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ON COUPLED COINCIDENCE POINT RESULTS IN PARTIALLY

ORDERED METRIC SPACES VIA GENERALIZED

COMPATIBILITY AND C-CLASS FUNCTIONS

ARSLAN HOJAT ANSARI, HASSEN AYDI, MOHAMMAD BARAKAT, MOHAMMAD SAED
KHAN

Abstract. Using the recent notion of generalized compatibility of a pair of

mappings F,G : X × X → X introduced in [10] and the concept of C–class
functions, we prove a coupled coincidence point theorem for nonlinear contrac-

tions in partially ordered metric spaces. Examples are furnished to illustrate

the new concepts and the related results.

1. Introduction

Fixed point problems of contractive mappings in metric spaces endowed with a
partial order have been studied by several authors (see [1, 2, 3, 4, 6, 7, 8, 9, 12,
13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]). In [25], some applications
to matrix equations are presented and in [17, 24] some applications to ordinary
differential equations are given. Bhaskar and Lakshmikantham [13] introduced the
concept of a coupled fixed point of a mapping F : X × X → X and studied
the problems of the uniqueness of a coupled fixed point in partially ordered metric
spaces X, and applied their theorems to problems of the existence and uniqueness of
solution for a periodic boundary value problem. In [19], Lakshmikantham and Ćirić
introduced the concept of a coupled coincidence point for mappings F : X ×X →
X and g : X → X, and proved some nice coupled coincidence point theorems
for nonlinear contractions in partially ordered metric spaces under the hypotheses
that g is continuous and commutes with F . In 2011, Choudhury and Kundu [14]
introduced the notion of compatible mappings F : X×X → X and g : X → X, and
obtained coupled coincidence point results under the hypotheses that g is continuous
and the pair {F, g} is compatible.

In this paper, based on the new concept of generalized compatibility of mappings
F,G : X × X → X, introduced by Aydi and Jellali [10], and the concept of C-
functions, we prove a coupled coincidence point theorem for nonlinear contractions
in partially ordered metric spaces. A number of examples are also provided to
justify our concepts and results.
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2. Preliminaries

Let (X,�) be a partially ordered set. The concept of a mixed monotone property
of the mapping F : X ×X → X was introduced by Bhaskar and Lakshmikantham
in [13]. Lakshmikantham and Ćirić in [19] introduced the concept of a g-mixed
monotone mapping.

Definition 2.1. ( Lakshmikantham and Ćirić [19]). Let (X,�) be a partially or-
dered set, F : X ×X → X and g : X → X. Then the map F is said to have mixed
g-monotone property if F (x, y) is monotone g-non-decreasing in x and is monotone
g-non-increasing in y; that is, for any x, y ∈ X,

gx1 � gx2 implies F (x1, y) � F (x2, y)

and

gy1 � gy2 implies F (x, y2) � F (x, y1).

Definition 2.2. ( Lakshmikantham and Ćirić [19]). An element (x, y) ∈ X×X is
called a coupled coincidence point of the mappings F : X ×X → X and g : X → X
if

F (x, y) = gx and F (y, x) = gy.

Definition 2.3. ( Lakshmikantham and Ćirić [19]). Let X be a non-empty set.
Then we say that the mappings F : X ×X → X and g : X → X are commutative
if

g(F (x, y)) = F (gx, gy).

Very recently, Aydi and Jellali [10] extended the results of Choudhury and Kundu
[14] via the concept of generalized compatibility. For instance, let (X,�) be a
partially ordered set endowed with a metric d. We consider two mappings F,G :
X ×X → X. Following [10], we have

Definition 2.4. [10] F is said to be G-increasing with respect to � if for all
x, y, u, v ∈ X, we have

G(x, y) � G(u, v) implies F (x, y) � F (u, v).

The following examples illustrate Definition 2.4.

Example 2.5. [10] Let X = N be endowed with the partial order � defined by

x, y ∈ X, x � y if and only if y divides x.

Define the mappings F,G : X ×X → X by

F (x, y) = x2y2 and G(x, y) = xy

for all (x, y) ∈ X ×X. Then F is G-increasing with respect to �.

