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KHAN

ABSTRACT. Using the recent notion of generalized compatibility of a pair of
mappings F,G : X x X — X introduced in [I0] and the concept of C—class
functions, we prove a coupled coincidence point theorem for nonlinear contrac-
tions in partially ordered metric spaces. Examples are furnished to illustrate
the new concepts and the related results.

1. INTRODUCTION

Fixed point problems of contractive mappings in metric spaces endowed with a
partial order have been studied by several authors (see [1I, 2, 3] [4 [6] [7, [8] 9] 12|
13|, 14} 15, 16l 17, [19] 20} 21, 22], 23] 24], 25] 26] 27, 28]). In [25], some applications
to matrix equations are presented and in [I7, 24] some applications to ordinary
differential equations are given. Bhaskar and Lakshmikantham [I3] introduced the
concept of a coupled fixed point of a mapping F' : X x X — X and studied
the problems of the uniqueness of a coupled fixed point in partially ordered metric
spaces X, and applied their theorems to problems of the existence and uniqueness of
solution for a periodic boundary value problem. In [I9], Lakshmikantham and Ciri¢
introduced the concept of a coupled coincidence point for mappings F' : X x X —
X and g : X — X, and proved some nice coupled coincidence point theorems
for nonlinear contractions in partially ordered metric spaces under the hypotheses
that g is continuous and commutes with F'. In 2011, Choudhury and Kundu [14]
introduced the notion of compatible mappings F' : X x X — X and g: X — X, and
obtained coupled coincidence point results under the hypotheses that g is continuous
and the pair {F, g} is compatible.

In this paper, based on the new concept of generalized compatibility of mappings
F,G: X x X — X, introduced by Aydi and Jellali [10], and the concept of C-
functions, we prove a coupled coincidence point theorem for nonlinear contractions
in partially ordered metric spaces. A number of examples are also provided to
justify our concepts and results.
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2. PRELIMINARIES

Let (X, <) be a partially ordered set. The concept of a mixed monotone property
of the mapping F': X x X — X was introduced by Bhaskar and Lakshmikantham
in [I3]. Lakshmikantham and Ciri¢ in [19] introduced the concept of a g-mixed
monotone mapping.

Definition 2.1. ( Lakshmikantham and Ciri¢ [19]). Let (X, =) be a partially or-
dered set, ' : X x X — X and g: X — X. Then the map F is said to have mized
g-monotone property if F(x,y) is monotone g-non-decreasing in x and is monotone
g-non-increasing in y; that is, for any x,y € X,

g1 < gxo implies F(z1,y) = F(x2,y)
and
gy1 = gy2 implies F(z,y2) = F(x,y1).

Definition 2.2. ( Lakshmikantham and Ciri¢ [19]). An element (z,y) € X x X is
called a coupled coincidence point of the mappings F : X x X - X andg: X — X

if
F(z,y) = gz and F(y,z) = gy.

Definition 2.3. ( Lakshmikantham and Ciri¢ [19]). Let X be a non-empty set.
Then we say that the mappings F : X x X — X and g : X — X are commutative

if
g(F(z,y)) = F(gx, gy).

Very recently, Aydi and Jellali [10] extended the results of Choudhury and Kundu
[14] via the concept of generalized compatibility. For instance, let (X, =) be a
partially ordered set endowed with a metric d. We consider two mappings F, G :
X x X — X. Following [10], we have

Definition 2.4. [I0] F is said to be G-increasing with respect to =< if for all
z,y,u,v € X, we have

G(z,y) 2 G(u,v) implies F(x,y) < F(u,v).
The following examples illustrate Definition [2.4
Example 2.5. [10] Let X = N be endowed with the partial order < defined by
z,y € X, x =y ifandonlyif y divides x.
Define the mappings F,G : X x X — X by
F(z,y) = 2*y* and G(z,y) =y
for all (x,y) € X x X. Then F is G-increasing with respect to <.

