x)| ≤ ε (4.6)

whenever |e−t − e−x| < δ for all x ∈ (I).
Let us denote by ψ ≡ ψ(t, x) = (e−t − e−x)2. If |t− x| ≥ δ, then we have:

|f(t)− f(x)| ≤ 2K

δ2
ψ(t, x). (4.7)

Now from relations (4.5)-(4.7), we get

|f(t)− f(x)| < ε+
2K

δ2
ψ(t, x).

Respectively,

−ε− 2K

δ2
ψ(t, x) < f(t)− f(x) <

2K

δ2
ψ(t, x) + ε.

Applying the operator Bk(1, x) in this inequality, since Bk(1, x) is monotone and
linear, we obtain:

Bk(1, x)

(
−ε− 2K

δ2
ψ

)
< Bk(1, x) (f(t)− f(x)) < Bk(1, x)

(
2K

δ2
ψ + ε

)
⇒

−εBk(1, x)−2K

δ2
Bk(ψ(t), x) < Bk(f, x)−f(x)Bk(1, x) <

2K

δ2
Bk(ψ(t), x)+εBk(1, x).

(4.8)
On the other hand

Bk(f, x)− f(x) = Bk(f, x)− f(x)Bk(1, x) + f(x)[Bk(1, x)− 1]. (4.9)

From relations (4.8) and (4.9) we have:

Bk(f, x)− f(x) <
2K

δ2
Bk(ψ(t), x) + εBk(1, x) + f(x)[Bk(1, x)− 1]. (4.10)

Let us now estimate the following expression:

Bk(ψ(t), x) = Bk((e−x − e−t)2, x) = Bk((e−2x − 2e−xe−t + e−2t), x)

= Bk(1, x)− 2e−xBk(e−t, x) +Bk(e−2t, x)
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Now, from the last relation and (4.10), we obtain that

Bk(f, x)− f(x) <
2K

δ2

{
e−2x[Bk(1, x)− 1]− 2e−x[Bk(e−t, x)− e−x]

+[Bk(e−2t, x)− e−2x]
}

+ εBk(1, x) + f(x)[Bk(1, x)− 1]

= ε+ ε[Bk(1, x)− 1] + f(x)[Bk(1, x)− 1]

+
2K

δ2

{
e−2x[Bk(1, x)− 1]− 2e−x[Bk(e−t, x)− e−x]

+[Bk(e−2t, x)− e−2x]
}
.

Therefore,

|Bk(f, x)− f(x)| ≤ ε+

(
ε+K +

2K

δ2

)
|Bk(1, x)− 1|

+
4K

δ2
|Bk(e−t, x)− e−x|

+
2K

δ2
|Bk(e−2t, x)− e−2x|.

Now taking the supx∈I in the above relation, we get:

||Bk(f, x)− f(x)||C(I) ≤ ε+M
(
||Bk(1, x)− 1||C(I) + ||Bk(e−t, x)− e−x||C(I)

+||Bk(e−2t, x)− e−2x||C(I)

)
,

where M = max
{
ε+K + 2K

δ2 ,
4K
δ2

}
.

Now replacing Bk(., x) by

Tn =
1

Rn

n∑
v=0

pn−vqvBv(., x)

in the above inequality on both sides. For a given r > 0, we can choose ε1 such
that ε1 < r. Now we will define the following sets:

D =
{
k ≤ N : ||Tn(f, x)− f(x)||C(I) ≥ r

}
,

Di =
{
k ≤ N : ||Tn(fi, x)− fi(x)||C(I) ≥

r − ε1
3K

}
, i = 0, 1, 2.

Then D ⊂ ∪2i=0Di and for their densities is satisfied relation:

δ(D) ≤ δ(D0) + δ(D1) + δ(D2).

Finally, from relations (4.2)-(4.4) and the above estimation we get:

Np,q(st)− lim
n
||Tn(f ;x)− f(x)||∞ = 0,

which completes the proof. �

In what follows we will give example with which prove that our result is extension
of that given in [16] and [2].

Example 4.3. We will consider this type of modified Baskakov operators

VMp,q
n (f, x) =

∞∑
k=0

pn−kqkf

(
k

n

)(
n+ k − 1

k

)
xk · (1 + x)−(n+k),
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where x ∈ [0,∞) and their basic form is given in [20].
Let Ln : C(I)→ C(I) define the following type of operators:

Ln(f, x) = (1 + xn)VMp,q
n (f, x),

where x = (xn) is defined by Example 2.2. Note that this sequence is statistically
Np,q(st) convergent to 0, but neither convergent nor statistically convergent. In
what follows we will consider that pn ≡ 2 and qn ≡ 1. Then we get the following
estimation:

Ln(1, x) = 2,

Ln(e−s, x) = 2(1 + x− xe− 1
n )−n,

Ln(e−2s, x) = 2(1 + x− xe− 2
n )−n.