Example 2.6. [10] Let X be the set of all subsets of N. We endow X with the
partial order � defined by

A,B ∈ X, A � B if and only if A ⊆ B.
Define the mappings F,G : X ×X → X by

F (A,B) = A ∪B ∪ {0} and G(A,B) = A ∪B
for all A,B ∈ X. Then F is G-increasing with respect to �.
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Definition 2.7. [10] An element (x, y) ∈ X × X is called a coupled coincidence
point of F and G if

F (x, y) = G(x, y) and F (y, x) = G(y, x).

Example 2.8. [10] Let X = R and F,G : X ×X → X defined by

F (x, y) = xy and G(x, y) =
2

3
(x+ y)

for all x, y ∈ X. Then (0, 0), (1, 2) and (2, 1) are coupled coincidence points of F
and G.

Very recently, Aydi and Jellali [10] introduced the concept of generalized com-
patibility for the pair F,G : X ×X → X.

Definition 2.9. [10] Let X be nonempty set and F,G : X × X → X two given
mappings. We say that the pair {F,G} satisfies the generalized compatibility if{

d(F (G(xn, yn), G(yn, xn)), G(F (xn, yn), F (yn, xn)))→ 0 as n→ +∞;

d(F (G(yn, xn), G(xn, yn)), G(F (yn, xn), F (xn, yn)))→ 0 as n→ +∞,

whenever (xn) and (yn) are sequences in X such that{
F (xn, yn)→ t1 G(xn, yn)→ t1 as n→ +∞;

F (yn, xn)→ t2 G(yn, xn)→ t2 as n→ +∞.

The following examples illustrate the concept of generalized compatibility.

Example 2.10. [10] Let X = R be endowed with the standard metric d(x, y) =
|x− y| for all x, y ∈ X. Define F,G : X ×X → X by

F (x, y) = x2 − y2 and G(x, y) = x2 + y2

for all x, y ∈ X.

Example 2.11. [10] Let (X, d) be a metric space, F : X×X → X and g : X → X.
Define the mapping G : X ×X → X by

G(x, y) = gx, ∀ (x, y) ∈ X ×X.
It is easy to show that if {F, g} is compatible, then {F,G} satisfies the generalized
compatibility.

In 2014, Ansari [5] introduced the concept of a C-class function.

Definition 2.12. [5] A continuous function f : [0,∞)2 → R is called C-class
function if for any s, t ∈ [0,∞), the following conditions hold:

(1) f(s, t) ≤ s;
(2) f(s, t) = s implies that either s = 0 or t = 0;

(3) f(0, 0) = 0.

The letter C will denote the class of all C- functions.

Example 2.13. [5] The following maps are C-functions.

(1) f(s, t) = s− t;
(2) f(s, t) = ms for some m ∈ (0, 1);
(3) f(s, t) = sβ(s) where β : [0,∞)→ [0, 1) and continuous;
(4) f(s, t) = s

2+t ;
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(5) f(s, t) = s − ϕ(s) where ϕ : [0,∞) → [0,∞) is a continuous function such
that ϕ(t) = 0 if and only if t = 0;

(6) f(s, t) = φ(s) where φ : [0,∞)→ [0,∞) is a continuous function such that
φ(0) = 0 and φ(t) < t for t > 0.

Let Ψ denote the class of the functions ψ : [0,∞) → [0,∞) which satisfy the
following conditions:

(a) ψ is continuous;
(b) ψ−1({0}) = {0}.

In this paper, we prove a coincidence point result via generalized compatibility
[10] and C-class functions [5]. We illustrate the obtained result by an example.

3. Main result

Now, we are in a position to state and prove the main result of this paper.

Theorem 3.1. Let (X,�) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let F,G : X ×X → X
be two mappings such that F is G-increasing with respect to �, and

d(F (x, y), F (u, v)) ≤ f

(
d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2
, (3.1)

ϕ(
d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2
)

)
, (3.2)

for all x, y, u, v ∈ X, with G(x, y) � G(u, v) and G(v, u) � G(y, x), where f ∈ C
and ϕ ∈ Ψ. Suppose that for any x, y ∈ X, there exist u, v ∈ X such that{

F (x, y) = G(u, v)

F (y, x) = G(v, u).
(3.3)

Suppose that G is continuous and has the mixed monotone property, and the pair
{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence xn → x, then xn � x for all n,
(b) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that G(x0, y0) � F (x0, y0) and F (y0, x0) �
G(y0, x0), then F and G have a coupled coincidence point.