Example 2.6. [I0] Let X be the set of all subsets of N. We endow X with the
partial order <X defined by

A BeX, A=XB ifandonlyif ACB.
Define the mappings F,G : X x X — X by
F(A,B)=AUBU{0} and G(A,B)=AUB
for all A, B € X. Then F is G-increasing with respect to <.
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Definition 2.7. [I0] An element (z,y) € X x X is called a coupled coincidence
point of F and G if

F(z,y) = G(z,y) and F(y z)=G(y,z).
Example 2.8. [10] Let X =R and F,G : X x X — X defined by

2
Flay)=oy and Gloy) == (o +y)

for all x,y € X. Then (0,0), (1,2) and (2,1) are coupled coincidence points of F
and G.

Very recently, Aydi and Jellali [T0] introduced the concept of generalized com-
patibility for the pair F,G : X x X — X.

Definition 2.9. [I0] Let X be nonempty set and F,G : X x X — X two given
mappings. We say that the pair {F, G} satisfies the generalized compatibility if

d(F(G(xnvyn)’G(ynvmn))vG(F(xn,yn),F(yn,l'n))) —0 as n— +00;
d(F(G(ymxn),G(Cﬁmyn)%G(F(yn,xn),F(xn,yn))) —-0 as n— +oo,

whenever (x,) and (y,) are sequences in X such that

F(xnvyn) — 11 G(%yn) —t1 as n — +oo;
F(yn,xn) =t G(Yn,Tn) = ta as n— +oo.

The following examples illustrate the concept of generalized compatibility.

Example 2.10. [10] Let X = R be endowed with the standard metric d(z,y) =
|z —y| for all z,y € X. Define F,G: X x X — X by
Fz,y)=2%—y* and G(x,y) =2*+y?
forallxz,y € X.
Example 2.11. [I0] Let (X, d) be a metric space, F: X xX — X andg: X — X.
Define the mapping G: X x X — X by
G(z,y) = gz, ¥(z,y) € X x X.
It is easy to show that if {F, g} is compatible, then {F,G} satisfies the generalized
compatibility.
In 2014, Ansari [5] introduced the concept of a C-class function.

Definition 2.12. [5] A continuous function f : [0,00)?> — R is called C-class
function if for any s,t € [0,00), the following conditions hold:

(1) f(s,t) <s;

(2) f(s,t) = s implies that either s =0 ort =0;
(3) f(0,0) =0.

The letter C will denote the class of all C- functions.

Example 2.13. [5] The following maps are C-functions.

(1) f(s,t) =s—1;

(2) f(s,t) =ms for some m € (0,1);
(3) f(s,t) =sp(s) where §:[0,00) — [0,1) and continuous;
(4) f(s,t) =

S .
&) 2%t
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(5) f(s,t) =5 — p(s) where p : [0,00) — [0,00) is a continuous function such
that p(t) =0 if and only if t = 0;

(6) f(s,t) = ¢(s) where ¢ : [0,00) = [0,00) is a continuous function such that
#(0) =0 and ¢(t) <t fort> 0.

Let ¥ denote the class of the functions ¢ : [0,00) — [0,00) which satisfy the
following conditions:
(a) v is continuous;
(b) v='({0}) = {0}.
In this paper, we prove a coincidence point result via generalized compatibility
[10] and C-class functions [5]. We illustrate the obtained result by an example.

3. MAIN RESULT

Now, we are in a position to state and prove the main result of this paper.

Theorem 3.1. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X,d) is a complete metric space. Let F,G: X x X — X
be two mappings such that F is G-increasing with respect to <, and

d(F(z,y), Fu,v)) < f(d(G(x’y)’G("’”));d(G(y’x)’G(”’“)), (3.1)

o ELE ). Gl 0) + G421 G0 )> 32

for all z,y,u,v € X, with G(z,y) = G(u,v) and G(v,u) = G(y,x), where f € C
and p € V. Suppose that for any x,y € X, there exist u,v € X such that

{F(m) = G(u,)
F(y,z) = G(v,u).

(3.3)

Suppose that G is continuous and has the mized monotone property, and the pair
{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence x,, — x, then x,, < x for all n,
(b) if a non-increasing sequence x, — x, then x < x,, for all n.
If there exist xo,yo € X such that G(xo,y0) = F(zo,y0) and F(yo,xo) =X
G(yo,x0), then F and G have a coupled coincidence point.