From this estimations sequence Ln does not satisfies conditions of the theorem 3.1
given by Mursaleen et al., (see [16]). Hence our Theorem is stronger than that of
Mursaleen et al., so stronger than Boyanov result(see [2]).

5. Rate of convergences

In this section, we study the rate of the weighted-statistical convergence of a
sequence of positive linear operators Tn defined on C[a, b]. We begin by presenting
the following definition.

Definition 5.1. Let (an) be any positive, nonincreasing sequence of positive num-
bers. We say that sequence x = (xn) is Np,q−statistically convergent to number L
with rate of convergence o(an), if for every ε > 0,

lim
n

Np,q(x)

an
= 0,

where Np,q(x) = 1
Rn
|{k ≤ Rn : pn−kqk|xk − L| ≥ ε}| . In this case, we write xk −

L = Np,q(st)− o(an).

Lemma 5.2. Let (an) and (bn) be two positive nonincreasing numeric sequences.
Let x = (xn) and y = (yn) be two sequences such that xn − L1 = Np,q(st) − o(an)
and yn − L2 = Np,q(st)− o(bn). Then

(1) (xn − L1)± (yn − L2) = Np,q(st)− o(cn),

(2) α(xn − L) = Np,q(st)− o(an), for any scalar α,

(3) (xn − L1)(yn − L2) = Np,q(st)− o(anbn),

where cn = max {an, bn}.

Proof. In what follows we will prove just the first statement, the others we can
prove in similar way. For ε > 0, let us denote by

A1 = {k ≤ Rn : pn−kqk|xk + yk − (L1 + L2)| ≥ ε},

A2 =
{
k ≤ Rn : pn−kqk|xk − L1| ≥

ε

2

}
,

A3 =
{
k ≤ Rn : pn−kqk|yk − L2| ≥

ε

2

}
.
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Then observe that A1 ⊂ A2 ∪A3. Moreover, since

cn = max {an, bn},

we get:

|A1|
Rn · cn

≤ |A2|
Rn · cn

+
|A2|
Rn · cn

. (5.1)

Now by taking limit as n→∞ in (5.1) and using the hypothesis, we conclude that

lim
n→∞

|A1|
Rn · cn

= 0,

which proves that first statement of the Theorem. �

Now let us recall the notion of the modules of continuity. The modulus of
continuity for function f(x) ∈ C2π(R), is defined as follows:

ω(f, δ) = sup
|h|<δ

|f(x+ h)− f(x)|.

And it is known that for any value of the |x− y|, we get:

|f(x)− f(y)| ≤ ω(f, δ)

(
|x− y|

2
+ 1

)
. (5.2)

We have the following result:

Theorem 5.3. Let (Bn) be a sequence of positive linear operators from C[a, b] into
C[a, b]. Suppose that

(1) ||Bn(1, x)− 1||∞ = Np,q(st)− o(an),

(2) ω(f, λk) = Np,q(st) − o(bn), where λn =
√
Bn(ψ, x) and ψ ≡ ψ(t, x) =

(e−t − e−x)2.

Then for all f ∈ C[a, b] and x ∈ [a, b], we have:

||Bn(f, x)− f(x)||∞ = Np,q(st)− o(cn),

where cn = max {an, bn}.

Proof. Let f ∈ C[a, b] and x ∈ [a, b]. From relations (4.9) and (5.2) we get this
estimation:

|Bn(f, x)− f(x)| ≤ |Bn(|f(y)− f(x)|, x)|+ |f(x)| · |Bn(1, x)− 1|

≤ Bn

(
|x− y|
δ

+ 1, x

)
ω(f, δ) + |f(x)| · |Bn(1, x)− 1|

≤ Bn

(
1 +

M

δ
(e−t − e−x)2, x

)
ω(f, δ) + |f(x)| · |Bn(1, x)− 1|

≤
(
Bn(1, x) +

M

δ
Bn(ψ, x)

)
ω(f, δ) + |f(x)| · |Bn(1, x)− 1|.

If we are putting δ = λn
2

M = Bn(ψ,x)
M in the last relation we obtain:

||Bn(f, x)− f(x)||∞ ≤ ||f ||∞||Bn(1, x)− 1||∞ + ω(f, λn)

+ω(f, λn)||Bn(1, x)− 1||∞
≤ C {||Bn(1, x)− 1||∞ + ω(f, λn) + ω(f, λn)||Bn(1, x)− 1||∞} ,
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where C = max
{
||f ||∞, 1

}
.Now replacingBk(., x) by Tn = 1

Rn

∑n
v=0 pn−vqvBv(., x),

we get

||Tn(f, x)−f(x)||∞ ≤ C {||Tn(1, x)− 1||∞ + ω2(f, λn) + ω2(f, λn)||Tn(1, x)− 1||∞} .

The proof follows from the conditions (1) and (2).
�
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