Proof. Let x0, y0 ∈ X such that G(x0, y0) � F (x0, y0) and F (y0, x0) � G(y0, x0)
(such points exist by hypothesis). Thanks to (3.3), there exists (x1, y1) ∈ X ×X
such that

F (x0, y0) = G(x1, y1) and F (y0, x0) = G(y1, x1).

Continuing this process, we can construct two sequences (xn) and (yn) in X such
that

F (xn, yn) = G(xn+1, yn+1), F (yn, xn) = G(yn+1, xn+1), for all n ∈ N. (3.4)

We will show that for all n ∈ N, we have

G(xn, yn) � G(xn+1, yn+1) and G(yn+1, xn+1) � G(yn, xn). (3.5)
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We shall use the mathematical induction. SinceG(x0, y0) � F (x0, y0) and F (y0, x0) �
G(y0, x0), and as G(x1, y1) = F (x0, y0) and G(y1, x1) = F (y0, x0), we have

G(x0, y0) � G(x1, y1) and G(y1, x1) � G(y0, x0).

Thus (3.5) holds for n = 0. Suppose now that (3.5) holds for some fixed n ∈ N.
Since F is G-increasing with respect to �, we have

G(xn+1, yn+1) = F (xn, yn) � F (xn+1, yn+1) = G(xn+2, yn+2)

and
F (yn+1, xn+1) = G(yn+2, xn+2) � F (yn, xn) = G(yn+1, xn+1).

Thus we proved that (3.5) holds for all n ∈ N.
For all n ∈ N, denote

δn = d(G(xn, yn), G(xn+1, yn+1)) + d(G(yn, xn), G(yn+1, xn+1)). (3.6)

We can suppose that δn > 0 for all n ∈ N, if not, (xn, yn) will be a coincidence
point and the proof is finished. We claim that for any n ∈ N, we have

δn+1 ≤ 2f

(
δn
2
, ϕ(

δn
2

)

)
≤ δn. (3.7)

Since G(xn, yn) � G(xn+1, yn+1) and G(yn, xn) � G(yn+1, xn+1), letting x = xn,
y = yn, u = xn+1 and v = yn+1 in (3.1), and using (3.4), we get

d(G(xn+1, yn+1), G(xn+2, yn+2)) = d(F (xn, yn), F (xn+1, yn+1))

≤ f

(
d(G(xn, yn), G(xn+1, yn+1)) + d(G(yn, xn), G(yn+1, xn+1))

2
,

ϕ(
d(G(xn, yn), G(xn+1, yn+1)) + d(G(yn, xn), G(yn+1, xn+1))

2
)

)

= f

(
δn
2
, ϕ(

δn
2

)

)
.

(3.8)

Similarly, since G(yn+1, xn+1) � G(yn, xn) and G(xn+1, yn+1) � G(xn, yn), we
have

d(G(yn+2, xn+2), G(yn+1, xn+1)) = d(F (yn+1, xn+1), F (yn, xn))

≤ f

(
d(G(yn+1, xn+1), G(yn, xn)) + d(G(xn+1, yn+1), G(xn, yn))

2
,

ψ(
d(G(yn+1, xn+1), G(yn, xn)) + d(G(xn+1, yn+1), G(xn, yn))

2
)

)

= f

(
δn
2
, ϕ(

δn
2

)

)
.