Proof. Let xg,y0 € X such that G(xo,y0) <X F(x0,90) and F(yo,20) = G(yo, o)
(such points exist by hypothesis). Thanks to (3.3, there exists (z1,71) € X x X
such that

F(zo,90) = G(z1,91) and  F(yo,70) = G(y1,71).

Continuing this process, we can construct two sequences (x,) and (y,) in X such
that

F(xn,yn) = G(@ns1,Yns1)s  FYn, 2n) = G(Ynt1,Tnt1), foralln e N. - (3.4)
We will show that for all n € N, we have
G(Tn,yn) 2 G(@ny1,Ynt1) and  G(Yni1, Tot1) = G(Yn, Tn)- (3.5)
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We shall use the mathematical induction. Since G(xq,yo) = F(xo,y0) and F(yo,xo) =
G(yo,x0), and as G(z1,y1) = F (20, y0) and G(y1,x1) = F(yo,x0), we have

G(zo,y0) 2 G(x1,91) and G(y1,21) = G(yo, o).

Thus (3.5) holds for n = 0. Suppose now that (3.5) holds for some fixed n € N.
Since F' is G-increasing with respect to <, we have

G(a:n—&-la yn+1) = F(mnayn) = F(mn+1ayn+1> = G(mn+2ayn+2)
and

F(Yn+1,2n11) = G(Ynt2, Tny2) 2 F(Yns ¥n) = G(Ynt1, Tnt1)-
Thus we proved that (3.5)) holds for all n € N.

For all n € N, denote

Op = d(G(.Z‘n, yn)7 G(l‘n_H, yn-i-l)) + d(G(yna -rn)’ G(yn+1, xn+1))' (36)

We can suppose that §,, > 0 for all n € N, if not, (z,,y,) will be a coincidence
point and the proof is finished. We claim that for any n € N, we have

On On

Since G(xn,Yn) = G(Tnt1,Yn+1) and G(yn, Tn) = G(Ynt1, Tnr1), letting z = x,,
Y = Yn, U= Tpt1 and v = y,41 in (3.1)), and using (3.4), we get
d(G(xn—&-layn-i-l)v G(mn+2a yn+2)) = d(F(-/Enayn))F(-rn-i-hyn-‘rl))

<f (d(G(fﬂm Yn)s G(@n+1,Ynt1)) + d(G(Yns Tn), G(Ynt1, Tnt1))
—_— 2 )

o(

=f(62”,90(62"))- .

Similarly, since G(yn+1,Zn+1) = G(Yn,Tn) and G(Tpi1,Ynt1) = G(Tn,yn), we
have

d(G(yn+27 xn+2)7 G(yn-i-h xn-{-l)) = d(F(yn+17 xn—&-l)y F(yny xn))
<f (d(G(yn+17 xn-‘rl)a G(yna mn)) + d<G(mn+17 yn+1)7 G(l'm yn))

A(G (@, yn): G(Ens1, Y1) + AG (Y 20), G(Yus1: Tns1)) )>
2

2 )

o
—1(F0).

Summing (3.8)) to (3.9) yields (3.7).

From (3.7)), it follows that the sequence (4,,) is monotone decreasing. Therefore,
there is some § > 0 such that

d(G<yn+17 anrl)’ G(yn7 mn)) + d(G(anrla yn+1)7 G(mna yn)) ))
2

(3.9)

lim 6, =9.

n—-+oo
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Taking the limit as n — 400 in (3.7]), we obtain

= lim 6§, <2 lim f( (62")>:2f<g,<p(g)><2g:5,

n—-+o0o n— 400
which yields f (%790(%)) = g. We deduce either g =0 or 90(%) =0, 50 § =0, that
is,
ngrfoo d(G(xn,Yn) G(@ng1,Ynt1)) + A(G(Yns Tn), G(Ynt1, Tny1)) = nli)l}rloo 8, = 0.
(3.10)

We shall prove that ((G(zy,, yn), G(Yn, Tn))) is a Cauchy sequence in X x X endowed
with the metric 7 defined by

U((ﬂf,y), (uvv)) = d(x,u) + d(yvv)

for all (x,y), (u,v) € XxX. We argue by contradiction. Suppose that ((G(xn, yn), G(Yn, Tr)))
is not a Cauchy sequence in (X x X,n). Then there exists € > 0 for which we can

find two sequences of positive integers (m(k)) and (n(k)) such that for all positive

integer k with n(k) > m(k) > k, we have

n(((GfEm(k)u Gym(k))v (Gym(k)v Gmm(k)))7 ((Gxn(k)7 Gyn(k))» (Gyn(k)7 Gxn(k)))) > g,
N(GZmk)> GYmr))s (GYmi)s GTmi)))s (GTriy =1, GYn(k)—1) (GYnk)—1, GTriy)-1))) < €.
(3.11)
By definition of the metric 1, we have

di = d((GT i), GYm))s (GTp(ry, GYn(i))) FA(GYmky, GTmi))s (GYn(ky, GTnr))) > €
(3.12)
and

d(GTmys GYm))s (GTri)—1, GUn(k)-1)) FA(GYmk)s GZmk)) s (GYnk)—1, GTrry—1)) < €.

Further, from and , for all £ > 0 we have 19
e < dy, <d((GTm(ky, GYm))> (GTrr)y—1> GUn(i)—1)) + A(GTpy—1, GYni)=1), (GTn(ky, GYn(r)))
+d(GYm), GTm))s (GYnr)—1, GTn(r)-1)) + A(GYnk) =1, GTnt)=1)5 (GYn(k)> GTn(x)))
<€+ On(k)—1
Taking the limit as K — +oo in the above inequality, we have by ,
lim di =e. (3.14)

k—+o00

Again, for all £ > 0, we have

dk =d(GZmk)s GYmk))s (GTnk)s GYnr))) + A(GYmr)s GTmr))s (GYnry, GTr(ry))

d(GZimr)s GYm))s (GTim) 11, GYm)+1)) + A(GTm) 11, GYUmk)+1) (GZn(k)+15 GYn(k)+1))
GZn(k) 11 GYn(k) 11) (GTn(r)s GYn(k))) + A(GYmk)s GTmk))s (GYmk)+1: GTm(k)+1))
Gym(k)+17 GTmk) 1) (GYnky+1, GTnk)+1)) + A(GYnky+1: GTny +1)s (GYn(ky> GTn(r)))
GTrmk)s GYm))s (GTimiy 11, GYmk)+1)) + A(GYUmk)s GTmi))s (GYUmk)+15 GTm(k)+1))
+d(GZnk)+1s GYnk)+1)s (GTnr), GYn(r))) + A(GYnr)+15 GTn(k)+1), (GYn(rys GTn(r)))

Gy 115 GYmk)+1)s (GTn(k)11: GYn(r)+1)) T A(GYm) 11: GTmk)+1)s (GYn(r)r1: GTn(r)+1))-
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Hence, for all £ > 0,
di < Op(k) + Oni)
+ d((GZm) 115 GYm)+1)s (GZnk)+1: GYn(ry+1)) + A(GYm) 11: GTmk)+1)s (GYn(k)+1: GTn(r)11))-
(3.15)
From , and , for all k£ > 0, we have
d(GTim) 11, GYmk)+1)s (GTnry+1, GUnky+1)) = A(FZm(r)s FYmk)), (FZnkys FYn(r)))
<y (d(G(Qfm(k), Ym(k))s G( (k) Yn(k))) + UG Ymk)s Tmk))s G Un (k) wn(k)))>

2
=f (d;w(d;))

Also, from (3.1)), (3.5) and (3.12), for all £ > 0, we have

A(GYm)+1, GTm)+1)s (GUnr)+1: GTn)+1)) = A(FYmi)s FTmk))s (FYniys FTnk)))
<o <d(G(ym(k)a (k) GWUn(k), Tr))) + UG (Tm(k)s Ym(k))s G(Tn(r)s yn(k)))>

- 2

=2f (d;,so(d;)) :

(3.16)

(3.17)
Putting (3.16) and (3.17)) in (3.15)), we get
d d
di < Op(k) + On(r) + 2f (;&(;)) :
Letting & — 400 in the above inequality and using (3.10)) and (3.14)), we obtain
. dk dk S 3

< ZE oY) —ar (S 0(5)) <e. :

62kgr+noof<2,s0(2)> 2f (5:0(3)) <e (3.18)

This yields that f(5,¢(5)) = 5. So & = 0, which is a contradiction. Thus we
proved that ((G(@n,yn), G(Yn,y))) is a Cauchy sequence in (X x X,n), which
implies that ((G(xn,yn)) and (G(yn,z,)) are Cauchy sequences in (X, d).