(3.9)

Summing (3.8) to (3.9) yields (3.7).
From (3.7), it follows that the sequence (δn) is monotone decreasing. Therefore,

there is some δ ≥ 0 such that
lim

n→+∞
δn = δ.
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Taking the limit as n→ +∞ in (3.7), we obtain

δ = lim
n→+∞

δn ≤ 2 lim
n→+∞

f

(
δn
2
, ϕ(

δn
2

)

)
= 2f

(
δ

2
, ϕ(

δ

2
)

)
≤ 2

δ

2
= δ,

which yields f
(
δ
2 , ϕ( δ2 )

)
= δ

2 . We deduce either δ
2 = 0 or ϕ( δ2 ) = 0, so δ = 0, that

is,

lim
n→+∞

d(G(xn, yn), G(xn+1, yn+1)) + d(G(yn, xn), G(yn+1, xn+1)) = lim
n→+∞

δn = 0.

(3.10)
We shall prove that ((G(xn, yn), G(yn, xn))) is a Cauchy sequence in X×X endowed
with the metric η defined by

η((x, y), (u, v)) = d(x, u) + d(y, v)

for all (x, y), (u, v) ∈ X×X. We argue by contradiction. Suppose that ((G(xn, yn), G(yn, xn)))
is not a Cauchy sequence in (X ×X, η). Then there exists ε > 0 for which we can
find two sequences of positive integers (m(k)) and (n(k)) such that for all positive
integer k with n(k) > m(k) > k, we have{
η(((Gxm(k), Gym(k)), (Gym(k), Gxm(k))), ((Gxn(k), Gyn(k)), (Gyn(k), Gxn(k)))) > ε,

η(((Gxm(k), Gym(k)), (Gym(k), Gxm(k))), ((Gxn(k)−1, Gyn(k)−1), (Gyn(k)−1, Gxn(k)−1))) ≤ ε.
(3.11)

By definition of the metric η, we have

dk = d((Gxm(k), Gym(k)), (Gxn(k), Gyn(k)))+d((Gym(k), Gxm(k)), (Gyn(k), Gxn(k))) > ε
(3.12)

and

d((Gxm(k), Gym(k)), (Gxn(k)−1, Gyn(k)−1))+d((Gym(k), Gxm(k)), (Gyn(k)−1, Gxn(k)−1)) ≤ ε.
(3.13)

Further, from (3.12) and (3.13), for all k ≥ 0 we have

ε < dk ≤d((Gxm(k), Gym(k)), (Gxn(k)−1, Gyn(k)−1)) + d((Gxn(k)−1, Gyn(k)−1), (Gxn(k), Gyn(k)))

+d((Gym(k), Gxm(k)), (Gyn(k)−1, Gxn(k)−1)) + d((Gyn(k)−1, Gxn(k)−1), (Gyn(k), Gxn(k)))

≤ε+ δn(k)−1.

Taking the limit as k → +∞ in the above inequality, we have by (3.10),

lim
k→+∞

dk = ε. (3.14)

Again, for all k ≥ 0, we have

dk =d((Gxm(k), Gym(k)), (Gxn(k), Gyn(k))) + d((Gym(k), Gxm(k)), (Gyn(k), Gxn(k)))

≤d((Gxm(k), Gym(k)), (Gxm(k)+1, Gym(k)+1)) + d((Gxm(k)+1, Gym(k)+1), (Gxn(k)+1, Gyn(k)+1))

+d((Gxn(k)+1, Gyn(k)+1), (Gxn(k), Gyn(k))) + d((Gym(k), Gxm(k)), (Gym(k)+1, Gxm(k)+1))

+d((Gym(k)+1, Gxm(k)+1), (Gyn(k)+1, Gxn(k)+1)) + d((Gyn(k)+1, Gxn(k)+1), (Gyn(k), Gxn(k)))

=d((Gxm(k), Gym(k)), (Gxm(k)+1, Gym(k)+1)) + d((Gym(k), Gxm(k)), (Gym(k)+1, Gxm(k)+1))

+d((Gxn(k)+1, Gyn(k)+1), (Gxn(k), Gyn(k))) + d((Gyn(k)+1, Gxn(k)+1), (Gyn(k), Gxn(k)))

+d((Gxm(k)+1, Gym(k)+1), (Gxn(k)+1, Gyn(k)+1)) + d((Gym(k)+1, Gxm(k)+1), (Gyn(k)+1, Gxn(k)+1)).
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Hence, for all k ≥ 0,

dk ≤ δm(k) + δn(k)

+ d((Gxm(k)+1, Gym(k)+1), (Gxn(k)+1, Gyn(k)+1)) + d((Gym(k)+1, Gxm(k)+1), (Gyn(k)+1, Gxn(k)+1)).