Now, since (X, d) is complete, there exist ,y € X such that

lim G(xnayn) = ngl}rloo F(:L'nayn) =z and nEIJIrloo G(ynaxn) = nEIEOOF(ynamn) =Y.

n—-+oo
(3.19)
Since the pair {F, G} satisfies the generalized compatibility, from (3.19)), we get
ngrfoo d(F(G(zn,Yyn)s G(Yn, Tn)), G(F(Tns Yn)s F(Yn, Tn))) =0 (3.20)
and
lim d(F(G(yn,2n), G(@n:yn)); G(F (Yn, Tn), F(Tn,yn))) = 0. (3:21)

n—-4oo
Suppose that F'is continuous. For all n > 0, we have

d(G(m7y)7F(G(mnvyn)7G(yn7xn))) < d(G(x7y)7G(F(xnyyn)7F(ynaxn)))
+d(G(F (v, Yn)s F'(Yn, ©n))s F(G(2n, Yn ), G(Yn, Tn)))-
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Taking the limit as n — 400, using (3.19), (3.20) and the fact that F and G are

continuous, we have

G(z,y) = F(z,y). (3.22)
Similarly, using (3.19)), (3.21)) and the fact that F' and G are continuous, we have
Gy, x) = F(y, z). (3:23)

Thus, we proved that (z,y) is a coupled coincidence point of F and G.

Now, suppose that (a) and (b) hold. By (3.5) and ( -7 (ZnyYn)) is non-
decreasing, G(xy,yn) — © and (G(yn, xn)) is non-increasing and G(yn,x,) — y as
n — 400. Then by (a) and (b), for all n € N, we have

G(xn,yn) <z and G(yn,Tn) = y. (3.24)

Since the pair {F, G} satisfies the generalized compatibility and G is continuous,

by (3.20) and (3.21)), we have

G(z,y)

n—-+oo

= lim F(G(mnyyn)yG(mexn))

n——+oo
and
TLBIEOOG(G(ynvxn)aG(xnayn)) = G(yvx)
= im  G(F(yn,Tn), F(Tn,yn)) (3.26)

Now, we have
d(G(l’,y),F(iC,y)) < d(G(xay)vG(G(xﬂleaynﬂLl),G(ynJrlvanrl)))
Letting n — +o0 in the above inequality and using (3.25)), we get
d(G(z,y), Fz,y)) < lUm d(G(E(zn,yn), F(Yyn, 20)), F(2,y))
=l d(F(Glan ), Gy, 7). Fl2.0).

Since G has the mixed monotone property, it follows from (3.24) that

Then, using , and , we get
d(G(z,y), F(z,y))
< i g((HE o1l ) Glor) + UGG 2] O 1) Gl

n—+o00 2

(d(G(G(xm Yn)s G(Yn, n)), G(x,y)) + A(G(G(Yn, Tn), G(Tn,Yn)), G(y, 7)) >)
4 2

Then we get
G(z,y) = F(z,y).
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Similarly, we can show that
G(y,x) = F(y, z).
Thus we proved that (z,y) is a coupled coincidence point of F' and G.
This completes the proof of Theorem 3.1 O

Taking ¢(t) = ¢ in Theorem we have

Corollary 3.2. Let (X, =) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F,G : X x X — X be two
mappings such that F is G-increasing with respect to <, and
d(G(z,y), G(u,v)) + d(G(y,z), G(v,u
A(F(y). Pl < pAEEE00) + Ay, G )
d(G(z,y), G(u,v)) + d(G(y, ), G(U,U)))
2 )

for all z,y,u,v € X, with G(z,y) = G(u,v) and G(v,u) = G(y,z). Suppose that
for any x,y € X, there exist u,v € X such that

F(z,y) = G(u,v)
F(y,z) = G(v,u).
Suppose that G is continuous and has the mized monotone property, and the pair

{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence x,, — x, then x,, < x for all n,
(b) if a non-increasing sequence x, — x, then x < x,, for all n.
If there exist xo,yo € X such that gxo = F(x0,y0) and F(yo,xo) = gyo, then F
and g have a coupled coincidence point, that is, there exists (x,y) € X X X such
that gr = F(z,y) and gy = F(y,x).

With choice of some C-functions, we have the following simple corollaries.

Corollary 3.3. Let (X, =) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F,G : X x X — X be two
mappings such that F is G-increasing with respect to <, and
d(G(z,y),G(u,v)) +d(G(y,x),G(v,u
A(F(2,9), F(u,v)) < o AEWC00) H UG 2), G0 0),

for all z,y,u,v € X, with G(z,y) = G(u,v) and G(v,u) <X G(y,z), where ¢ is a
continuous function such that ¥(0) = 0 and ¥(t) < t for t > 0. Suppose that for
any x,y € X, there exist u,v € X such that

F(z,y) = G(u,v)
Fly,z) = G(v, u).
Suppose that G is continuous and has the mized monotone property, and the pair

{F,G} satisfies the generalized compatibility. Also suppose either F' is continuous
or X has the following properties:

(a) if a non-decreasing sequence x,, — x, then x,, < x for all n,
(b) if a non-increasing sequence x, — x, then x < x,, for all n.
If there exist xo,yo € X such that grg = F(xo,y0) and F(yo, o) = gyo, then F
and g have a coupled coincidence point, that is, there exists (x,y) € X x X such
that gx = F(z,y) and gy = F(y, ).
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Corollary 3.4. Let (X, =) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F,G : X x X — X be two
mappings such that F is G-increasing with respect to <, and

d(G(z,y),G(u,v)) + d(G(y, ), G(v,u))
<
WEC ) E000) < 57 4G, y), Gla, o) + d(Gly,2), Glo, )
for all z,y,u,v € X, with G(z,y) = G(u,v) and G(v,u) = G(y,z). Suppose that
for any x,y € X, there exist u,v € X such that

F(z,y) = G(u,v)
Fly,z) = G(v, u).
Suppose that G is continuous and has the mized monotone property, and the pair

{F,G} satisfies the generalized compatibility. Also suppose either F is continuous
or X has the following properties:

(a) if a non-decreasing sequence x, — x, then x, < x for alln,
(b) if a non-increasing sequence x, — x, then x < x,, for all n.

If there exist xo,yo € X such that gxo = F(x0,y0) and F(yo,xo) = gyo, then F
and g have a coupled coincidence point, that is, there exists (x,y) € X X X such
that gx = F(z,y) and gy = F(y,x).

Now, we deduce a result analogous to Theorem 3.1 of Choudhury and Kundu
[14]. At first, we introduce the following definition.

Definition 3.5. Let (X, <) be a partially ordered set, F : X x X — X and g :
X — X. We say that F is g-increasing with respect to =< if for any x,y € X,

gz1 = gzo implies F(z1,y) < F(x2,y)
and

gy1 = gy2 implies F(z,y1) 2 F(z,y2).
Corollary 3.6. Let (X, =) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Let F : X x X — X and

g : X — X be two mappings such that F is g-increasing with respect to <, and
satisfy

A(F(z,y), F(u,v)) < (d@xv o) +dlgn.g0) g + gy )> |

for all x,y,u,v € X, with gr < gu and gv <X gy, where f € C and p € V. Suppose
that F(X x X) C g(X), g is continuous and monotone increasing with respect to
=, and the pair {F, g} is compatible. Also suppose either F is continuous or X has
the following properties:

(a) if a non-decreasing sequence x,, — x, then x,, < x for all n,

(b) if a non-increasing sequence x, — x, then x =< x,, for all n.

If there exist xg,yo € X such that gzg < F(xo,y0) and F(yo, o) = gyo, then F

and g have a coupled coincidence point, that is, there exists (x,y) € X x X such
that gx = F(z,y) and gy = F(y, ).