(3.15)

From (3.1), (3.5) and (3.12), for all k ≥ 0, we have

d((Gxm(k)+1, Gym(k)+1), (Gxn(k)+1, Gyn(k)+1)) = d((Fxm(k), Fym(k)), (Fxn(k), Fyn(k)))

≤ ϕ
(
d(G(xm(k), ym(k)), G(xn(k), yn(k))) + d(G(ym(k), xm(k)), G(yn(k), xn(k)))

2

)
= f

(
dk
2
, ϕ(

dk
2

)

)
.

(3.16)

Also, from (3.1), (3.5) and (3.12), for all k ≥ 0, we have

d((Gym(k)+1, Gxm(k)+1), (Gyn(k)+1, Gxn(k)+1)) = d((Fym(k), Fxm(k)), (Fyn(k), Fxn(k)))

≤ ϕ
(
d(G(ym(k), xm(k)), G(yn(k), xn(k))) + d(G(xm(k), ym(k)), G(xn(k), yn(k)))

2

)
= 2f

(
dk
2
, ϕ(

dk
2

)

)
.

(3.17)

Putting (3.16) and (3.17) in (3.15), we get

dk ≤ δm(k) + δn(k) + 2f

(
dk
2
, ϕ(

dk
2

)

)
.

Letting k → +∞ in the above inequality and using (3.10) and (3.14), we obtain

ε ≤ 2 lim
k→+∞

f

(
dk
2
, ϕ(

dk
2

)

)
= 2f

(ε
2
, ϕ(

ε

2
)
)
≤ ε. (3.18)

This yields that f
(
ε
2 , ϕ( ε2 )

)
= ε

2 . So ε = 0, which is a contradiction. Thus we
proved that ((G(xn, yn), G(yn, xn))) is a Cauchy sequence in (X × X, η), which
implies that ((G(xn, yn)) and (G(yn, xn)) are Cauchy sequences in (X, d).

Now, since (X, d) is complete, there exist x, y ∈ X such that

lim
n→+∞

G(xn, yn) = lim
n→+∞

F (xn, yn) = x and lim
n→+∞

G(yn, xn) = lim
n→+∞

F (yn, xn) = y.

(3.19)
Since the pair {F,G} satisfies the generalized compatibility, from (3.19), we get

lim
n→+∞

d(F (G(xn, yn), G(yn, xn)), G(F (xn, yn), F (yn, xn))) = 0 (3.20)

and

lim
n→+∞

d(F (G(yn, xn), G(xn, yn)), G(F (yn, xn), F (xn, yn))) = 0. (3.21)

Suppose that F is continuous. For all n ≥ 0, we have

d(G(x, y), F (G(xn, yn), G(yn, xn))) ≤ d(G(x, y), G(F (xn, yn), F (yn, xn)))

+d(G(F (xn, yn), F (yn, xn)), F (G(xn, yn), G(yn, xn))).
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Taking the limit as n → +∞, using (3.19), (3.20) and the fact that F and G are
continuous, we have

G(x, y) = F (x, y). (3.22)

Similarly, using (3.19), (3.21) and the fact that F and G are continuous, we have

G(y, x) = F (y, x). (3.23)

Thus, we proved that (x, y) is a coupled coincidence point of F and G.
Now, suppose that (a) and (b) hold. By (3.5) and (3.19), (G(xn, yn)) is non-
decreasing, G(xn, yn)→ x and (G(yn, xn)) is non-increasing and G(yn, xn)→ y as
n→ +∞. Then by (a) and (b), for all n ∈ N, we have

G(xn, yn) � x and G(yn, xn) � y. (3.24)

Since the pair {F,G} satisfies the generalized compatibility and G is continuous,
by (3.20) and (3.21), we have

lim
n→+∞

G(G(xn, yn), G(yn, xn)) = G(x, y)

= lim
n→+∞

G(F (xn, yn), F (yn, xn)) (3.25)

= lim
n→+∞

F (G(xn, yn), G(yn, xn))

and

lim
n→+∞

G(G(yn, xn), G(xn, yn)) = G(y, x)

= lim
n→+∞

G(F (yn, xn), F (xn, yn)) (3.26)

= lim
n→+∞

F (G(yn, xn), G(xn, yn)).