Proof. Taking G : X x X — X, (z,y) — G(z,y) = gz in Theorem Completes
the proof. O

Now, we present an example in support of Theorem
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Example 3.7. Let X = [0,1] be endowed with the natural ordering of real numbers.
We endow X with the standard metric d(xz,y) = |z — y| for all x,y € X. Then
(X,d) is a complete metric space. Define the mappings G, F : X x X — X by

$2—y2 ’Lf T >y 2?—y? Zf T >y
= = 4
G(IE, y) { 0 Zf T <y and F(Z’yy) 0 Zf r <y

o Let us prove that F' is G-increasing.
Let (x,y), (u,v) € X x X with G(z,y) < G(u,v). We consider the following cases.

Case 1: x < y. Here, we have F(x,y) =0 < F(u,v).
Case 2: v > vy. If u > v, we get
22—y u2—o?
Glr,y) < Guv) = a® —y* <v’ —0? = == < —— = Fa,y) < F(u,v).

If u < v, we get
G(z,y) <Gu,v) = 0< 2~ y* <0=2>~’ =0 ==y = F(z,y) =0 < F(u,v).

Thus we proved that F' is G-increasing.
o Let us prove that for any x,y € X, there exist u,v € X such that

{F(x, y) = G(u,v)
Fly, ) = G(v,u)

Let (z,y) € X x X be fivzed. We consider the following cases:
Case 1: x =y. In this case, F(xz,y) =0 = G(z,y) and F(y,z) = 0= G(y,x).
Case 2: x >vy. We have

2 _ .2
F(z,y) = L 1 v - G(z/2,y/2) and F(y,x)=0=G(y/2,2/2).
Case 3: © < y. In this case, we have
y? — o2
F(z,y) =0=G(x/2,y/2) and F(y,z)= 1 =G(y/2,z/2).

o (G is continuous and has the mixed monotone property.

Clearly G is continuous. Let (z,y) € X x X be fized. Suppose that x1,x2 € X are
such that v1 < xo. We distinguish the following cases.

Case 1: x1 < vy. In this case, we have G(x1,y) =0 < G(x2,y).

Case 2: xo > x1 > y. We have

G(z1,y) =21 —y < 22 —y = G(22,9).
Similarly, we can show that if y1,y2 € X are such that y1 < ya, then G(x,y1) >
G(xv y2) .
e Now, we prove that the pair {F,G} satisfies the generalized compatibility hypoth-
esis. Indeed, let (x,) and (y,) be two sequences in X such that

n—-+oo n—-+oo
and
to= lim G(yp,xn) = lm F(y,,xn).

n—-+o0o n—-+o0o

Then obviously, t1 = to = 0. It follows easily that
lim d(F(G(zn,yn), G(Yn, Tn)), G(F (Tn, yn), F(Yn, Tn))) =0

n—-+oo
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lim d(F(G(yn,ajn)vG(xnayn))aG(F(yn7xn)7F(xnayn))) =0.

n—-+oo

e There exists (zo,yo) € X x X such that G(xo,yo) < F(xo0,y0) and G(yo,x0) >
F(yo, o).

We

have

G(0,1/2) =0=F(0,1/2) and G(1/2,0)=1/4>1/16 = F(1/2,0).

Now, let ¢ : [0,400) — [0,400) be defined as ¥(t) = t/2. Let us prove that
inequality is satisfied. Let x,y,u,v € X, with G(z,y) <X G(u,v) and G(v,u) =

Gy

,x). We have
d(F(xay)vF(u?’U)) = |F(x,y) _F(U7U)|
= {16(y) - G )
- 2 (leten =Gtn)

4 2
< 1(IG(%y)—G(uyv)l+|G(y7w)—G(v,U)l)
2 2
_ G(x,y) = G(u, v)| +|G(y, x) = G(v, u)|
= o : )

Then the inequality is satisfied.
Now, all the required hypotheses of Theorem [3.1] are satisfied. Thus we deduce

the

existence of a coupled coincidence point of F' and G. Here, (0,0) is a coupled

coincidence point of F' and G.
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