Now, we have

d(G(x, y), F (x, y)) ≤ d(G(x, y), G(G(xn+1, yn+1), G(yn+1, xn+1)))

+d(G(F (xn, yn), F (yn, xn)), F (x, y)).

Letting n→ +∞ in the above inequality and using (3.25), we get

d(G(x, y), F (x, y)) ≤ lim
n→+∞

d(G(F (xn, yn), F (yn, xn)), F (x, y))

= lim
n→+∞

d(F (G(xn, yn), G(yn, xn)), F (x, y)).

Since G has the mixed monotone property, it follows from (3.24) that

G(G(xn, yn), G(yn, xn)) � G(x, y) and G(G(yn, xn), G(xn, yn)) � G(y, x).

Then, using (3.1), (3.25) and (3.26), we get

d(G(x, y), F (x, y))

≤ lim
n→+∞

f(

(
d(G(G(xn, yn), G(yn, xn)), G(x, y)) + d(G(G(yn, xn), G(xn, yn)), G(y, x))

2

)
,

ϕ

(
d(G(G(xn, yn), G(yn, xn)), G(x, y)) + d(G(G(yn, xn), G(xn, yn)), G(y, x))

2

)
)

≤ f(0, 0) = 0.

Then we get

G(x, y) = F (x, y).
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Similarly, we can show that
G(y, x) = F (y, x).

Thus we proved that (x, y) is a coupled coincidence point of F and G.
This completes the proof of Theorem 3.1. �

Taking ϕ(t) = t in Theorem 3.1, we have

Corollary 3.2. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F,G : X ×X → X be two
mappings such that F is G-increasing with respect to �, and

d(F (x, y), F (u, v)) ≤ f(
d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2
,

d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2
),

for all x, y, u, v ∈ X, with G(x, y) � G(u, v) and G(v, u) � G(y, x). Suppose that
for any x, y ∈ X, there exist u, v ∈ X such that{

F (x, y) = G(u, v)

F (y, x) = G(v, u).

Suppose that G is continuous and has the mixed monotone property, and the pair
{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence xn → x, then xn � x for all n,
(b) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that gx0 � F (x0, y0) and F (y0, x0) � gy0, then F
and g have a coupled coincidence point, that is, there exists (x, y) ∈ X × X such
that gx = F (x, y) and gy = F (y, x).

With choice of some C-functions, we have the following simple corollaries.

Corollary 3.3. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F,G : X ×X → X be two
mappings such that F is G-increasing with respect to �, and

d(F (x, y), F (u, v)) ≤ ψ(
d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2
),

for all x, y, u, v ∈ X, with G(x, y) � G(u, v) and G(v, u) � G(y, x), where ψ is a
continuous function such that ψ(0) = 0 and ψ(t) < t for t > 0. Suppose that for
any x, y ∈ X, there exist u, v ∈ X such that{

F (x, y) = G(u, v)

F (y, x) = G(v, u).

Suppose that G is continuous and has the mixed monotone property, and the pair
{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence xn → x, then xn � x for all n,
(b) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that gx0 � F (x0, y0) and F (y0, x0) � gy0, then F
and g have a coupled coincidence point, that is, there exists (x, y) ∈ X × X such
that gx = F (x, y) and gy = F (y, x).
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Corollary 3.4. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F,G : X ×X → X be two
mappings such that F is G-increasing with respect to �, and

d(F (x, y), F (u, v)) ≤ d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))

2 + d(G(x, y), G(u, v)) + d(G(y, x), G(v, u))
,

for all x, y, u, v ∈ X, with G(x, y) � G(u, v) and G(v, u) � G(y, x). Suppose that
for any x, y ∈ X, there exist u, v ∈ X such that{

F (x, y) = G(u, v)

F (y, x) = G(v, u).

Suppose that G is continuous and has the mixed monotone property, and the pair
{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence xn → x, then xn � x for all n,
(b) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that gx0 � F (x0, y0) and F (y0, x0) � gy0, then F
and g have a coupled coincidence point, that is, there exists (x, y) ∈ X × X such
that gx = F (x, y) and gy = F (y, x).

Now, we deduce a result analogous to Theorem 3.1 of Choudhury and Kundu
[14]. At first, we introduce the following definition.

Definition 3.5. Let (X,�) be a partially ordered set, F : X × X → X and g :
X → X. We say that F is g-increasing with respect to � if for any x, y ∈ X,

gx1 � gx2 implies F (x1, y) � F (x2, y)

and
gy1 � gy2 implies F (x, y1) � F (x, y2).

Corollary 3.6. Let (X,�) be a partially ordered set and suppose there is a metric
d on X such that (X, d) is a complete metric space. Let F : X × X → X and
g : X → X be two mappings such that F is g-increasing with respect to �, and
satisfy

d(F (x, y), F (u, v)) ≤ f

(
d(gx, gu) + d(gy, gv)

2
, ϕ(

d(gx, gu) + d(gy, gv)

2
)

)
,

for all x, y, u, v ∈ X, with gx � gu and gv � gy, where f ∈ C and ϕ ∈ Ψ. Suppose
that F (X × X) ⊆ g(X), g is continuous and monotone increasing with respect to
�, and the pair {F, g} is compatible. Also suppose either F is continuous or X has
the following properties:

(a) if a non-decreasing sequence xn → x, then xn � x for all n,
(b) if a non-increasing sequence xn → x, then x � xn for all n.

If there exist x0, y0 ∈ X such that gx0 � F (x0, y0) and F (y0, x0) � gy0, then F
and g have a coupled coincidence point, that is, there exists (x, y) ∈ X × X such
that gx = F (x, y) and gy = F (y, x).

Proof. Taking G : X ×X → X, (x, y) 7→ G(x, y) = gx in Theorem 3.1 Completes
the proof. �

Now, we present an example in support of Theorem 3.1.
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Example 3.7. Let X = [0, 1] be endowed with the natural ordering of real numbers.
We endow X with the standard metric d(x, y) = |x − y| for all x, y ∈ X. Then
(X, d) is a complete metric space. Define the mappings G,F : X ×X → X by

G(x, y) =

{
x2 − y2 if x ≥ y
0 if x < y

and F (x, y) =

{
x2−y2

4 if x ≥ y
0 if x < y

·

• Let us prove that F is G-increasing.
Let (x, y), (u, v) ∈ X ×X with G(x, y) ≤ G(u, v). We consider the following cases.
Case 1: x < y. Here, we have F (x, y) = 0 ≤ F (u, v).
Case 2: x ≥ y. If u ≥ v, we get

G(x, y) ≤ G(u, v)⇒ x2 − y2 ≤ u2 − v2 ⇒ x2 − y2

4
≤ u2 − v2

4
⇒ F (x, y) ≤ F (u, v).

If u < v, we get

G(x, y) ≤ G(u, v)⇒ 0 ≤ x2−y2 ≤ 0⇒ x2−y2 = 0 =⇒ x = y ⇒ F (x, y) = 0 ≤ F (u, v).

Thus we proved that F is G-increasing.
• Let us prove that for any x, y ∈ X, there exist u, v ∈ X such that{

F (x, y) = G(u, v)

F (y, x) = G(v, u)
·

Let (x, y) ∈ X ×X be fixed. We consider the following cases:
Case 1: x = y. In this case, F (x, y) = 0 = G(x, y) and F (y, x) = 0 = G(y, x).
Case 2: x > y. We have

F (x, y) =
x2 − y2

4
= G(x/2, y/2) and F (y, x) = 0 = G(y/2, x/2).

Case 3: x < y. In this case, we have

F (x, y) = 0 = G(x/2, y/2) and F (y, x) =
y2 − x2

4
= G(y/2, x/2).

• G is continuous and has the mixed monotone property.
Clearly G is continuous. Let (x, y) ∈ X ×X be fixed. Suppose that x1, x2 ∈ X are
such that x1 < x2. We distinguish the following cases.
Case 1: x1 < y. In this case, we have G(x1, y) = 0 ≤ G(x2, y).
Case 2: x2 > x1 ≥ y. We have

G(x1, y) = x1 − y ≤ x2 − y = G(x2, y).

Similarly, we can show that if y1, y2 ∈ X are such that y1 < y2, then G(x, y1) ≥
G(x, y2).
• Now, we prove that the pair {F,G} satisfies the generalized compatibility hypoth-
esis. Indeed, let (xn) and (yn) be two sequences in X such that

t1 = lim
n→+∞

G(xn, yn) = lim
n→+∞

F (xn, yn)

and

t2 = lim
n→+∞

G(yn, xn) = lim
n→+∞

F (yn, xn).

Then obviously, t1 = t2 = 0. It follows easily that

lim
n→+∞

d(F (G(xn, yn), G(yn, xn)), G(F (xn, yn), F (yn, xn))) = 0
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and

lim
n→+∞

d(F (G(yn, xn), G(xn, yn)), G(F (yn, xn), F (xn, yn))) = 0.

• There exists (x0, y0) ∈ X × X such that G(x0, y0) ≤ F (x0, y0) and G(y0, x0) ≥
F (y0, x0).
We have

G(0, 1/2) = 0 = F (0, 1/2) and G(1/2, 0) = 1/4 ≥ 1/16 = F (1/2, 0).

Now, let ψ : [0,+∞) → [0,+∞) be defined as ψ(t) = t/2. Let us prove that
inequality (3.1) is satisfied. Let x, y, u, v ∈ X, with G(x, y) � G(u, v) and G(v, u) �
G(y, x). We have

d(F (x, y), F (u, v)) = |F (x, y)− F (u, v)|

=
1

4
|G(x, y)−G(u, v)|

=
2

4

(
|G(x, y)−G(u, v)|

2

)
≤ 1

2

(
|G(x, y)−G(u, v)|+ |G(y, x)−G(v, u)|

2

)
= ψ

(
|G(x, y)−G(u, v)|+ |G(y, x)−G(v, u)|

2

)
Then the inequality (3.1) is satisfied.

Now, all the required hypotheses of Theorem 3.1 are satisfied. Thus we deduce
the existence of a coupled coincidence point of F and G. Here, (0, 0) is a coupled
coincidence point of F and G.

Acknowledgments. The authors would like to thank the anonymous referee for
his/her comments that helped us improve this article.

References

[1] M. Abbas, H. Aydi, E. Karapinar, Tripled fixed points of multi-valued nonlinear contraction
mappings in partially ordered metric spaces, Abstract and Applied Analysis, Volume 2011,

Article ID 812690, 12 pages.
[2] T. Abdeljawad, H. Aydi, E. Karapinar, Coupled fixed points for Meir-Keeler contractions in

ordered partial metric spaces, Mathematical Problems in Engineering, Volume 2012, Article

ID 327273, 20 pages.
[3] R.P. Agarwal, M. A. El-Gebeily and D. O’Regan, Generalized contractions in partially ordered

metric spaces, Applicable Anal. 87 (1) (2008), 109-116.

[4] I. Altun, H. Simsek, Some fixed point theorems on ordered metric spaces and application,
Fixed Point Theory Appl. Volume 2010, Article ID 621469, 17 pages, 2010.

[5] A.H. Ansari, Note on ”ϕ –ψ-contractive type mappings and related fixed point”, The 2nd

regional conference on mathematics and applications, Payame Noor University, (2014), 377-
380.

[6] H. Aydi, H.K. Nashine, B. Samet, H. Yazidi, Coincidence and common fixed point results in

partially ordered cone metric spaces and applications to integral equations, Nonlinear Anal.
74 (2011), 6814-6825.

[7] H. Aydi, W. Shatanawi, M. Postolache, Z. Mustafa, N. Tahat, Some theorems for Boyd-

Wong type contractions in ordered metric spaces, Abstract and Applied Analysis, Volume
2012, Article ID 359054, 14 pages.
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